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Abstract 

This paper describes the development of a coupled 
rotor/flexible fuselage model which is suitable for 
simulating vibration reduction based on the ACSR 
approach. The rotor is an Nb-bladed aero elastic 
model, with coupled flap-lag-torsional dynamics for 
each blade. Moderate blade deflections are included, 
together with complete coupling between rotor and 
fuselage dynamics. This aeroelastic response model is 
combined with a control algorithm based on an inter
nal model principle. The control scheme effectively 
reduces vibrations to levels below 0.05g, using rea
sonable actuator forces. With the actuators engaged, 
the hub loads remain virtually unchanged and there
fore this control approach has no influence on vehicle 
airworthiness. The magnitude of control forces and 
actuator power requirements are dependent on the 
locations where the baseline fuselage vibrations are 
measured; however, this sensitivity is relatively mild. 
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Nomenclature 

Fuselage accelerations at various loca
tions 
Compensator matrix 
Baseline vibration measurements, Eq. 
(33) 
Denominator matrix of plant 
Blade bending stiffnesses in flap and 
lead-lag, respectively 
Vector of blade equations 
Fuselage flat plate drag area 
Steady state output contribution due 
to disturbance 
Vector of trim equations 
Steady state output contribution due 
to control signal 
Vibratory hub shears 
Transfer matrix (Eq. 29) 
Transfer matrix (Eq. 43) 
Blade torsional stiffness 
Transfer matrix (Eq. 28) 
Transfer matrix (Eq. 44) 
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Hn(s) 
Hu(s) 
M 

qb 

Qbo l qbnc l Qb,. 0 

q, 

u,v,w 
U(t) 
Do 
X 

X(t) 

Disturbance transfer matrix at rotor 
passage frequency 
Control transfer matrix at rotor pas
sage frequency 
Constant matrix (Eq. 45) 
Constant matrix (Eq. 46) 
Consistent mass matrix of non
structural mass element 
Blade mass per unit length 
Vibratory hub moments 
Number of blades 
Numerator matrix of plant 
Number of modes retained in modal 
truncation 
Vector of blade degrees of freedom 
Harmonic components of blade de
grees of freedom 
Vector of fuselage elastic degrees of 
freedom 
Harmonic components of fuselage 
elastic response 
Vector of fuselage rigid body degrees 
of freedom 
Harmonic components of fuselage 
rigid body response 
Generalized coordinates of blade tor
sional, lag and flap degrees of freedom 
Rotor radius 
Fuselage rigid body translational de
grees of freedom 
Blade displacement components 
Actuator control signal vector 
Control amplitudes 
Blade spanwise coordinate 
Fuselage elastic states (modal do
main) 
Disturbance state 
Initial conditions for disturbance state 
Initial conditions for fuselage elastic 
states 

Greek Symbols 
O:R Rotor angle of attack 
e Non-dimensional parameter repre

senting order of magnitude of typical 
blade slope 
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PA 
PM 

Collective pitch 
Cyclic pitch components 
Fuselage roll, pitch and yaw degrees 
of freedom 
Inflow ratio 
Matrix containing fnselage natural 
frequencies 
Advance ratio 
Angular speed of rotor 
Disturbance frequency 
Blade azimuth angle, nondimensional 
time(= n t) 
Unstable poles of disturbance loads in 
Laplace domain 
Rotor roll angle 
Rotating mode shapes for blade flap, 
lag and torsional response 
Rotating blade flap frequencies 
Rotating blade lag frequencies 
Rotating blade torsional frequencies 
Mass density of beam 
Air density 
Equivalent density function 

Special Symbols 
( •) ,x Derivative of ( •) with respect to 

spanwise coordinate x 
( o) Derivative of ( •) with respect to time 

Introduction and Problem Statement 

The control of vibrations in helicopters, which conw 
sists of reducing vibration levels below specified lim
its, is one of the key problems facing the rotorcraft 
designer. The increasing demands on flight envelope 
expansion, such as nap of earth flying, high speed, 
high g maneuvers, coupled with the need to improve 
system reliablity and reduce maintenance costs has 
resulted in more stringent vibration specifications. 
The adoption of ADS-27 [1,2] by the U.S. Army illus
trates the increased emphasis placed on the develop~ 
ment of rotorcraft with drastically reduced vibration 
levels. There has been a steady decrease in rotor
craft vibration levels over the years. The adoption 
of stringent vibration requirements, for the next gen
eration of helicopters, implies reduction of vibration 
levels below 0.05 g or even 0.02 g. Therefore, a sub
stantial body of research and development effort has 
been directed toward vibration prediction and reduc
tion methodologies in helicopters [3-5]. A detailed 
summary of the NASA/ Arrny contributions to rotor
craft v:hration technology has been presented in an 
excellent paper [5]. 

It is well known that the principal contributors 
to vibration levels in the helicopter fnselage are the 
main and tail rotor systems, as well as the aerody
namic interaction between the rotor and the fuselage 
[3, 4]. The central need for vibration reduction in 
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helicopter design has led to the development of two 
fundamentally different approaches to vibration re
duction and alleviation. The first approach is pas
sive and it utilizes vibration absorbers and vibration 
isolation devices [3-5], another passive approach is 
the careful structural dynamic design using struc
ttual optimization aimed at minimizing vibration in 
forward flight [6]. The second approach is active, and 
it is based on using active control for vibration reduc
tion. These approaches have been described and re
viewed with considerable detail in a recent paper [7]. 
Among the more recent approaches to active control 
of vibration, two approaches seem to have consider
able promise. One approach is the actively controlled 
flap (ACF), located at the outboard portion of the 
blade, which has been shown to achieve vibration lev
els comparable to higher harmonic control (HHC), 
while consuming much less power [7]. Another new 
approach to active control of fuselage vibration is ac
tive control of structural response (ACSR) which was 
initially developed by Westland [8]. Recently, a mod
ified variant of the ACSR approach, known as active 
vibration reduction (AVR), has been also explored 
and flight tested [9, 10]. In this approach, the gear
box is being oscillated instead of an ACSR platform. 

