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ABSTRACT - A free-wake analysis of twin-rotor systems is described. The analysis uses a recently 
developed pseudo-implicit predictor-corrector (PIPC) relaxation algorithm for the solution of the governing 
differential equations of the tip vortex geometries. Typical results are shown for tandem, side-by-side and 
co-axial rotor configurations. 

NOMENCLATURE 

c Blade chord, m Cr Rotor thrust coefficient, T/ rmR2 (DRj2 
Cq Rotor torque coefficient, Qjp1rR2 (DR) 2R ;, 3. k Unit vectors in the x, y and z 

directions, respectively 
Nb Number of blades Nv Number of vortex filaments 
Q Rotor torque, Nm r Position of a point on a wake filament, m 
r, Vortex core radius, m Tv Radial position from which wake 

filaments are trailed, m R Rotor radius, m 
T Rotor thrust, N vo Tangential velocity, m/s 
Voo Free-stream velocity, m/s i/incl Induced velocity, m/s 
X, y, Z Cartesian coordinate system, origin at 

hub center of rotor 1, m a, Rotor shaft angle, deg. 
f3o Blade coning angle, deg. r Circulation, m2 js 
.>., Uniform induced inflow ratio Jl. Rotor advance ratio, V 00 /DR 
n Rotational frequency of rotor. rad/s >/! Azimuth angle, rad. 
X Position of rotor hub 2 relative to hub 1, m ( Distance along trailed wake filament, rad 

1. INTRODUCTION 

The improved modeling of a helicopter rotor flow field remains fundamental to enhanced pre­
dictions of rotor loads, performance, and acoustics. It has been documented experimentally that a 
helicopter rotor wake is dominated by strong vortices that quickly form behind each blade tip, see 
for example, Refs. 1 and 2. The strengths and initial positions of these tip vortices are related to the 
individual blade lift distributions. As each blade rotates, the tip vortices are left in space behind the 
rotor, and are convected to new positions by the influence of the local induced velocity field. Unlike 
a fixed-wing aircraft, rotor tip vortices remain relatively close to the rotor, and have a powerful in­
fluence on the distribution of aerodynamic loading on each blade. Large temporal variations in local 
blade loading may also result, leading to impulsive noise generation from the rotor. 

The wake geometry emanating from a single rotor is known to be affected by many interre­
lated geometric parameters (such as blade twist, planform, and number of blades) and operational 
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conditions (such as rotor thrust, advance ratio, climb velocity, and tip path plane angle of at­
tack). Rotor/airframe interference effects are also known to have an important effect on the wake 
geometry. 3· 4 For multi-rotor systems, the problem becomes considerably more complicated, mostly 
because the interference between each rotor results in considerable mutual distortion of each wake 
system. In addition, there is an increased likelihood of blade vortex interactions or BVI for multi-rotor 
systems, particularly since the wake from one rotor can often be ingested directly into the other. BVI 
is known to be a particularly dominant source of noise for tandem rotor configurations. 5· 6 With the 
more stringent civil and military noise standards, minimizing noise generation from both single and 
multi-rotor systems will become an increasingly important factor in the rotor design process. 

The mathematical modeling of either single or multi-rotor wake systems at any realistic level 
of sophistication is, unfortunately, a problem of formidable complexity. Modern comprehensive ro­
tor codes typically include sophisticated structural and dynamic models of the rotor system, yet 
the aerodynamic model is usually less sophisticated. This is at least in part because of the large 
computational resources required for realistic aerodynamic models of the rotor wake system and 
the corresponding induced velocity field. Existing wake models used in modern comprehensive rotor 
analyses range from fairly simple "prescribed" or semi-empirical wakes to more sophisticated "free" 
wakes. Refs. 7-11 describe typical prescribed wake models for single rotors where the rotor tip vortex 
trajectories are described by functional modifications to the classical or "rigid" cycloidal wake. The 
velocity field induced by the rotor wake is then calculated by the application of the Biot-Savart law 
integrated along the prescribed trajectory of each tip vortex filament. Wake distortion functions, 
specified empirically in terms of rotor geometric and operational factors, are used to distort the wake 
with the aid of wake geometry measurements from small scale rotors. 12• 13 Although computationally 
efficient and of considerable use in routine rotor design work, prescribed wake models do not fully 
capture the physical nature of the wake. Furthermore, since these models are constructed based 
on a limited number of rotor experiments, their applicability to more general rotor configurations is 
questionable. Nevertheless, because of their computational efficiency, prescribed wake models have 
been widely used for both single 7· 10· 11 and co-axial rotor configurations. 14· 15 

