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ABSTRACT: this paper deals with the problem of modelling the attitude dynamics of a quadrotor in ground
effect. More precisely, dynamic ground effect on the quadrotor pitch attitude dynamics is modeled taking into
account the dynamic inflow of the rotors and the simulation results are compared to the experimental ones

obtained in previous studies.

1. INTRODUCTION

The flight control performance of multirotor UAVs
is known to be subject to degradation when operat-
ing close to the ground. This issue is critical for au-
tonomous missions, in which precise take-off, landing
or hovering close to surfaces are involved. In spite
of this, while ground effect has been studied exten-
sively, both numerically and experimentally, for full-
scale helicopterst!l, the phenomenon has received
limited attention as far as small-scale multirotors are
concerned and only a few references are available at
the moment.

More precisely, in previous studies of ground ef-
fect for multirotors 234l the main concern is to assess
the mean value of thrust as a function of height from
ground, i.e., to carry out an experimental static char-
acterization of ground effect and suggest, for different
multirotor architectures, proper modifications to the
classical Cheeseman & Bennet or Hayden formulas!!!
to fit the data. While in® a frequency-domain analy-
sis of a quadrotor roll attitude dynamics as a function
of height from ground is proposed.

In view of these considerations, and in order to
enhance the fidelity of ground effect models for an
inhouse developed quadrotorl® (MTOW of 1.5 kg,
rotors radius of 0.15 m), and to improve the per-
formance of its altitude/attitude control systems in
ground proximity operations, two activities were pre-
viously carried out.

The first onel, consisted in an experimental cam-
paign aimed at a static characterization of ground ef-
fect (in terms of IGE/OGE thrust ratio) considering
both the isolated rotor and the complete quadrotor.
In the isolated rotor case, the obtained data qualita-
tively follow the trend of the classical formulations of
ground effect from the literature. Regarding the com-
plete quadrotor case, on the other hand, it seems
that classical formulas valid for full-scale helicopters

are not able to model correctly the phenomena for
small multirotor vehicles. In particular the effect of the
ground on the total thrust is extended up to almost 4
rotor radii of height, almost doubling the limit of about
h/R = 2.5 found for the isolated rotor tests, and the
discrepancy between the two cases reaches the max-
imum of about 5% Tocr intherange 1 < h/R < 3.

In the second work 8l the ground effect character-
ization for the considered quadrotor has been tack-
led in a dynamic perspective, carrying out an experi-
mental model identification campaign. The quadrotor
was placed on a test-bed constraining all DoFs ex-
cept for pitch rotation (set-up representative of the ac-
tual pitch attitude dynamics in flight for near hovering
conditions!®!) at different heights with respect to the
ground. The pitch dynamics was then excited through
a Pseudo Random Binary Sequence (PRBS), oper-
ating in closed-loop, i.e. with the pitch attitude con-
troller active, in order to avoid excessive rotations dur-
ing the experiments. A black-box method was applied
to the gathered input/output datasets, in particular the
Predictor-Based Subspace IDentification (PBSID) al-
gorithmH9 obtaining second order LTI SISO models
(from delta angular velocity of opposite rotors input 62
to the vehicle pitch rate output ¢) for the pitch attitude
dynamics in hovering at different heights from ground.
It was observed that the dominant pole, representing
the pitch dynamics, becomes slower when reducing
the distance from ground. Therefore, it appears that
besides affecting the rotors thrust (hence the vertical
dynamics, as is well known in the rotorcraft literature
and also verified in the previous study ), the distance
from ground has an impact also on the hovering at-
titude dynamics for a quadrotor platform, as experi-
enced in the flight practice.

Based on the above-described previous works, in
this paper the results of a further investigation on the
quadrotor attitude dynamics as a function of height in
ground effect are presented, with specific reference



to the derivation of a first-principle model. More pre-
cisely, dynamic ground effect on the quadrotor pitch
attitude dynamics is modeled taking into account the
dynamic inflow of the rotorsf!!, hence the unsteady
aerodynamics due to the wake-induced velocity of the
rotors.