The ACSR scheme is based on the idea that in a 
linear system one can superimpose two independent 
response quantities such that the total response is 
zero. A schematic representation of the ACSR sys
tem is shown in Figs. 1 and 2. Figure 1 depicts 
the flexible fuselage model with the ACSR platform 
which is assumed to be a rigid platelike structure. 
The four actuators, depicted by the four heavy ver
tical lines are located at the corners of the platform 
and these introduce oscillatory forces used for vibra
tion reduction. The bottom and top of these actu
ators are designated by PI, ... ,pg, respectively. A 
schematic diagram of the ACSR control system is de
picted in Fig. 2. When applying this scheme to the 
helicopter vibration reduction problem, the fuselage, 
at selected locations, is excited by controlled forcing 
inputs, such that the combined response of the fuse
lage, due to rotor loads and the applied excitations, 
is minimized. Ground and flight test performed on 
a Westland 30 four-bladed hingeless helicopter were 
described in Ref. 11. Preliminary experimental tests 
with the ACSR system have produced very promis
ing results for vibration control in helicopters [11,12]. 
The major advantages of this new scheme are: (a) 
ability to minimize vibrations at specific fuselage lo
cations; (b) low power requirements; and (c) simplic
ity and minimal impact on air worthiness, because 
vibration control is implemented entirely in the non
rotating system. 

Despite the initial success with the ACSR system, 
recent flight tests [13] have indicated a somewhat lim
ited vibration reduction capability, when compared 
to the earlier tests. This emphasizes the importance 
of an analytical simulation capability that can pro-



vide fundamental understanding needed for the suc
cessful implementation of the ACSR approach. A 
refined coupled rotor/flexible fuselage aeroelastic re
sponse analysis suitable for the modeling of vibration 
reduction based upon the ACSR approach has been 
recently developed by the authors [14-16], and it has 
been used by the authors in a number of vibration 
reduction studies. 

The current paper has several objectives: (a) de
scribe a coupled rotor /flexible fuselage aero elastic re
sponse model, including the actuators required for 
the simulation of an ACSR system on a typical heli
copter; (b) present a recently completed vibration 
reduction study employing a disturbance rejection 
scheme based on an internal model principle (IMP) 
for the controller; and (c) determine the sensitivity 
of the actuator forces needed for vibration suppres
sion to changes in the location of the sensors, which 
measure the vibration levels in the fuselage. 

It is important to note that relatively few cou
pled rotor /flexible fuselage aeroelastic response mod
els capable of modeling the vibration levels present in 
such a complicated structural dynamic system exist. 
Most coupled rotor/fuselage models available, com
bine a rotor with a number of flexible blades with a 
fuselage represented by rigid body degrees of freedom, 
and such models are usually aimed at studying the 
aeromechanical stability behavior in forward flight 
[17,18]. A few coupled rotor/flexible fuselage models 
exist. Typical of these is Ref. 19, which combines a 
flexible rotor with a flexible fuselage. The fuselage 
model was relatively simple, since it consisted of a 
flexible beam with bending flexibility in two mutu
ally perpendicular planes combined with twist about 
the beam axis. Reference 19 did not account for the 
presence of non~structural masses in the modeling of 
the fuselage. Other studies [20, 21] have represented 
the coupled rotor /flexible fuselage model by a one 
dimensional beam, where the beam itself is modeled 
by beam type finite elements. Unfortunately, noue 
of these models are capable of modeling the refined 
local vibration level modeling needed for simulating 
the ACSR system. Thus, the current paper attempts 
to remedy this situation by developing an analytical 
simulation capability suitable for vibration reduction 
studies using ACSR; and it also makes a substantial 
contribution toward improved coupled rotor/flexible 
fuselage aeroelastic response modeling. 

Mathematical Formulation 

The coupled rotor/flexible fuselage model, devel
oped in this study, is capable of representing flexi
ble hingeless rotor combined with a flexible fuselage, 
a platform for the ACSR system and four high fre
quency force actuators located at the corners of the 
platform. The model is capable of representing both 
four (as shown in Fig. 1) and five bladed rotors. For 
clarity, the description of the model is separated in its 
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components: the rotor, the fuselage with an ACSR 
platform and actuators. :For active vibration reduc
tion studies the aeroelastic response model is com
bined with a controller based on an internal model 
principle (IMP) and sensors distributed at specific 
locations in the fuselage. 

The Rotor Model 

The current study is based upon a flexible hinge
less blade model with coupled flap-lag-torsional dy
namics, and the geometrically nonlinear terms due 
to moderate deflections. The nonlinear partial dif
ferential equations describing the blade dynamics of 
an isolated rotor blade are given by Eqs. (5) - (7) of 
Ref. 22. These equations were derived for the case of 
an isolated blade. However, the structural operator 
in these equations is not affected by fuselage dynam
ics, and thus it is suitable for the present study. 

The distributed aerodynamic, gravitational and in
ertial load vectors per unit length are symbolically 
derived to obtain the total distributed force and mo
ment vectors acting on the blade. These loads, which 
include the contribution of the fuselage motion to the 
inertial and aerodynamic blade loads, are derived us
ing a symbolic manipulation program MACSYMA 
[23]. 