The next level of sophistication in rotor wake modeling is the so-called "free" wake analysis. 
Free-wake models solve for the wake directly and, at least in principle, do not require experimentally 
obtained wake geometry data for formulation purposes. However, since both the positions and the 
strengths of the individual wake filaments are now part of the solution process, free-wake models 
are obviously much more computationally intensive. Pioneering work on the free-wake solution 
methodology for single rotors was performed about 20-years ago by Clark and Leiper 16 and Sadler, 17. 

and many variations and developments of the basic approach have subsequently followed. In the most 
basic free-wake methodology, an explicit-type algorithm is used to extrapolate the wake geometry to a 
force-free position.' However, one of the well known problems of these schemes is their susceptibility 
to numerical instabilities. One solution is to implement improved integration schemes, and while 
several such implementations are possible, this is usually at the expense of significantly increasing the 
overall computational expense. For example, Miller and Bliss 18 showed that by using a semi-implicit 
formulation for the free-wake solution, many of the numerical problems that have been characteristic 
of explicit models could be avoided, however, implicit schemes require the inversion of large matrices 
per iteration/time step, making them computationally very expensive for use in comprehensive rotor 
codes. Also, it has been demonstrated in Ref. 18 that even semi-implicit methods do not necessarily 
converge to a steady-state solution, especially in hover or at low advance ratios. 

More recently, Bagai and Leishman 19· 20 showed that a pseudo-implicit predictor-corrector (PI PC) 
method with spatial averaging can be used to stabilize the numerical computation of the free-wake, 
without the use of artificial damping. Because of improved convergence relative to the explicit 
scheme, the overall computational expense with the PI PC scheme can be significantly reduced. Such 
an approach draws a good compromise between minimizing numerical errors and helping to maximize 
computational efficiency. Excellent wake convergence characteristics for single rotors operating in 
hover and low speed forward flight have been demonstrated with the PIPC method, and the pre­
dictions have also shown good agreement with experimental data for single rotors. In this paper, 
we extend this work and examine some of the special problems in predicting the wakes of twin-rotor 
systems including co-axial, tandem and side-by-side configurations. 

'Explicit algorithms are used in several well known comprehensive helicopter rotor codes. 
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2. METHODOLOGY 

In the present analysis, each rotor blade is assumed to trail a concentrated vortex from the vicinity 
of the rotor blade tip. The blade itself is modeled as a lifting surface (Weissinger L-model) with 
an unsteady near wake model for trailed and shed vorticity immediately behind each blade. The 
near wake model defines the initial strengths and locations of the rolled-up blade tip vortices, and 
is treated as a boundary condition for the free-wake problem. The strength and location of the tip 
vortex relative to the blade at any given azimuth position (time) is determined by the spanwise lift 
distribution over each blade. While the roll-up of the wake is known to be a physically complex 
process, it is known from experiments that rotors develop single concentrated tip vortices (at least 
with blades that have conventional tip shapes) that form almost immediately behind the blade. In 
the present work, the tip vortex strength and position is computed based on a variation of Rossow's 
centroid of vorticity approach. 21 

A numerical solution to the subsequent positions of the tip vortices that are trailed from each 
blade can be obtained by the integration of a system of ordinary differential equations (ODE's). 
These ODE's are obtained by the spatial discretization of the partial differential equations (PDE's) 
that govern the actual convection of the vortex filaments to force-free positions. As described in 
Ref. 19, the governing PDE for a typical tip vortex filament can be written as 

8r(1/J, () + 8?(1/J, () = Voo + ]:_ ~ V. (~("'' ") r("'' ")) 
81/J 8( n nt:t md r ~.,, ~"' (1) 

where the Vind term on the right-hand-side collectively represents the velocities induced by all the 
free or bound vortices in the flow field. 