The paper is organized as follows. In Section [2]
the considered quadrotor platform is first described.
Subsequently, Section [3|describes the adopted inflow
model and how it influences the quadrotor attitude dy-
namics in hover, while Section [4] presents the effect
of ground proximity on the inflow dynamics. Finally
in Section [5] the combined effect of the dynamic in-
flow and the ground on the attitude dynamics is con-
sidered and the obtained analytical models are com-
pared with the identified ones varying the height from
ground.

2. CONSIDERED QUADROTOR PLATFORM

The considered quadrotor is shown in Figure[T] The
relevant parameters are reported in Table [I] The
Flight Control Unit (FCU) uses as electronic boards
the Rapid Robot Prototyping (R2P) modulest?. R2P
is an open source HW/SW framework providing com-
ponents for the rapid development of robotic applica-
tions.

Figure 1: The quadrotor used in this study.

The isolated propeller performance data (thrust and
power as a function of angular speed) are available
from a previously conducted test campaign on a dedi-
cated test bench and for the considerations that follow
it is important to recall the resulting OGE hover trim
parameters:

e single rotor thrust coefficient, Cr, ,, .= 0.0122;
e rotor angular velocity, Qnovoer = 380.9139 rad/s;

o thrust coefficient derivative respect to the angu-
lar velocity (from linearization around hovering),
(0CT /0N hove oy = 6.8840e — 05.

2.1 Identified model for OGE attitude dynamics

The reference identified model of the quadrotor
pitch attitude dynamics in OGE hover was obtained
in a previous test campaign carried out on a test

Parameter Value

Frame Config. X

Frame Model HobbyKing Talon
V2.0

Arm length b 0.275 mm

Take-off weight m 1.51 kg

Inertia roll/pitch I, = I,  0.035 kg m?

Rotor radius R 0.1524 m

Average blade ¢ 0.02m

chord

Solidity o 0.083

Blade airfoil lift Cp_ 5.73 rad~!

curve slope

Motors HP2814

KV 710 rpm/V

ESC RCTimer NFS 30 A

Battery Turnigy  nano-tech
4000 mAh

Table 1: Main parameters of the considered quadrotor

bench®l, constraining all degrees of freedom except
for pitch rotation. The obtained SISO transfer function
from the input, delta angular velocity between the op-
posite couple of rotors 612, to the output, pitch rate ¢,
is

0.6951
5+2.056°

a(s) _
@ 5Q(s)

Also the brushless motor dynamics was identified and
the resulting transfer function from the input, motor
throttle percentage T'he;,, and the output, delta angular
velocity between the opposite couple of rotors 692, is

3Q(s) 1

2 = .
@ Thy(s)  0.05s+ 1

Hence the overall input-output relation is

3) q(s) 0.6951
Thy(s)  0.05s% 4+ 1.103s + 2.056°

Finally, the static relation between throttle and motor
rotational speed (in rad/s), determined experimen-
tally, is

(4) Q = mThy + G = 6.031The, + 80.49.

It is also useful to recall the first principle attitude dy-
namics model adopted in®! to perform the grey-box
identification of the model in equation (T), because it
will be exploited in Section [5.2] Since on the single
DoF test-bed the roll and yaw rotational and all trans-
lational DoFs are constrained, the differential equa-
tion governing the evolution of the pitch attitude is

oM OM
I, = — q+ — 6Q
(5) wi =3, ¢+ 5 J

(6) 6= q.



The model can be written in state space form as

(7) & = Ax + Bu
(8) y = Cx + Du,
where the state vector is defined as = = [¢ G]T, the

control variable is © = §€2 and

1 oM _1 oM
(9) A= |1lvy 9q , B= Iyy Ou ,
1 0 0
D= [0].