The aerodynamic loads are obtained from Green
berg's quasi-steady aerodynamic theory [24]; whereas 
the inertial loads are based on D' Alembert's princi
ple. The reverse flow region on the blade is accounted 
for by changing the direction of the drag and setting 
the lift and moment equal to zero. Stall and com
pressibility effect.s are neglected, and constant uni
form inflow is assumed. The inextensional assump
tion for the axial deformation of the blade; com
monly used in rotary-wing aeroelasticity [19, 22, 25], 
is employed to express the blade axial deformation in 
terms of it bending deformations. 

The inertial and aerodynamic loads are derived ex~ 
plicitly using an ordering scheme [17-21] which allows 
one to have expressions of manageable size when fuse
lage dynamics are included. Such ordering schemes 
have been also used in other similar studies involving 
coupled rotor/flexible fuselage dynamics [20,21]. The 
ordering scheme is based on the assumption that: 

(1) 

where c is a small dimensionless parameter on the 
order of a typical blade slope. Equation (1) implies 
that terms of the order c 2 are negligible compared to 
unity. 

The Fuselage Model 

The elastic fuselage is represented by a complete 
three dimensional structural model. A collection of 
elements (i.e. element library) is used to generate 
the structural dynamic model of the fuselage. The 
elements available are: beam, truss, non-structural 



mass, and a plate dement. The non-structural 
masses of the helicopter such as: fuel tanks, en
gine, transmission, gearing, and payload, etc., are 
also modeled using consistently derived finite element 
model [26]. The non-structural mass element is ca
pable of three translational displacements and three 
rotational degrees of freedom at each node. The con
sistent mass matrix for the non-structural mass ele
ment is obtained from the following equation: 

M - l i N"'NPM dAdx (2) 

The shape function matrix is represented by the 
matrix N and the vector PM denotes the equivalent 
density functions. The non-structural mass per unit 
length is modeled by an equivalent density function 
defined over the length of the beam element l such 
that the product of p M and the beam cross sectional 
area integrated over it length contributes an amount 
of mass equal to the non-structural mass. Separate 
density functions are considered for axial, torsion, 
and bending. Analytical expressions for these equiv
alent density functions can be found in Ref. 26. 

A realistic structural dynamic model for the heli
copter fuselage requires the representation of the con
centrated masses as shown in Fig. 1. Numerical re
sults, for mode shapes and frequencies, indicate that 
if concentrated masses are not properly accounted for 
in the fuselage model, the modal characteristics of a 
real helicopter fuselage can not be captured [27]. 

The ACSR Platform and Actuators 

The coupled rotor/flexible fuselage model has a 
provision for incorporating an ACSR platform. This 
platform consists of a rigid rectangular plate in
serted between the rotor and the flexible fuselage. 
At the four corners of the platform, the model can 
accomodate high frequency force actuators, which 
produce very small displacements, but considerable 
force. These are illustrated by the heavy vertical 
lines shown in Fig. 1 and the end points of the ac
tuators correspond to points p1, ... ,ps. in Fig. 1, 
respectively. Provision is made for measuring accel
erations at a discrete number of fuselage locations. 
For the current study, the sensors are placed at the 
pilot seat, mid-cabin and rear cabin locations, and 
measure the vibration levels at these locations. The 
complete mathematical 1nodel describing the active 
controller for these actuators together with results il
lustrating their potential for vibration reduction will 
be presented later in this paper. 

pescription of Solution Procedur~ 

The first step in the solution of the problem is to 
eliminate the spatial dependence in the blade equa
tions of motion. The system of coupled partial dif
ferential equations of motion is tran.<:>formed to a sys
tem of ordinary nonlinear differential equations by 
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using Galerkin's method to eliminate the spatial vari
able. In this process, two torsional, two lead-lag, and 
three flap, uncoupled, free vibration modes of a ro
tating cantilevered blade are used. For the coupled 
rotor/fuselage system in steady state forward flight, 
only the periodic nonlinear steady state response is 
required. In this study, the trim and response solu
tions are obtained in a single pass by simultaneom;ly 
satisfying the trim equilibrium and the vibratory re
sponse of the helicopter for all the rotor and fuse
lage degrees of freedom [19]. The coupled solution is 
obtained using the harmonic balance technique. In 
the harmonic balance method, one replaces a sys
tem of ordinary differential equations of motion in 
the time domain by a system of algebraic equations 
with constant coefficients in the frequency domain. 
This solution yields the steady state response. The 
transformation to the frequency domain is accom
plished by a Fourier series expansion of various de
grees of freedom representing the coupled dynamics 
of the rotor/flexible fuselage dynamic system. To il
lustrate this procedure, the equations of motion for 
the coupled rotor/fuselage system are symbolically 
represented as: 

r.(q,q,if,q,;1/J) ~ o (3) 

fJ(q,q,ij,q,;1jJ) ~ 0 ( 4) 

fe(q,q,ij,q,;1jJ) cc 0 (5) 

r,(q,q,ij,q,;>/J) =0 (6) 

Equation (3) represents the coupled blade flap-lag
torsional equations of motion. The vectors ff, fe, and 
r, correspond to the fuselage rigid body equations 
of motion, the fuselage elastic motion, expressed in 
modal domain, and the trim equations, respectively. 
The vector qt represents the trim solution which con
sists of the quantities A, (}0, (}lcJ elSl D'R, and tPs· The 
response vector q consists of the blade degrees of free
dom, the fuselage rigid body degrees of freedom, and 
the fuselage elastic generalized displacements. These 
quantities are represented by the solution vector q, 