Induced Velocities 

The source terms due to the wake are obtained by integrating over all the trailed vortex filaments 
by means of the Biot-Savart law. Obviously, if a potential vortex is used in this process then the 
induced velocity becomes singular when wake collocation points approach the axis of any vortex 
filament. Obviously, this may result in numerical problems, but can be alleviated by using a viscous 
vortex model with a finite core radius. In Ref. 22, it was shown that the tangential velocity profile 
of rotor tip vortices can be closely approximated by 

(2) 

where rc is the initial viscous core radius.! The effects of diffusion can be incorporated with a slight 
modification the Biot-Savart law 

(3) 

where r ( 1/J, () is the point in the flow field influenced by the ith vortex at location r ( 1/Ji, () and of 
strength (circulation) f(1/Ji, (). The parameter Y is given in terms of geometric and aerodynamic 
parameters by 

( ARik-z) 
1 - exp - 41!'( 8 r (4) 

where r = 7'/ R, AR is the rotor blade aspect ratio, and Ik is the Reynolds number in terms of tip 
speed and blade chord. The factor 8 is a viscous decay factor that must be selected empirically -
see, for example, Lamb. 23 For a laminar vortex, 8=1 and the diffusion is extremely slow since it is 
governed only by the kinematic viscosity of the fluid. However, various workers have shown that it is 

!Physically, the initial tip vortex core radius on helicopter rotors is known to be of the order of blade 
thickness (typically 10-15% of mean blade chord). 
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Figure 1: Discretized physical domain for free-wake of typical tip vortex 

possible to allow for an "eddy" viscosity due to the degree of turbulence adjusting the value of 15 by 
comparisons of calculation with experiment. From the work in Ref. 20, it is known that 15 is of order 
of magnitude 104 for single rotors, and this value has been retained for all the calculations reported 
in this article. 

The wake induced velocities are largely responsible for the highly nonlinear space and time­
dependent forcing or source terms that describe the physical distortion and roll-up of the rotor wake. 
Note that the effect of the eddy viscosity coefficient, 6, is to gradually diffuse the vorticity radially 
outward as a function of wake age, that is the age of a filament relative to the blade from which it 
originated. Depending on the value chosen for 8, the wake may relax to a physically correct solution, 
or may over- or under-relax to non-physical solutions. Such issues are discussed in Ref. 20 

In addition to the physics of diffusion covered by Eq. 4, the possibility of vorticity intensification 
due to straining of the vortex filaments must be considered. In some locations, particularly in regions 
where the tip vortex filaments "pair" and roll-up into bundles, considerable straining is possible. This 
may be an especially important problem for multi-rotor systems where there are typically many vortex 
filaments, and the probability of vortex/vortex distortions is relatively high. While an exact treatment 
of this problem is obviously impractical within the scope of the present model, a representation of 
the basic effect can be made using a simpler approach where the vorticity is assumed to lie entirely 
within the vortex core, rc (which is the case strictly only for a Rankine vortex). The application 
of conservation of mass and angular momentum then leads to a simple relationship between the 
filament strain and the change in the local core size- see Ref. 20. 

Free-Wake Scheme 

If a series of collocation points are specified along the lengths of the trailed vortex filaments 
generated by each blade, these points must then be continuously convected through the flow field at 
the local velocity. The discretized physical domain for one rotor blade is shown in Fig. 1. Note that 
in this discretized representation, there is one equation such as Eq. 1 for every point in the wake. 
Clearly, the number of subdivided wake segments determine the far wake resolution, but also increase 
the computational size of the numerical problem. One must often, therefore, make a compromise 
between resolution versus computational cost for the free-wake model. 

For the numerical solution of the wake equations, Eq. 1 must first be cast into finite-difference 
form. In the present work, a five-point central difference approximation is used, where the derivatives 
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Figure 2: Discretized computational domain for governing PDE 

on the left-hand side are evaluated at point (k- !, i- ~)about points (k, i), (k, i -1), (k -1, i) and 
(k- 1, i- 1), see Fig. 2. The next step is to advance the solution to obtain force-free positions for 
the vortex filaments. In a typical explicit scheme, the current solution is obtained by extrapolating 
from the previous iteration over a finite "time" increment, !:l.'lj.!, by means of a single, backward 
f. · d"fC · ~n f(~n-1 ~n-1 ~n-1) d ir (~n-1 ~n-1 ~n-1) 1n1te 1 •erence step, 1.e., 1';,k = 1';-l,k-l• r;-l,k> T;,k-l an vind = g TJ-I,k-l• rJ-I,k• rJ,k- 1 . 