(10) c=1[0 1],

The stability derivative of the pitching moment A with
respect to ¢ can be written as

oM

oCr
—_ = = 27
(11) 94 4pA(QpouR)

oq

where p is the air density, d = b/+/2 is the projection
of the quadrotor arm length on the pitch body axis
(considering the X configuration), A is the rotor area
and

oCr  Cp, o

(12) 8(] B 8 QhovR'

Similarly, the pitching moment control derivative is
given by
oM

—— = 4C7, . pAR*V2bQh0y.
ou

(13)
2.2 Ground effect model based on experimental
campaign

In previous work!l the experimental characteriza-
tion of ground effect was carried out for both the iso-
lated rotor and the complete quadrotor. The results
are summarized in Figure |2, As can be seen from
the figure, experimental data in the isolated rotor case
qualitatively follow the trend of the classical formula-
tions (Cheeseman & Bennet and Hayden) of ground
effect from the rotorcraft literature. For the complete
quadrotor, on the other hand, this is no longer true:
hence it seems that the classical formulas valid for
full-scale helicopters are not able to model correctly
the ground effect for small multirotor vehicles. In par-
ticular the effect of the ground on the thrust is ex-
tended up to almost 4 rotor radii of height for the
quadrotor case, doubling the classical limit of about
h/R = 2 found for the isolated rotor tests. This dis-
crepancy between complete quadrotor and isolated
rotor results is likely due to the variation of the air-
frame download in proximity of the ground and to the
interferences between the four rotor wakes.

3. INCLUDING DYNAMIC INFLOW IN THE ATTI-
TUDE DYNAMICS

In order to introduce the effect of ground proximity
on the quadrotor pitch attitude dynamics, the rotors
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Figure 2: Rotor thrust ratio IGE/OGE at constant power as a
function of non-dimensional height from ground ~/R: com-
parison between isolated rotor, complete quadrotor experi-
mental data and classical formulations.

dynamic inflow, hence the rotors unsteady aerody-
namics due to the rotors wake-induced velocity, was
added to the modell!l| starting from the identified
pitch attitude dynamics for OGE hover.

3.1 Adopted inflow model

The first order inflow model proposed by Pitt and
Peters!'3l was adopted. In particular, of the original
three inflow states only the axial (uniform) perturba-
tion contribution §\, was retained: in fact the pitch
attitude motion implies an axial flow regime on the ro-
tors. Hence the considered scalar equation of the in-
flow dynamics is

(14) LoMy6A, + 6\, = L,6Cp

where L, = x1— and M, = 55—

the induced inflow ratio is given by

Ainow = V CTh,ov/Q’

for the non-perturbed trimmed configuration in OGE
hover the resulting time constant of the inflow dynam-
ics for the considered small rotor is

. Recalling that

7, = LyM, = 0.0069 s.

Note that a typical value for a manned helicopter ro-
tortl is in the order of 0.1 s. The Bode plots of the in-
flow dynamics (from the input 6C to the output 6)\,)
are shown in Figure [3} the dynamics is characterized
by a single real pole at 1/7,, = 144.03 rad/s).

The thrust coefficient perturbation, including the ef-
fect of hub vertical motion 2., due to the pitch angu-
lar rate ¢, is given by

(15)
R éhub aCT qd
5 _ 5 _ — = 5>\u - N
Cr =0Cr —Cr,,, U O Ol Vi
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Figure 3: Bode plot of the frequency response function of
the inflow dynamics for the OGE hover trim (from 6Cr to
0Au).

where the rotor induced velocity in hover is

,Uihm; = )\ihm,QhovR,
and
oCr  oCyp,
M, 4

3.2 Adopted modeling scheme

The input of the inflow dynamic model is the thrust
coefficient perturbation 6C', while the output is the
uniform inflow perturbation 6., hence a closed-loop
system'4l with the previously identified model in OGE
hover of the pitch attitude dynamics (including the mo-
tors) was defined, as described hereafter and shown
in the block diagram of Figure [4]