(7) 

The vector qb represents the blade response in the 
flap, lag and torsion, i.e., 

{ ~ } (8) 

The blade response is approximated by two 
rotating modes for torsion and lag response, and 



three rotating modes for flap, i.e., 

2 

¢ L P¢,(x)q¢.(t) (9) 
i::::.l 

2 

v L il>,,(x)q,.(t) 
i.::o:l 

3 

w L;<I>",(x)q",(t) 
i=l 

The vector q1 represents the fuselage's rigid body 
translational and rotational responses, i.e., 

R, 
Ru 

qf = 
R, (10) 
0, 
Ou 
0, 

The vector Qe represents the elastic deformations 
of the fuselage in the modal domain, i.e., 

(11) 

where n represents the truncated number of flexible 
fuselage modes retained in the model. 

Since the dominant components of the rotor loads 
transmitted to the fuselage through the hub are in
teger multiples of the rotor passage frequency niNb, 
the combined response of the fuselage, consisting of 
a combination of rigid body and elastic degrees of 
freedom, will contain primarily integer multiples of 
Nb per rev harmonics. In steady forward flight, a 
periodic solution in the form of Fourier series is as
sumed for the blade and fuselage degrees of freedom 
[19]; which can be written as: 

NH 

qb" + L {qb,,cos(n,P) + 

Nt 

q1, + L{qJ,,cos(nNb?f) + 
n=l 

N, 

q, q," -1- L {q,,,cos(nNb1/J) + 
n=l 

(12) 

(13) 

(14) 
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where NH, Nf, and Ne represent truncated harmon
ics for the blade, fuselage rigid body, and fuselage 
elastic degrees of freedom, respectively. 

The equations of motion represented by Eqs. (3) 
to (6) can be expressed explicitly in terms of the 
Fourier series expansion coefficients by subsituting 
Eqs. (12) to (14) into Eqs. (3) to (6) and applying 
the harmonic balance technique to yield a system of 
nonlinear coupled algebraic equations. The resulting 
equations of motion, for the expansion coefficients, 
can be symbolically represented by: 

NH 

fb = r., + L {fbncCos(n,P) + r.,. sin(n,P)} 
n;:;.:l (15) 

where 

(16) 

11h - fb(q,q,ij,q,;,P)cos(n,P) d,P 
11' 0 

1 1'~ - r.(q,q,ij,q,;,P)sin(n,P) d,P 
11' 0 

The equation fb" represents the constant parts of 
the blade flap-lag-torsional equation of motion; and 
the vectors fb,, and fb,, denote the cosine and sine 
parts of the blade equations, respectively. 

In order to properly enforce the coupling between 
the rotor and the fuselage, the rotor inertial, aero
dynamic, gravitational, and damping loads are first 
transferred to the hub, then transformed to the non
rotating reference frame before they are combined 
with the corresponding fuselage loads. The fuselage 
rigid body motion is symbolically represented by Eq. 
( 4). To clarify the coupling between the fuselage 
rigid body, and all other degrees of freedom, the 
rigid body equations of motion are symbolically 
rewritten as: 

P{, + P~ -1- Pf + P{;' + P Jv, = 0 (17) 

Q{, + Q~ + Qf + Q{;' + Qfv• 0 (18) 

The vectors PLPt ,Pf: and Pf represent the blade 
inertial, aerodynamic, gravitational, and damping 
force vectors, respectively, whereas the vector P fu.~ 
denotes the summation of all the fuselage force con
tributions. In a similar manner, the components of 
the moment vector Qb,Q~,Qf, Q{;' and Qfu.• rep
resent the appropriate moment contributions. Equa
tions (17) and (18) represent force and moment equi
librium that is enforced at the hub. This coupling 
procedure accounts for all the contributions in an 



exact manner; and it does not require the approxN 
imations described in Ref. 28. 

The fuselage rigid body equations of motion are 
also expanded in Fourier series, i.e., 

where 

Nt 

ff fJo + I;{f!nocos(nNb,P) + 
n:;:;:l 

(19) 

1 r'n 
211' lo r,(q,q,ij,q,;,P) d,P (20) 

2, ('n fJ(q, q, ij, q,; ,P)cos(nNb1/J) d,P 
11' lo 

The vectors ffo, ftno and ffn, represent the con
stant parts, cosine and sine parts of the coupled roN 
tor/fuselage rigid body equations of motion, respec
tively. 

The three dimensional fuselage model is repre
sented by a system of second order ordinary differen
tial equations with constant coefficients. The consid~ 
erable number of flexible degrees of freedom present 
in the finite element model of the fuselage, are re
duced by using a normal mode transformation based 
upon a truncated number of free vibration mode 
shapes. The fuselage elastic equations are also ex~ 
pressed in terms of the Fourier series coefficients, i.e., 

where 

N, 

f, f," +I; {f,n.cos(nNb1/l) -1-
n=l 

(21) 

2, {'n f,(q,q,ij,q,;,P)cos(nNb,P) d1jJ 
11' lo 

2, {'n f,(q,q,ij,q,;,P)sin(nNb,P) d1jJ 
11' lo 

The vectors feo' fen, and fe .. $ represent the con~ 
stant parts, cosine and sine parts of the fuselage elas
tic equations of motion in the modal domain, respec
tively. 

