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Abstract ----

THE DEI'ERMINATION OF ROIDR BLADE I.lllilli~ FRCM MPASURED STRAINS 

S.S. Liu* and G.A.O. Davies 

Imperial College of Science and Technology 
London SW7 2BY, U.K. 

In this paper, an approach to the determination of rotor blade loading fran measured strains is presented. 
The basic idea is to use the orthogonality of the blade rrode shapes (displace:rrent and/ or m:::ments ) for solving 
this inverse problem. Both loading and res!;X)nse (bending roc::rrents and displace:rrent) are regarded as series 
in the orthogonal rrode shapes. ·rhe fin..:. te element rrethcd is used for structure dynamic analysis. 

The disadvantage of the least-squares procedure J..S discussed, and the superiority of the "Orthogonal 
Analysis methcd" is derronstrated. 

The primary numerical study shows that tne approach is feasible and worthy of f~rther exploitation in highly 
ccmplex loading and structure. 

1 . Introd.uction 

Predicting rotor blade loading continues to be of primary importance for providing anO evaluating 
improved rotor designs. A long-term effort has been made to advance the technology associated with the aerodynamic 
and aeroelastic behaviour of helicopter rotors [ 1] [ 2] [ 3]. In view of the achievements which have been made 
and the problems which still exisit, it seems J;OSSible and .,.;orthwhile to ccmbine the'inverse' problem with the 
'direct' problem in order to seek an engineering approach to determine rotor blade loadings, including rotor 
loads, blade stresses, and hub forces and m.:ments. For example, based on aercdynarnic theory and experiment, we 
can develop an aerod.ynamic rrodel and derive relevant formulae fran it to predict rotor blade air loads. The rrcdel 
should include all significant effects and the formulae should ideally be simple. There will inevitably be sane 
coefficients and quantities which are determined by identification technology fran the test blade loadings, and 
the loadings need therefore to be deduced fran measured strains on the tested blade -- that is the 'inverse' problem. 
After determing air loads, the blade stresses and the hub vibratory forces of a new rotor can be calculated, this is 
the 'direct' problem. Perphaps these formulae, especially,the coefficients and quantities may be limited in sare 
conditions, but they will be easily understcod, trusted and can be conveniently used by designers within known 
limitations. It is this goal that the authors attempt to achieve. 

It is obvious that the task is not an easy one, and much research work needs to be done in both the 
aerod.ynarr...ics and the structural dynamics areas. This paper presents just part of the effort in the structural 
dynamics area: that is an approach to the determination of rotor blade loading fran rreasured strains. '~he 
determination of airloads from strain guage measurements could of course also be used to gain insight into the 
nature of airloading distributions for the development of aeroelastic tailoring concepts and vibration reduction. 

There are few publications on how to determine a distributed loading on a structure fran the response. 
Tadghighi [ 4 J has proposed a rrethcd to determine the aerodynamic loadings fran the blade strains, but the author 
stated: "The accuracy of the results is Wlknown and the rnethcd has not been tested." The m:del was highly 
simplified, and could not obtain the response coefficients corresponding to blade modes. Hillary and Ewins 
[5,6] reviewed the inverse problem and presented a technique which was shown to be successful under some conditions. 
Unfortunately some problems arose, especially, in the determination of distributed forces over a simple cantilever 
beam. In their study a harmonic distributed load was represented by discrete point forces and the least-squares 
rret.l-lod was used, but the results were not totally satisfactory. 

A new approach is presented here in which we express both the loading and response as series in orthogonal 
mode shapes for displacerrent and/or rooments. The "orthogonal analysis method", in this paper is shown to overccme 
the deficiency of the least-squares methcd. 

The main aim of this paper is only to present the idea ITB1t..i.cr:a1 in the first paragraph and an approach and 
to show its feasiblity; so the analysis is limited to the out-of-plane res!;X)nse and a numerical study is conducted 
using SOt'I"e simulated experimented data. All of the numerical results are listed in the form of tables to avoid 
the possibilty that curves conceal the sligbt differences among corresponding data. 

2. Aeproach to blade loading Determination 

The procedure for blade loading Determination fran measured strai.rE now follows. It should be stated that 
we are only dealing with the steady-state operating conditions, and here the finite element is used for the 
structural analysis. 

blade 
i) Determine the bending rroments M(r-,t) and their haJ.."TOCJnic coefficients M (r), ~c(r) and ~s(r) fran the 

strain gauge outputs: 
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where 

Mlr,tl = Molrl +~[M lrl Cos INQtl + Mlrl Sin INQtl] 
N Nc Ns 

r -- the radial coordinate of the measured station 

t -- time 

n -- rotor rotational speed 

This Fourier analysis is standard strategy and we will assume that this has been achieved using test 
measurements for moments at a sufficient number of radial stations. 

ii J calcualte generalized coordinates frcm the measured ll'IOffients. 