The §Q2 command input for the attitude dynamics
model implies, through the derivative 0Cr/09 (lin-
earization of rotor Cr vs. Q curve around the OGE
hover condition), a §C which goes in input to the dy-
namic inflow, together with the term defining the §Cr
contribution due to the axial velocity of the rotor hub,
obtained multiplying by the projection of the quadrotor
arm length on the pitch body axis d, the pitch angu-
lar velocity ¢ (output of the attitude dynamics model).
The loop closure is imposed considering that the in-
flow dynamic output §\,, through the derivative %,
gives a 6Ct which acts as input to the inflow dynam-
ics itself and also corresponds to a 42 input to the
attitude dynamics.

3.3 Results

The effects of including dynamic inflow in the pitch
attitude dynamics (OGE hover trim) are shown in Fig-
ures [B [6] and [7] obtained from a Matlab/Simulink
model implementing the block diagram in Figure
With respect to the only identified attitude dynam-
ics, characterized by two real poles (at 2.06 rad/s

the pitch dynamics, at 20 rad/s the motor dynam-
ics), closing the loop on the inflow dynamics results
in three real poles (at 2.36 rad/s, 19.65 rad/s and
133.5 rad/s) and one real zero (at 140.2 rad/s). Ob-
serving the step response, including the dynamic in-
flow implies a slightly slower and more damped pitch
attitude response.

4. EFFECT OF THE GROUND ON THE INFLOW
DYNAMICS

The effect of the ground on the inflow dynamics was
introduced adding a further inflow perturbation in in-
putt’® due to the changes in the rotor dimensionless
height above ground z = h/R, through the derivative
O\, /0z. Hence the new differential equation for the
inflow perturbation is:

8)\u
0z

The derivative 9\, /0z can be easily computed from
the adopted ground effect model formula, in fact

(16)  LyMy0h, + 60X, = L,6Cr — —26%.

TocE
TrcE

A = AoGE

where A\oge = \;,.,. Figure [8 shows the uni-
form inflow A, as a function of the non-dimensional
height from ground for the two classical formulations
of ground effect, Cheeseman & Bennet and Hayden,
compared with the models obtained by polynomial fit-
ting of the experimental results on the quadrotor and
its isolated rotor. Finally, Figure [9] shows the deriva-
tive 9\, /0z as a function of height from ground.

In Figures [T0] and [T1] are shown respectively the
Bode plots and the step response of the inflow dy-
namics described in equation (16), in particular from
the added input 6z to the output 6\, (inflow perturba-
tion), at different non-dimensional height from ground,
considering the ground effect model based on inter-
polation of experimental data gather for the complete
quadrotor case.

5. ATTITUDE DYNAMICS CONSIDERING THE
EFFECT OF BOTH DYNAMIC INFLOW AND
GROUND

The effect of ground proximity on the quadrotor
pitch (or roll) dynamics can be explained analyzing
the derivative 0\, /0z: since it is a function of z and is
greater than zero, when in ground effect a reduction
in the rotor height above ground produces a decrease
in the induced velocity, hence a rotor thrust increase
that acts as a spring against the height variation, with
increasing stiffness as the ground approaches. Con-
sidering the side-by-side rotors configuration of the
quadrotor, the antisymmetric height change of oppo-
site rotors associated with pitch (or roll) implies an al-
teration of the pitch (or roll) attitude dynamics as a
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Figure 4: Block diagram of the closed-loop system between the rotor inflow dynamics and the pitch attitude dynamics.
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Figure 7: Pole-zero map of the pitch attitude dynamics for
the OGE hover trim with and without inflow dynamics.
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Figure 11: Step response of the inflow dynamics for the
OGE hover trim including the effect of the ground (from §z
to d\.). Adopted ground effect model: polyfit on quadrotor
experimental data.

function of height in ground effect, as well known from
flight experiences and confirmed by the identification
results.