The trim equations, fuselage rigid body equations, 
and rotor blade equations are combined and solved si
multaneously. The propulsive trim procedure, based 
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on invoking force and moment equilibrium is used to 
generate the solution vector. The IMSL subroutine, 
DNEQNF, which is suitable for the solution of a sys
tem of nonlinear algebraic equations is used [29]. 

After the trim and response solution has been 
found, the rotor vibratory hub loads are determined. 
The loads at the root of the k'h blade are obtained 
in the rotating frame by integrating the dL,tributed 
loads along the span of the blade. These rotating 
loads at the blade root are transformed to the hub 
fixed nonrotating reference frame. Summation of the 
contribution frorn the variou._o::, blades yields the to
tal vibratory hub loads. For an Nb-bladed rotor, the 
vibratory hub loads are primarily Nb/rev. In this 
study, the hub shear and moment amplitudes are de
fined as follow: 

IPd (23) 

where 

PH, - P,, + P,N,ccos(Nb,P) + 
P,N,s sin(N,,,p) (24) 

M11, M,, + M,N,c cos(Nb,P) + 
M,N,,s sin(Nb·I/J) 

where the index i denotes the Cartesian coordinates 
x,y and z) respectively. 

The constant parts of the hub shear and moment 
components in the nonrotating reference frarne are 
denoted by P,, and M,,. Similarly, the Nb/rev co
sine and sine hub shear and moment components are 
denoted by PiN,c' PiNos and MiN,c' MiN,s' respec
tively. 

Disturbance Rejection Scheme Based 

on an Internal Model Pdnciple 

A helicopter in steady state trimmed level forward 
flight experiences vibratory loads which are gener
ated by the rotor and transmitted to the fuselage. 
In the framework of the control scheme implemented 
in this study, these vibratory loads are considered 
to be the disturbance loads. To counteract the dis
turbances, the servo actuators at the four corner of 
the ACSR platform, shown in Fig. 1, introduce vi
bratory forces, at the rotor disturbance frequency 
(wd = Nbfl), to the rotor/gearing unit supported 
by the ACSR platform, so as to prevent the distur~ 
bances (or vibratory loads) from propagating into the 
fuselage. For the helicopter vibration problem, the 
frequency of the vibratory disturbances, and their 
points of application are usually known. This infor
mation facilitates the construction of a disturbance 



rejection scheme for this particular case. The ACSR 
scheme is based on the concept that in a linear sys~ 
tern one can superimpose two independent response 
quantities in such a manner that the total response 
is zero. When applying this scheme to the helicopter 
vibration reduction problem, the fuselage, at selected 
locations, is excited by controlled forcing inputs, such 
that the combined response of the fuselage, due to ro
tor loads and the applied excitations, is minimized. 

A mathematical model for the ACSR system in
cluding sensors and foru actuators has been described 
earlier in this paper. In this section, a controller 
based on a disturbance rejection algorithm is com
bined with the aeroelastic model of the coupled ro
tor/flexible fuselage system [15, 16]. The control sig
nals are fed to the force generators (i.e., servo actu
ators) that generate the oscillatory loads, which are 
superimposed on the rotor distrubances so that the 
combined vibratory loads governed by the compen
sating control signals and the disturbances, cancel 
each other at the appropriate fuselage locations. 

The control approach used here represents a gen
eralization of a very simple model used in an early 
study [30] which explored vibration suppression in a 
two degree of freedom spring mass damper system, 
which was assumed to roughly resemble a coupled ro
tor/fuselage system. In this simple model, both the 
rotor and the fuselage were represented by lumped 
masses [ 30 ]. 

In this section, an approach denoted the IMP is 
implemented to improve the robustness of the con
trol algorithm described in our earlier studies [15, 16), 
by reducing the sensitivity of the feedback system, 
shown in Fig. 3, to the parameter variations of the 
plant [31]. The internal model is used to achieve dis
turbance rejection by cancelling either the unstable 
modes or modes on the imaginary axis, of the distur
bance signals, by duplicating these modes inside the 
loop [31]. The theoretical basis of IMP is described 
in Ref. 31. The control force vector, required for its 
implementation, is obtained from the procedure de
scribed below. This represents an improvement on a 
simpler controller used in our earlier work [16]. 

The placement of the internal model for distur
bance rejection is depicted in the block diagram in 
Fig. 3. The plant is given by the transfer matrix 
Gu(s) = Dp- 1(s)Np(s), the compensator is given by 
the matrix C,(s) = D;:- 1 (s)N,(s), and the internal 
model is represented by the matrix D[. 1(s). The ref
erence signal, r, is assumed to be zero in this study. 
The design procedure involves two steps: the intro
duction of the internal model, D[ 1(s), inside the 
loop, and the use of compensator C,(s) to stabilize 
the unity feedback system as illustrated in Fig. 3. 
The introduction of the disturbance dynamic model 
inside the loop is often referred to as the "internal 
model principle" [31]. If the affect of the disturbance 
D(s) at the output of the feedback system y, as shown 
in Fig. 3, is required to approach zero as t --+ oo, with 
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the reference signal r = 0, then the problem is called 
disturbance rejection [31]. 