There are tv.u metho::1s in this step. One is the least-squares procedure and the other is the 
'bt-thcgonalanalysis methcrl" using the orthogonality of the blade rrode sha-pes (displacement and Il"O!rents). 

a) The least-squares procedure. 
The measured bending moments at any particular radial station r, M.,{r}, M (r) andM (r), may be 

Nc Ns 
expressed as ljllil 

H0 (r} = ::£q
0 

M (r) 

I j I 

M lrl 
Nc 

M lrl 
Ns 

. R 
J 

I il I il 
%:q M (r) 
j NcR 

_ l.il,.iil I - :cq -R {r 
Ns 

j 

111 

where MR (r) is the jth m::rlal rroments of the rotating blade (at rotational s~ .Q ) , and is readily 

determined fran the blade natural frequency and rrode calculation; q{j)is the jth generalized coordinate, 
where superscript j represents the jth rrode, and subscript R represents "Rotating~· 

Let 
qll) qlll 111 111 ~:I o 1c q1s "Nc 

[q] gpl q121 
1c 

q121 ••..•. q121 
1s Nc ~;I 121 

q~m) glml 
1c 

glml 
1s 

qlml 
~c 

glml 
Ns 

Mo (r 1J M 1r 11 M (r 1J ••••••••••••••• M·(r1J M (r1) 
1c ls Nc Ns 

[M] 131 
M

0
(r

2
) M lr2 I 

M{r
2 

)" ······ · · · · · · ·· M(r l Mlr I 
1c 1s Nc 2 Ns2 

M, (rn) H(::-
0

) 
1c 

M(rnl .. ······ ····· ·· 
1s 

M(r
0

) 

Nc 
M(rn) 
Ns 

111 121 lml 
"a 1r11 ~'a 1r 11 ···················· "a lr 11 

111 121 lml 
"a (r2} ~'a lr 21 ···················· ''a (r 2) 

I 4 I 

11) 121 lml 
"a (r0 ) "a (rnl ···················· ''a (rnl 

then the least-squares solution to [q] is given by: 

[q] 
T -1 'T' 

I[>!\] [>!\]I [>!\] .[M] (5) 

where n is the numl:::er of rreasured stations, m is the numl:::er of used m::x'les and also that of the un!mcwn 

q { jlper hannonic CCii'!t:OOent, and n;;>- m. 

6.9-2 



The least-squares procedure is widely used as a "best fit" and is less susceptable to nurrerical 
oscillation than collocation where n--m. Hcwever it is still found that when the measured data [M] 
contain significant components of higher order than those used in the least-squares procedure then 
the results deteriorate and even those corresponding to the lo.-.'er order m:xles are corrupted. In order 
to solve this problem, a new approach is presented. using the orthc.gonali ty of the blade m:xle shapes 
(displacement and rrcments). In short, this is called. "orthogonal analysis rrethod". 

(b) Orthogonal analysis rrethod. 
In this rrethod the rreasured tending m:mnets Mo ( r) , M { r) and M { r) are not initially regarded 

(') Nc Ns 
as _series in the rotating blade m:::xlel !l"Cf!'Ents MJ but as series in the non-rotating blade roc::dal rn:::::ments 

~~t i.e. 

Mo(r) 
ljl ljl 

=Z::go "\n;lrl 
j 

dl ljl 
M lrl=2::o~ M lrl 
Ns Ns NR 

j 

161 

Applying conventional orthogonal analysis to the roc::ments, we obtain 

gljl = fL_l_ Mlrl Mljllrl dr ~~ I(jl 171 
o EI (r) NR / "'JNR NR 

Ml dl I ~I I ·1 
where glnay be 9o , g J and g J corresponding to M0 {r). M (r) and M (r); M(r) may be M0 {r), M (r) 

and "Nslrl; 

and 

or 

Nc Ns Nc Ns Nc 

P. ----~the jth natural frequency of non-rotating blade; 
JR 

I~ ----- generalized mass in the jth mode of non-rotating blade; 

1.1 
I~ ----- generalized. stiffness in the jth m:::xle of non-rotating blade; 

EI(r) ----- bending stiffness. 

Having g(j), the displacerrent W(r) corresponding to the rreasured !::ending mements M(r) can be 
calculated frc:rn : 

[W] = [WNR] [g] 181 
where 

111 Ill 111 Ill Ill 
9o glc gls gNc gNs 

[g] 
9121 I 21 121 I 21 I 21 

0 
glc gls 9Nc 9Ns 191 

g~m) glml glml lml lmlj 
1c ls gNc gNs 

W
0 
(r 1) tV1c(r1 l w1s{r1) IVNc(rl) \; Ns(rl J 

~v;{r 1 l w' {r1) 
1c 

W' (r 1) 
Is 

w' (r1J 
Nc 

W' (r 1J 
Ns 

[W] W0 (r2) wlc(::-2) w1s(r2) WNc(r2) NNs{r2) 1101 

~V~(r 2 J w' (r2J 
1c 

w' (r2J 
Is 

w' (r 2J 
Nc 

N' (r2J 
Ns 

~Vo(rn) w1c(rn) wis(rnJ IVNc(rnl NNs{rn) 

w;(rnl w;c{rnl w;s<rnl N;Jc(rnl wl~s(rnl 
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and 

~)(r1) ~)(r1) w~n;(r1 ) 

•:1\ w•(2)(r ) W~(r1 1 wt~Rr,> NR 1 
(1) (2) 

li'NR(r2) WNR(rt) WNR(r2) 

[~] (11) 

(1) 
WNR{rn) 

(2) 
Wrn<rnl 

1m 
Wm(rn) 

' ( 1) ,(2) iTi 
W (r0 ) h1 {r0 } W (rn) 
NR NR NR 

is the mode shapes of the non-rotating blade. 