5.1 Adopted modeling scheme

Figure shows the modeling scheme developed
to evaluate the effect of the ground, through the in-
flow dynamics, on the quadrotor pitch attitude dynam-
ics. Comparing it with the block diagram of Figure
where the effect of the inflow dynamics (see equa-
tion (14)) on the vehicle pitch rotation was considered
without taking into account the height from ground
(only thrust coefficient perturbation, equation (15)),
it is possible to recognize the added rotors height
perturbation 6z (around the hovering condition at a
given height z) to the inflow dynamics (in accordance
with equation (16)), simply computed multiplying the
quadrotor arms length by the sine of pitch angle (by
integration of the pitch rate) and dividing by rotor ra-
dius.

5.2 Correction of identified attitude dynamics
model in OGE for the hover IGE

When hover is performed in ground effect, the
quadrotor trim parameters, namely the rotors angu-
lar velocity and hence the thrust coefficient (and the
induced inflow ratio), change with respect to the OGE
condition, affecting the inflow dynamics parameters
L, and M, (see equation (14)) and the gain equal to
the thrust coefficient derivative respect to the angular
velocity used in the closed-loop modeling scheme in
Figure[12] In Figures[13]and[14]the above trim values
are shown as functions of the non-dimensional height
from ground, computed using the ground effect model
based on interpolation of experimental data gather for
the complete quadrotor case.

Moreover the variation of the hover trim param-
eters during IGE operation affects also the attitude
pitch dynamics model, as can be argued observing
the first-principle (theoretical) formulation of the LTI
system described in Section [2.1] the stability deriva-
tive M /9dq (equation (11)) and the control derivative
OM /du (equation (13)) depend on the rotors angular
velocity and the thrust coefficient in hover, hence in
Figure[15|are shown M /dq and dM /du as functions
of the height from ground.

As a consequence of the variation of the pitch atti-
tude model derivatives with respect to the height from
ground, computed considering the IGE hover trim
value of rotors angular velocity and thrust coefficient,
it is possible to determine the theoretical variation of
the pitch attitude model, in terms of the SISO trans-
fer function gain and poles, with respect to the OGE
reference model, as reported in Figure[T6] The same
variation computed on the theoretical transfer function
was applied to the experimentally identified transfer
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function of the pitch attitude dynamics in OGE hover
(see equation (T)), in order to retrieve the effects of
the trim parameters variation during IGE hover. Fi-
nally the Bode plots and the step response of the
identified pitch attitude dynamics for IGE hover (con-
sidering only the trim parameters variation in ground
effect), as a function of the height from ground, are
reported respectively in Figures[17]and
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Figure 16: Pitch attitude theoretical model variation, in
terms of the SISO transfer function gain and real pole val-
ues, respect to the OGE reference model.

5.3 Results

In this section the results obtained by linearization
of the Matlab/Simulink model implementing the block
diagram of Figure [12) are reported: a fourth order LTI
model from delta angular velocity of opposite rotors
082 to the vehicle pitch rate ¢ is obtained, representing
the pitch attitude dynamics taking into account the ef-
fect of the ground, through the inflow dynamics. The
identified pitch dynamics in OGE hover was properly
modified in order to take into account the trim param-
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Figure 17: Bode plots of the identified pitch attitude dynam-
ics for IGE hover (considering only the trim parameters vari-
ation in ground effect).
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eters changes for IGE hover as a function of height
from ground, as described in Section In Fig-
ure [19] the Bode plots and the step response of the
final pitch attitude model are reported, taking into ac-
count inflow dynamics and ground effect, at different
values of height from ground: as reference the pitch
model (comprehensive of motor dynamics but without
ground effect) without (second order) and with (third
order) inflow is also shown. On the step response
one can recognize the effect of the ground proximity
on the attitude dynamics, as equivalent to a spring
connected to the ground under each rotor, with a stiff-
ness which decreases for increasing height (into the
IGE range).