Although this may be one of the simplest methods to implement, it is only first order accurate and 
the accumulation of discretization errors over a number of iterations often results in the method 
becoming numerically unstable. Therefore, such methods normally require the inclusion of some 
form of artificial damping. Unfortunately, for rotor free-wake problems which are highly nonlinear, 
the damping is a function of the flight condition (i.e., thrust and advance ratio) and is not known a 
priori. 

Various improvements in the accuracy and stability of explicit schemes may be made by using a 
predictor-corrector methodology, and usually without the need for artificial numerical damping. How­
ever, predictor-corrector (PC) schemes require two velocity field calculations per time step compared 
to the explicit method. In the PC approach, the corrected solution at the current nth iteration is 
obtained by averaging the induced velocity from the previous (n- 1)th iteration with the predicted 
induced velocities from the current nth iteration predictor step. The enhanced stability and in­
creased convergence rates of such schemes normally out-weigh the additional computational expense 
of performing two induced velocity calculations per iteration. PC methods are known to be almost 
universally advantageous where the function evaluation on the right-hand-side of the equations is 
computationally expensive. 24 

A further improvement to the basic PC scheme has been discussed in Ref. 20 resulting in a pse1tdo­
implicit (PI PC) scheme for both the predictor and corrector steps. These equations can be written as 

Predictor: 

-n 
fk ], 

- n ( 6.'ljJ - f:l.() - n - n 
rJ-1,k-1 + !:J.'Ij.! + f:l.( (rJ,k-1- rJ-1,k) 

+ ( 
!:l.'lj;!:l.() 2 (v + 1 (~;; (~n-1 ~n-1)+~ir (~n-1 ~n-1) 

f:l.'lj.! + f:l.( n 00 4 6 Viwl 1'j-1,k-1> 1'i,( 6 Vind 1'j-1,k> 7"i,( 

+ (5) 

Corrector: 
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(6) 

where the induced velocity vectors, f\nd(· · ·, · · ·), are defined by 

Note that the source terms (which are comprised of the induced velocities on the right-hand-side of 
Eqs. 5 and 6) are still treated explicitly, in that the final values for the induced velocities are computed 
using averages of the previous iteration and the predicted values from the current iteration. The 
position vectors, f'.~ ... are predicted values returned by the explicit predictor step given by Eq. 5. This 
scheme has a trunc,ation error of 0 3 per step and better stability characteristics than fully explicit 
predictor-corrector methods alone. 

Boundary Conditions 

Since the PDE governing the free-wake problem is first order in 7/J and (, the solution of the problem 
requires the specification of two initial/boundary conditions, one in the 7/J direction, and one in the 
( direction.! First, to give the "initial" -boundary condition in the ( direction for each 7/J, the trailed 
vortex elements are attached to the blades (or in the present case, to the near wake). Second, wake 
periodicity is enforced as the boundary condition in the 7/J direction - see Fig. 2. The solution is 
subsequently stepped in the (direction in an iterative manner, and convergence is obtained once the 
wake geometry no longer distorts within a prescribed tolerance between successive iterations. 

Mathematically, the boundary and initial conditions for any rotor blade may be stated as 

Boundary conditions: 

r( 7/J, () = r(7/J + 21r, () 

Initial-Boundary conditions: (( = 0) 

r('lj;, () = rv(cos(,6o) cos('lj;) cos(a,) + sin(,6o) sin( a,)) i 
+ rv cos(,6o) sin('lj;)] 

+ rv(sin(,6o cos(a,)- cos(,6o) cos('lj;) sin(a,) k 

(7) 

(8) 

It will be recognized that the free wake analysis of a twin rotor system is considerably more 
complex than that for a single rotor configuration due to the presence of two mutually interacting rotor 
wakes. As for the single rotor case; the solution of the twin rotor problem requires the specification 
of two initial/boundary conditions per rotor. While each rotors wake is specified to be attached to 