In terms of the parameters of the helicopter model, 
the output y( s) in Fig. 3, which represents the total 
forces transmitted across the actuators, is given by: 

y(s) { C(si- A)- 1B +I} U(s) + 

{C(si- A)-1E} D(s) 

G,(s)U(s) + Gn(s)D(s) (25) 

where the matrices A, B, C and E are coefficients 
of a state space equation representing the fuselage 
dynamics and the total forces transmitted across the 
actuators, i.e., 

x(t) Ax(t) + BU(t) + ED(t) (26) 

y(t) Cx(t) + U(t) (27) 

the vector x(t) represents the fuselage elastic de
grees offreedom and the transfer matrices G, ( s) and 
Gn(s) are defined by: 

G,(s) (28) 

and 

Gn(s) (29) 

In an alternative form, the matrices Gu(s) and 
G D ( s) are represented by: 

G,(s) (30) 

and 

Gn(s) Dp- 1 (s)Nn(s) (31) 

where the matrices Dp(s) and Np(s) are coprime, i.e., 
they have no nontrivial common factors. The same 
statement applies to the matrices Dr(s) and Nn(s). 

The distrubance signal D( s) in the Laplace domain 
is defined by: 

D(s) (32) 

The disturbance loads can be expressed in terms 
of the disturbance state in the time domain: 

D(t) (33) 

and the disturbance state Xd(t) satisfies a first order 
linear differential equation [16], i.e., 

(34) 

where the scalar Ad is the Nb/rev rotor disturbance 
frequency. 

To incorporate the IMP, define ¢(s) as the least 
common denominator of the unstable poles of D ( s), 
i.e., all roots of ¢(s) have zero or positive real parts. 



The internal model matrix D! 1 (s) in Fig. 3 is defined 
by [31]: 

(35) 

where the identity matrix Iq has dimension Q; for 
the current case, Q = 6. 

From Fig. 3, the contributions to the output y( s) 
by the disturbance and control signals for the case of 
a unity feedback loop are given by: 

y(s) = Yd(s) + Yu(s) (36) 

where 

n; 1 (s) [I+ Nr(s)N,(s)D,;- 1 (s) 

•D[ 1(s)D;1(s}f
1 

No(s)D(s) (37) 

Yu(s) n; 1(s) [I+ Nr(s)N,(s)D,;- 1 (s) 

•D/ 1 (s)D;1 (s)]-
1 

Nr(s)U(s) (38) 

Substituting Eqs. (32) and (35) into Eqs. (37) 
and (38), the outputs due to disturbance and control 
signals Yd(s) and Yu(s) can be rewritten as: 

Yd(s) = ¢(s)D,(s) [¢(s)Dp(s)D,(s) + Nv(s) 

•N,(sJr 1 No(s)D;J,~ 1 (s)Nd;,(s) (39) 

y.(s) ¢(s)D,(s) [¢(s)Dp(s)D,(s) + Np(s) 

•N,(s)r' Nr(s)D;t,~,(s)Nd;,,,(s) (40) 

For the present case, the matrices ¢(s)Dp(s) and 
N P ( s) are coprime and therefore the roots of the de
terminant of 

Dr(s) = ¢(s)Dr(s)D,(s) + 

Nv(s)N,(s) (41) 

can be arbitrarily placed with the proper choice of the 
compensator D,(s) and N,(s) matrices, by placing 
these roots in the open left-half plane. Hence, the 
output y(s) (Eq. 36) will approach zero as t ~> oo, 

for a steady state process. 
The control vector U(s), needed for vibration sup

pression, can be obtained by the following procedure. 
First, express Eq. (36) as follows: 

y(s) = G 0 (s)D(s) + G"(s)U(s) (42) 

Using Eqs. (39) and (40), the matrices G 0 (s) and 
G"(s) are determined as: 

G 0 (s) = ¢(s)D,(s) [¢(s)Dp(s)D,(s)+ 

•Nr(s)N,(sJr 1 No(s) (43) 

G"(s) ¢(s)D,(s) [¢(s)Dp(s)D,(s)+ 

•Nr(s)N,(sJr1 Np(s) (44) 
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The transfer matrices G 0 (s) and G"(s) can be 
expanded as follows [31]: 

m 

G 0 (s) = 2:)'Io(iV' (45) 
io;o;;Q 

m 

G"(s) ~ LHu(i)s-i ( 46) 
i=O 

Equations ( 45) and ( 46) can be realized into a 
system of state space equations using singular value 
decomposition [31]. In the subsequent analysis, the 
quantities with hat over them such as A., :B, C, E, 
Lb and L2, are constant matrices and they are asso~ 
ciated with the realization of the transfer matrices in 
Eqs. (45) and (46). Let the realization of Eqs. (45) 
and ( 46) be symbolically represented by a system of 
state space equations, i.e., 

x(tl A.x(t) + BU(t) + ED(t) (47) 

y(t) = Cx(t) + t, U(t) + t,n(t) (48) 

Equations ( 47) and ( 48), combined with the vi
bratory hub loads expressed in term of disturbance 
state, Eq. (33), yield the necessary equations for the 
vibration suppression analysis. Note that the plant, 
Eq. (47), contains the internal model and the sys
tem represented by Eq. (47) is asymptotically sta
ble. Equations ( 48) can be expressed in term of the 
solutions to Eq. (47) !32]: 

y(t) = ce"'xo + 

C L eA(t-r) { BU(r) + ED(r)} dr + 

t, U(t) + L,D(t) 

= Yhom(t) + y,.(t) + Yd(t) + L, U(t) + 
L,D(t) (49) 

The vectors Yhom(t), y,.(t), and Yd(t) represent the 
output contributions due to the homogeneous solu
tion, the command, and the disturbance inputs, re~ 
spectively. Since all the eigenvalues of the plant Eq. 

(47) arc always stable, i.e., Re [>.(.A)]< 0, the con

dition 

lim Yhom(t) 
H= 

0 (50) 

is satisfied. 
Thus, for steady state disturbance rejection, Eq. 