The final fourth order LTI model is characterized by
two zeros and four poles. The zeros are both real (see
Figure [20), independently on the height from ground,
at 140.3 rad/s and 0 rad/s: as a reference the single
real zero of the pitch dynamics with the inflow was at
140.2 rad/s.

Concerning the poles (see Figure [21), the final
model has one complex conjugate pair and two real
poles in the range 0.5 < h/R < 1, while four pure
real poles when h/R > 1. The real part of the poles
1, 2 and 3 tend to the value of the corresponding
poles of the third order pitch dynamics (including the
inflow), respectively at 2.36 rad/s, 19.65 rad/s and
133.5 rad/s. Pole 1 represents the pitch attitude dy-
namics, which was at 2.06 rad/s from the identified
model in OGE hover, while pole 2 can be associated
with the motor dynamics, at 20 rad/s from the identi-
fied OGE model.

5.4 Comparison with identified attitude dynam-
ics model varying the height from ground

Finally, in Figure [22] a comparison between the
above-described analytical LTI model for the quadro-
tor pitch attitude dynamics in IGE hover (from delta
angular velocity of opposite rotors 4€2 to the vehicle
pitch rate ¢) and the results from the previously con-
ducted experimental identification campaign (seel®,
briefly resumed in Section [1)) is presented. In par-
ticular the behavior, as a function of the height from
ground, of the identified second order model poles
(the lower frequency one associated to the attitude
dynamics and the higher frequency one to the motor
dynamics), and the correspondent poles of the ana-
lytical model is illustrated. The developed analytical
model shows the same trend of both poles, as a func-
tion of vehicle height from ground, resulted from iden-
tification: the dominant pole representing the pitch dy-
namics, becomes slower when reducing the distance
from ground, while the second pole, corresponding to
the motors dynamics, becomes faster when the height
decreases. The variation of the dominant pole fre-
quency with respect to height predicted by the ana-
lytical model matches the identification results. On
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Figure 19: Bode plots and step response of the hovering
pitch attitude dynamics taking into account the effect of
the ground, through the inflow dynamics, at different non-
dimensional height from ground. As reference the pitch dy-
namics (with and without inflow) is also depicted.
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Figure 20: Zeros of the hovering pitch attitude dynamics
taking into account the effect of the ground, through the
inflow dynamics, at different non-dimensional height from
ground. As reference the single zero of the pitch dynamics
including the inflow is also shown (red dashed line).

the contrary, the analytical approach predicts a much
smaller variation with height of the pole associated
with motor dynamics with respect to the identification
results: it must be taken into account that this fre-
quency range was weakly excited during the exper-
iments hence the uncertainty of identified model is
wider.

6. CONCLUDING REMARKS AND FURTHER AC-
TIVITIES

In this paper the problem of modelling the attitude
dynamics of a quadrotor in ground effect has been
considered. From the modelling point of view, dy-
namic ground effect on the quadrotor pitch attitude dy-
namics has been taken into account by including the
(Pitt-Peters) dynamic inflow of the rotors in the over-
all model. The simulation results are representative
of the observed behaviour in IGE quadrotor flight and
match reasonably well compared to the experimental
results obtained in previous studies.

Future work will aim at exploiting the array of LTI
models in state-space form obtained linearizing the
closed-loop system of the attitude+inflow dynamics
for different height from ground to implement gain-
scheduled attitude controllers for enhanced perfor-
mance during take-off, landing or close-to-ground op-
erations.
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Figure 21: Poles of the hovering pitch attitude dynamics taking into account the effect of the ground, through the inflow
dynamics, at different non-dimensional height from ground. As reference the three poles of the pitch dynamics including
the inflow are also shown (red dashed line).
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Figure 22: Poles of the quadrotor pitch attitude dynamics
in hovering IGE as a function of the dimensionless height
from ground, from experimental identification and analytical
model: the lower frequency one (pole 1) associated to the
attitude dynamics and the higher frequency one (pole 2) to
the motor dynamics.
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