I Note that while (is a spatial coordinate, 'lj; can be interpreted as either a temporal coordinate (as would 
be the case for a time-stepping wake scheme), or as a spatial coordinate (as used here) when incorporating a 
relaxation methodology. 
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its near wake as the "initial-boundary" condition in the ( direction, and wake periodicity enforced 
in the '1/J direction, the initial starting induced velocity field is calculated based on a prescribed wake 
geometry for each rotor. In the present case, a classical undistorted wake has been used, which is 
given by 

r('I/J, () = (Xx + rv(cos(,6o) cos(±'I/J 'f () cos(as) + sin(,6o) sin(as) 

Ai(cos(as) cos(±'I/J 'f () sin(,6o) +sin( as) cos(,6o)) + J1())i 

+ (Xy + rv(cos(,6o) sin(±'I/J 'f () + Ai sin(±'I/J 'f () sin(,6o)))] 
+ (Xz + rv(sin(,6o) cos(a,)- cos(,6o) cos(±'I/J 'f () sin(as) 

Ai(sin(a,) cos(±'I/J 'f () sin(,6o) + cos(a,) cos(,6o))())k (9) 

Note that blade azimuth and wake collocation point angles are positive for a counter-clockwise 
rotating rotor and negative for a rotor turning in the clockwise direction. Furthermore, note also 
that the origin of the fixed frame Cartesian coordinate system is located at the hub of the first 
(reference) rotor (R-1) and that Xx. XY and Xz represent the (x, y, z) displacements of the second 
rotor (R-2) hub relative to the first rotor hub. That is, Xx = 0, Xy = 0 and Xz = 0 for R-1, where as 
one or all of the quantities are specified for R-2. Remember that this initial prescribed wake geometry 
is used only to provide an approximate induced velocity field to start the free-wake calculations. In 
practice, it has been found that because wake convergence is so rapid with the PIPC scheme, the 
convergence rate and final solution is insensitive to these initial starting conditions. For the twin 
rotor system however, the mutual interactions of the tip vortices from both rotors result in significant 
mutual interactions, and for such cases, a fairly accurate initial starting condition can help enhance 
wake convergence trends. 

Twin Free-Wake Implementation 

As mentioned previously, in the present analysis the free wake equations have been solved using a 
pseudo-implicit relaxation methodology. For the twin rotor configuration, the total self- and mutual­
induced velocity field due to the tip vortices from both rotors is calculated at each collocation point of 
the wake from R-1 using Eq. 3. The wake geometry for R-1 is then updated using the PI PC scheme 
and the process repeated for the wake from R-2. Thus, we have a situation where the update to 
the wake geometry from R-2 lags the wake from R-1 at every iteration. This sequential calculation, 
therefore, results in final wake geometries that are very slightly dissimilar for symmetric (such as 
side-by-side rotor) configurations. Nevertheless, the current pseudo-implicit method has been found 
to result in converged wake geometries for both rotors, even at advance ratios as low as J1=0.05. 

Note that while the above issue could be resolved by first calculating the induced velocity fields 
on both rotor wakes before updating the wake geometries, the computational scheme would become 
unnecessarily complicated and would require about four times the storage of the present implemen­
tation. Since the whole objective is to integrate this free-wake analysis into a comprehensive rotor 
code, the extra storage expense is prohibitive in most cases. 

Rotor Trim Methodology 

The solution of the free-wake problem gives the aerodynamic velocity environment at the blade, and, 
therefore, the blade and rotor forces can be obtained by integration along the blade and around 
the azimuth. However, a helicopter rotor is also a dynamic system with some form of articulation 
allowing flapping, lead-lag and feathering (pitch) degrees-of-freedom. To make the computed results 
physically meaningful, the rotor blades must be allowed to flap under the action of the aerodynamic 
forces and moments on each blade so that the rotor reaches an equilibrium position. This equilibrium 
also depends on the geometric and inertial characteristics of the rotor blades, and can be controlled 
by the action of control inputs to give an appropriate trim state. 