( 49) must satisfy the following condition: 

lim {y,.(t) + Yd(t) + L, U(t)+ 
H= 

L,D(t)} = 0 (51) 

from which the control vector U(t), for steady state 
disturbance suppression, is obtained. Using Eq. (33), 



the disturbance portion of Eq. ( 49) can be written 
as: 

(52) 

Evaluation of Eq. (52), requires the combination 
of matrices that are function of r. The combination 
of the matrix eA(t-r) with the scalar eA,r yields: 

Yd(t) = C fo' eAte(jw,I-A)r:fucdXdodr (53) 

and by integrating Eq. (53) provides the expres
sion for the rotor disturbance contribution in Eq. 
(49), i.e., 

C [jwdl- A]-! ED
0
ejw,t

ceAt [jwdl - A]-! EDo (54) 

where the amplitude vector Do represents the force 
and moment baseline vibrations. 

Defining the disturbance transfer matrix, with the 
internal model incorporated, as a function of the dis
turbance frequency, Gy, (jwd): 

c [jw"I - A]-' :E (55) 

and substituting equation (55) into equation (54), 
yields: 

Yd(t) Gy, (jwd)Doejw,t-

CeAt [jwdl - A]-! EDo (56) 

The second term of equation (56) will decay to 
zero, since Re(.>.(A)) < 0 holds. Hence, the steady 
state contribution of the disturbance loads in Eq. 
(49) is given by: 

(57) 

Comparing equations (55) and (49), the steady 
state contribution of the control vector to the out~ 
put response is similarly defined as: 

(58) 

with the control transfer matrix defined similar to 
Eq. (55), i.e., 

(59) 

The steady state suppression of the disturbances 
in the frequency domain implies that Eq. ( 49) must 
be satisfied, i.e., 

{ Gyofjwd)V0 + Gy,(jwd)Do + L1 Do+ 

L2D 0 (t)} ejw,t = 0 (60) 
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The solution to Eq. (60) yields the control am
plitudes U o required for the disturbance suppression 
of fuselage vibrations. Since four servo-actuators are 
used to implement the approach, the four compo
nents of the control force vector, U o needed for vi
bration suppression is obtained from the solution of 
four linear algebraic equations, associated with Eq. 
(60). 

Results and Discussions 

The results presented for the coupled rotor/flexible 
fuselage model are based upon a combination of pa
rameters intended to model approximately an MBB 
B0-105 helicopter operating at a weight coefficient of 
c,,=0.005, with a soft-in-plane four bladed hingeless 
rotor. The results for blade tip responses, vibratory 
hub loads, fuselage accelerations at various locations 
of interest, control forces needed to achieve vibration 
suppression, actuator displacements and power con
sumption are presented. The sensitivity of the con
trol forces and actuator power requirements to the lo
cation where the baseline vibration is measured, are 
also studied. Table 1 shows that data for a typical 
soft-in-plane hingeless rotor configuration, for which 
the calculations are performed, and Table 2 presents 
the fuselage properties needed for the three dimen
sional structural dynamic model of the fuselage. 

The coupled rotor/flexible fuselage dynamic sys
tem and the locations of the servo actuators are 
shown in Fig. 1, where the heavy dots in the figure 
identify the non-structural masses located between 
the corresponding nodes of the beam elements. The 
servo actuator tip displacements, located at the four 
corners of the ACSR platform are also shown in Fig. 
1. The general implementation of the ACSR sys
tem is schematically illustrated in Fig. 2. Figure 
3 depicts the unity feedback system and the place
ment of the internal model for disturbance rejection. 
In this figure, the internal model is identified as the 
D[ 1 (s) matrix and the output y(s) represents the 
loads transmitted across the servo actuators, i.e., the 
disturbances and forces in the springs which are in
stalled parallel to the actuators. 

Figures 4 and 5 depict the hub loads as a func
tion of advance ratio, for the case when the actu
ators are disengaged and engaged. Figure 4 shows 
that when the actuators are engaged, the hub forces 
are not substantially higher than those correspond
ing to the baseline (or uncontrolled) values. Figure 5 
shows that the hub moments for the controlled and 
baseline values are also quite similar regardless of ac
tuators activity. Figures 6 through 8 illustrate the 
fuselage accelerations at various fuselage locations 
corresponding to the rear cabin, pilot seat, the actu
ator tips (upper front actuators), and the helicopter 
center of gravity, as a ftmction of the advance ratio. 
Figure 6 shows that when the controller, based on the 
IMP approach, is engaged, the fuselage accelerations 



in the longitudinal direction, for all locations consid~ 
ered, are reduced to levels below 0.02g. Figures 7 
and 8 indicate that similar observations can be made 
for the fuselage accelerations in the lateral and ver
tical directions, when the controller is engaged. It is 
evident from Figs. 6-8 that the highest levels of base
line acceleration are encountered in the vertical and 
lateral direction. It is particularly interesting to note 
that uncontrolled vibrations in the vertical direction 
are between 0.2-0.38g at the high advance ratio of 
!' = 0.40. Recall that stall and compressibility have 
been neglected, therefore these high vibration levels 
are probably not reliable estimates. However, it is 
remarkable that despite these high levels of baseline 
vibration the controller encounters no difficulty in re~ 
clueing these vibrations below acceptable levels. 

Figure 9 depicts the nondimensional blade tip de
flections as a function of blade azimuth, for the case 
when the actuators are engaged and disengaged, at 
an advance ratio of I' = 0.3. In this figure, both 
control approaches are shown: the basic disturbance 
rejection scheme (ACSR) which was formulated with
out using an internal model [16), as well as the case 
based on using the IMP approach. This figure clearly 
indicates that when the controller is active, the rotor 
blade tip flap, lag, and torsional deflections, remain 
virtually unchanged and thus vehicle airworthiness is 
unaffected. 