Obviously, a trimmed solution is essential when making comparisons with experimental data. 
However, the trim model for a rotor requires the solution of several coupled nonlinear equations 
involving rotor forces and moments. In the present analysis, a modified Newton-Raphson scheme with 
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a finite-difference approximation to the trim Jacobian was used to solve the trim equations at each 
free-wake iteration. Since each rotor was trimmed in thrust, longitudinal and lateral flapping via three 
control inputs, and the blade load calculations coupled to the wake from both rotors, the resulting 
Jacobian was 6 x 6 in dimension. For the co-axial and tandem configurations, a differential thrust 
requirement on the two rotors was specified so as to result in a specified net thrust, while maintaining 
approximately equal torque levels on both rotors, i.e. Cr1 + Cr, = Cr,,,,1 and CQ1 = CQ,. For the 
side-by-side configuration on the other hand, the thrust and torque coefficients on both rotors were 
the same due to the symmetry of the rotor configuration. 

The rotor trim routine was called at every iteration to ensure that the final solution for the wake 
geometry was fully compatible with the specified trim state. Each rotor was trimmed independently 
to the specified thrust levels and zero first harmonic flapping with approximately equal torque co­
efficients. For twin rotor configurations, it is important that both rotors absorb the same amount 
of power such that zero yawing moments result, since unlike single rotor helicopters, there is no 
independent anti-torque (tail) rotor. Elimination of first harmonic flapping essentially results in the 
tip path planes of both rotors being perpendicular to the rotor shaft. While this has been obtained 
here through the application of independent lateral and cyclic controls to each rotor, actual tandem 
rotors have only collective and lateral cyclic on each rotor and differential collective. It is important 
to remember, therefore, that the present trim state corresponds to a wind-tunnel trim and not a 
propulsive (or free-flight) trim condition. Note however, that the trim methodology does account for 
the mutual aerodynamic interference effects of one rotor and its wake on the other. 

3. RESULTS AND DISCUSSION 

The robust nature of the present PI PC scheme has already been demonstrated for single rotor 
wakes. 19· 20 In Ref. 19 the scheme was compared to typical explicit methodologies and also validated 
by comparisons with experimental wake geometry results. Lateral and longitudinal inflow distribu­
tions over the rotor disk, and induced velocity field calculations downstream of the rotor also showed 
good correlation with measured data. Additional numerical aspects, such as the effect of spatial and 
temporal resolution of the wake, number of wake turns, initial vortex core radii etc. on the stability 
and convergence of the numerical scheme have been discussed in further detail in Ref. 20, as was 
the pseudo-implicitness of the method. Here we present some free-wake geometry results pertaining 
to the three basic representative twin rotor configurations, namely side-by-side, tandem and coaxial 
systems. Although numerous combinations of rotor separations and degrees of overlap are possible, 
it is naturally not possible to address all these issues in a single paper. Nevertheless, the configu­
rations discussed here have been chosen based on two factors: First, that they be representative of 
currently flying models; and second, they represent the most challenging configurations from the nu­
merical stand point. All results have been calculated for a moderate total system thrust coefficient, 
Cr,,,,1=0.01 and at three advance ratios, tt=0.05, 0.075 and 0.1. Once again, these conditions 
represent the most difficult situations since the mutual interactions and distortions between the wake 
vortices are most severe under low speed flight conditions. 

Typical top and rear converged wake geometries for the three rotor configurations are shown in 
Figs. 3 through 6 for an advance ratio of 0.05. Each rotor has three blades, and the rotors rotate in 
opposite directions. The co-axial rotor hubs are separated vertically by 0.2R, the tandem rotors are 
also separated vertically by 0.2R and in the longitudinal direction by 1.3R allowing for 70%overlap. 
The side-by-side rotor hubs are separated laterally by 2.5R and lie in the same vertical plane. All 
rotor shafts have a forward tilt of 3 deg. 

For the co-axial and tandem configurations, it can be seen from Fig. 3 that the wake structures 
for the two rotors are vastly different. For the co-axial rotor case, Fig. 3(a) and Fig. 4, the wake 
from the upper rotor quickly contracts as it is ingested into the streamtube of the lower rotor. The 
axial distortions to the tip vortices by way of stretching or elongation also appear to be much more 
severe. By the same count, this inner vortex tube tends to compress the outer vortex spirals from the 
lower rotor as compared to the single isolated rotors wake. It is interesting to note however, that the 
two rotor wakes do not appear to intertwine or coalesce into combined vortex bundles (this is true 
even at higher advance ratios) but retain their individual concentric structures. This is confirmed by 
the experimental observations of co-axial wakes in Ref. 25. In addition, the free wake calculations 
have been run for a finite number (three turns) of vortex filament lengths. The second (upper) rotor 
wake therefore, is pulled through and exits the outer (lower rotors) streamtube, expanding out from 
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Figure 3: Top, side and rear views of twin rotor configurations, (a) Co-axial, (b) Tandem, 3 turns 
of far wake, p;=0.05, D.'ljJ = 15° =D.(, 0<8 1 = -3° = LYs2 
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Figure 4: Top and rear views of individual tip vortex trajectories for co-axial rotor, 3 turns of far 
wake, ~t=0.05, D.'ljJ = 15° = D.(, a,1 = -3° = a,2 
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Figure 5: Top and rear views of individual tip vortex trajectories for tandem rotor, 3 turns of far 
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Figure 6: Top and rear views of the side-by-side configuration p, = 0.05, 3 turns of far wake, 67/J = 
15° = 6(, 0!8 1 = -3° = 0!8 2 

below. The tandem configuration, on the other hand, Fig 3(b) and Fig. 5, shows a greater degree 
of intermingling between the tip vortices from the two rotors, and this increases with advance ratio. 
Since the second rotor is above and behind the first rotor, the rear portion of the first rotor wake 
and the forward region of the second rotor wake undergo the greatest amount of mutually induced 
distortion. 

Lateral distortions to the wake structures are most pronounced for the side-by-side rotors, Fig. 6. 
As is clearly apparent in the rear view of this configuration, the mutually reinforced upwash due to 
the two rotors results in a stronger roll-up of the vortices on the advancing sides of the rotor disks. 
Remember that since the rotor on the left is rotating in a counter-clockwise sense and the one on 
the right is clock-wise, there is a region of upwash between them, producing tightly rolled up vortex 
bundles. 

Slightly higher advance ratios have also been investigated, all of which are relatively difficult 
test cases. The predicted converged geometries at p,=0.05, p,=0.075 and p,=0.1 are presented in 
isometric views in Fig. 7. These results clearly show the distortions to the rotor wake structure due to 
the mutual interactions between the vortices in the rotor flow-field. The increasing skewness of the 
wake with increasing advance ratio is also clearly apparent for all three rotor systems. Furthermore, 
note also that the absence of numerical perturbations in the geometry suggests that the wakes from 
both rotors have properly converged. For greater clarity, the wakes from the two rotors for the co­
axial and tandem rotors at p,=0.1 have been separated, and are shown in Fig. 8. The co-axial rotor 
clearly shows how the vortices from the upper rotor retain their tubular structure regardless of the 
start of the roll-up of the far wake downstream of the rotor disks. The tandem rotor wakes on the 
other hand clearly undergo significant vertical distortions where the two rotor wakes tend to entrain 
each other vertically. 
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Co-axial Tandem Side-by-side 

Figure 7: Isometric views of the three twin rotor configurations, (a) p, = 0.05, (b) p, = 0.075 and 
(c) p, = 0.1, 3 turns of far wake, C,.'lj; = 15° = C,.(, a,1 = 3° = a,z 

Convergence Characteristics 

It is necessary to impose a convergence criterion on the PI PC relaxation scheme. In the present work, 
this has been based on a measure of the £2 norm (RMS) of the change in the tip vortex geometry 
locations between two successive wake iterations. An expression for the RM S change can be written 
in the following form 

RMS= 
1 

jmax kmax 
(10) 

Wake convergence is reached after the RM S' value drops below a certain prescribed threshold between 
two successive wake iterations. In practice, this RM S change must fall to an order of magnitude 
of 10-4 to ensure that the wake has fully converged. For RM S values of this order of magnitude 
the wake geometry is known through numerical experimentation to exhibit no appreciable change 
between successive iterations. Convergence of the wake geometries is important in determining 
the final solution to the free-wake problem; unfortunately, however, convergence is by no means 
guaranteed. Indeed it is very strongly dependent on a number of numerical aspects such as finite 
differencing schemes, integration models, the mathematical modeling of the vortex physics, the 
number of far wake turns and resolution, as well as the flight condition and blade loadings (which 
essentially determine the vortex strengths). While the PIPC scheme has been shown to exhibit 
excellent convergence characteristics for single rotor wakes, from hover through high speed forward 
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Co-axial 

R-1 (Lower) R-2 (Upper) 