In our earlier research [16L a simple control scheme 
denoted by the label ACSR was considered and fairly 
high control forces were required for vibration reducw 
tion. Figure 10 presents a comparison of the conw 
trol forces required in the actuators as a function of 
the advance ratio when the earlier (ACSR) approach 
and the current (IMP) approach are implemented. 
From Fig. 10, it is evident that the actuators need 
substantially smaller forces to achieve similar vibra
tion reduction, if the controller is based on the IMP 
approach instead of the basic disturbance rejection 
scheme (ACSR), described in Ref. 16. Figure 11 
shows the actuator tip di.')placements as a function 
of advance ratio, for the case when the actuators are 
disengaged and engaged. The information shown in 
Fig. 8, 10 and 11 indicates that while the actuators 
requires considerable forces for vibration suppression, 
the actuators tip displacements are relatively small. 
Note that the indices 2 and 3 in Fig. 11 denote the 
upper front actuators' tip locations. 

Figure 12 depicts the actuators power consump
tion as a function of advance ratio. The actuator 
power consumption is calculated from the product of 
the actuator force and its rate of net displacement -
Pwi =' Fi * lVbO * Wi where Pwi denotes the power 
constimption of the ith actuator, Fi represents the 
force generated by the ith actuator, and ~Vi denotes 
the net displacement of the ;th actuator. The total 
power consumption is obtained by summing over the 
four actuators. The expression derived here for the 
power represents the maximum power required. The 
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effectiveness of the proposed control approach is ap
parent in this figure; the actuators need small amount 
of power to achieve substantial vibration reduction in 
the fuselage. 

The sensitivity of the actuator control force and 
power consumption as a function of the locations of 
the baseline vibration measurements is illustrated in 
Figs. 13 and 14, respectively. Figure 13 presents two 
families of control force curves as a function of the 
advance ratio. The family labeled station 1, corre
sponds to the mid-cabin location where the vertical 
displacement is large, and station 2 corresponds to 
the rear cabin location. For our case, the relative 
difference between the vertical displacements in these 
two locations are among the larger ones. It should 
be emphasized that the control forces shown in Fig. 
13 are based upon the baseline vibration levels em
ployed by the IMP algorithm. These correspond the 
the mid-cabin and rear cabin locations, as shown in 
Fig. 1. Figure 13 indicates that although the control 
forces in the actuators are sensitive to the locations 
of baseline vibration measurements, this sensitivity 
is relatively mild. Based on the results shown in Fig. 
14, it is evident that a similar observation can be 
made for the sensitivity of the actuator power re
quirement. 

Concluding Remarks 

A refined coupled rotor/flexible fuselage aeroelas
tic response model for vibration suppression study is 
formulated. The fuselage contains a provision for the 
modeling a novel type of vibration suppression deM 
vice, denoted by the term ACSR. Furthermore, the 
fuselage is represented by a fairly elaborate finite el
ement model, which accounts for the effect of impor
tant non~structural masses. 

The coupling between the rotor and the fuselage is 
accomplished implicitly by satisfying force and mo
ment equilibrium at the hub. The approach com
bines a nonlinear rotor model, where the nonlinear
ities are due to moderate blade deflections, with a 
flexible fuselage represented by a linear finite element 
model. 

A controller based on IMP is implemented in con
junction with a coupled rotor/flexible fuselage model. 
Numerical results indicate that the controller based 
on IMP can reduce vibration levels, below 0.05g, for 
all fuselage locations considered. In addition, the 
proposed controller does not influence the vehicle air
worthiness; this is to be expected since the actuators 
are implemented in the non-rotating system. 

The numerical simulations reveal that the control 
forces for vibrations reduction required by the actua
tors depend on the control algorithm employed. The 
simpler control algorithm denoted as the ACSR algo
rithm, needs substantially larger forces than the con
trol algorithm based on the IMP, to achieve a similar 
level of vibrations reduction. The study shows that 



fairly large control forces are needed for vibration re
duction, however these are accompanied by small ac
tuator displacement. The overal power consumption 
needed for vibration suppression is small. 

The sensitivity of the control forces in the actua
tors and the associated actuator power consumption 
depends on the locations where the baseline vibra
tions are measured; however, this dependency is mild. 
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Table 1: Blade data for rotor configuration 

Cw = 0.005; 

<Y = 0.07; 

hl/R = 0.2851; 

a= 27ri 

cjR = 0.055 

/3p = 0.0 

h2/ R = 0.2851 

!Cd1 /rrR2 = 0.01 

Soft-in-plane four bladed rotor 

stiffnesses & frequencies 

Wp, = 1.124 ; Wp, = 3.407 

wp, ~ 7.617 

W£, = 0.7311; WL, = 4.453 

W1•, = 3.175; W1; = 9.097 

All blade offsets are zero. 

Table 2: Data for the three dimensional structural 

dynamic model of the fnselage 

A/Ll = 0.788x10-4 ; E/mbfl? = 0.662x107 

G/mbf!2 = 0.249x107 ; pjmb/R2 = 0.119x105 

I 9 / R4 = 0.966x1o-9 

elements = 300 

d.o.J' s = 966 

nodes= 161 



Figure 1: Coupled rotor/ active control/fuselage dynamic system 
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Figure 13: Control forces vs. advance ratio, with controller engaged 
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