Tandem 

R-1 (Lower, forward) R-2 (Upper, aft) 

Figure 8: Separated isometric views for the co-axial and tandem rotor configurations at J1 = 0.1 

flight (Ref. 19) it has not been previously applied to twin rotor systems. 
Wake convergence characteristics for the three twin rotor systems are shown in Figs. 9 through 11, 

respectively. While it has been found that twin rotor systems generally require a greater number of 
wake iterations until convergence is obtained compared to single rotor wake systems, the convergence 
rate are actually only marginally slower. · 

The wake convergence histories for the co-axial rotor wake is shown in Fig. 9 which shows how 
the rate of convergence for each of the individual rotor wakes increases with increasing advance ratio. 
In fact, even though there are powerful interactions between the individual wakes, it has been found 
that co-axial rotors exhibit wake convergence characteristics very similar to that of single (isolated) 
rotors - see Ref. 20 - in that is the number of iterations for convergence increases slightly with 
decreasing advance ratio. This is due to the closer proximity of all the individual vortex filaments at 
low advance ratios, and a somewhat more intense mutual interaction between the vortex filaments. 
It is also interesting to note that the upper rotor wake converges slightly faster than the outer wake 
structure, and that this difference is more significant at the higher advance ratios. 

The tandem rotor convergence histories on the other hand, show only slight changes with increas­
ing advance ratio- see Fig. 10. For the lower (forward) rotor, there is a slight change in convergence 
rate with advance ratio, but no distinct trend was observed. For the upper (rear) rotor, the change 
in convergence rates for the upper rotor is practically insignificant. Again, these results are related 
to the strengths of the individual tip vortices and their mutual interactions. For the tandem, there 
is a powerful mutual interaction between the wake vortices. 

For the side-by-side rotor system, Fig. 11 shows how similar the convergence histories are for 
both rotors. This is not an unexpected result, since the symmetry of the side-by-side configuration 
should result in a mutually equal distortion to both rotor wakes. As the wakes converge, however, 
a slight difference in the convergence rates is manifest. This difference is possibly due to numerical 
differences incurred in the wake geometries due to the sequential form of the free-wake iterations, 
as mentioned previously, which introduces slight differences in the mutual induced velocity field for 
the two rotors and resulting wake structures. These differences then result in slightly asymmetric 
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Figure 11: Convergence history for the side-by-side rotor configuration 

blade loads, and also result in slightly different trim conditions. As the iterations proceed, these 
differences apparently grow somewhat, and so the two wakes converge to slightly different solutions. 
The side-by-side rotors otherwise exhibit convergence characteristics very similar to a single isolated 
rotors wake (Ref. 20). 

It is interesting to further note, however, that the tandem and side-by-side configurations con­
verge significantly faster than the co-axial rotor wake, particularly at lower advance ratios. Also, as 
mentioned previously, the convergence characteristics are influenced by the angular resolution of the 
far wake (number of collocation points on the vortex filaments). Initial results however, have shown 
only a slight decrease in the convergence rates with increasing wake resolution. 

4. CONCLUDING REMARKS 

A free-wake methodology has been developed and applied to investigate the wake structure from 
twin rotor systems, namely co-axial, tandem and side-by-side configurations. The basic formulation 
of the free-wake is based on a pseudo-implicit, predictor-corrector relaxation scheme with five-point 
central differencing in space, and is identical to that previously developed for single rotors. The 
method has shown excellent wake convergence characteristics leading to a physically correct distorted 
wake structure, lending considerable confidence to the current method. 

Although results from only three basic twin rotor configurations have been presented here, the 
current PIPC scheme has also been applied to overlapping side-by-side rotors, and co-axial and 
tandem systems with various separations and rotor shaft tilts. Results from these tests have been 
very encouraging and also exhibited very good convergence trends. Higher resolution wakes suitable 
for rotor acoustic studies have also been investigated with similar results. 

While the PI PC scheme has been shown to be robust and well suited for twin rotor systems, no 
numerical predictive model is complete without validation with experiment. There is some experi­
mental data on co-axial rotor wake geometries in the literature, and while a detailed comparison is 
outside the scope of the present article, initial results are promising. For the tandem and side-by-side 
configurations, however, little or no experimental measurements of the wake geometry currently exist. 
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