For a given blade, the same bending moments must correspond to the same displacement whether 
rotating or non-rotating. So the next analysis can be transformed to the rotating condititon. 

fran 

where 

Applying the orthogonal analysis to displacement, 
( j) ( j) ( j) . 

the unknown q o , ~c and '\Js can be obta~ned 
-1 T 

[q] = [mel [WR] [m] [W] 

[q] ----- the same as matrix (2) 
[m] ----- mass matrix of the blade 
[me] -----generalized mass matrix of the rotating blade 

( 12) 

[~] ----- the mode shapes of the rotating blade, similar to matrix ( 11) 

[W] ----- displacement obtained from Equation {B) 

. It j_s i.Jnt:::ortant to note that the accuracy of the orthongonal analysis methcd in evaluating q(j)should 
be wdependent of the nwnber of modes which contained in the measured data M or used in M_ _ iv w 

-1-JRI NR' R 

(iii) Calculate the loading coefficient [Fj] fran the generalized coordinate [q]. 

The distributed blade loading, rray nCM be expanded as a series in the roc:de shar:;es. In the corrmanly 
used finite element roc:del, the external forces [F] arise naturally as 

[F] = [m] [WR] [Fj] ( 14) 

where r p(1, p(1) F(1) pl1) pl1) 
' 0 

-1c 1s Nc Ns 

,,(2) F(2) F(2) F(2) F(2) 

[Fj] 
0 1c 1s Nc Ns ( 15) 

i l F~m) F(m) 
1c 

F(m) 
1s 

F(m) 
Nc 

F(m) J 
Ns 

The relationships between the reponses, generalized coordinate [q], and model force coefficient [Fj] 

can be "found fran the forced vibration analysis of the blade as follcws 

Let F~ 1) 
F(1) F( 1 )l 

lC is i 

{F!j)} 
(2) 

F(2) ' Fo (2)· 

[{Fl~)} {Fl~)}J 
lC F is I ( 16) 

h'(m) 
• 0 

F{m) F(m) 
ic is 

(i = 1 ,2,3 .•••• N ) 

then 

{F(j)}=[P' Jfi\ o JR qo J ( 17) 

[tinf;nJ =([P;J- ['N~)j)[{q:~)Hq;;,}J 
(N Q ) ~ are diagonal rratrices whose elements are the square of the jth rotating blade 
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natural frequency P2 and ~/n 2 repectively. 
jR 

Equation (17) is for an undamped system, but for darnJ::ed systems, the relationship can be extended 
without any difficulty. 

iv) Determine the loading [F] from rocde force coefficient [Fj]. 

After calculating [F.]1 the loading [F] can be obtained easily fran Equation (14); 
J 

[F] ~ [m] [WR] [F j] 

3. Nurrerical Study and discussion 

As an example, a hingless rctor blade with o::nstant section is considered. Firstly, the natural 
frequencies, the rrode shapes for the displacement and the bending m:ments {in OOth non-rotating atJd 
rotating cases) are calculated using the finite element rrethod. The other related quantities, such 
as generalized mass [mel and stiffness [l<e] are obtained simult_aneously. 25 spa.nwise stations are used 
in all calculations. 

l ) The blade loadings [ F] have been calculated in many test cases by using assurred treasured 
bending rrannets which are obtained fran the given coefficients [q 0 ] multiplying the rrodal rrorents of the 

rotating blade [M.R_], hcwever numerical results are presented here for only ~ cases. One is that the 
given bending m:::xrents only consist of the first four mcx:lal mcments (case I } . The other has the tenth 
order mode in addition to the first four (case II). In Tables 1,2,3 and 4, the given coefficients (q ], 
the determined [q], [F j] and [F] are tabled for the aOOve two cases resr;ectively. For these results, the 
orthogonal analysis methcd is used in the second step of the procedure. When the least-squares rrethcd is 
used, and the number of selected m::rles~lO, the results are nearly the SartlE!. 

In order to check accuracy, the dynamic reponse analysis is conducted by using the derived blade 
loading[F] for the SartlE! structure system. The results(m::de force coefficient [Fjl] and response [q

1
] 

are tabled in Tables 5 and 6 respectively. 

By canparing Table 1 with Table 2,3 with S,and 2 with 6,.we clearly see t.l-ta.t the approach is feasible 
and the methcds are accurate. 

2) As~ mentioned, the least-squares procedure, using given data incorporating large higher 
order m:xles, can prcduce poor results, even for the la,.,rer order m:xles. In table 7, the determined 
coefficients [q] are tabled corresponding to three successive approximations using two, five and eight 
rocx:ial rrorrents resr;ectively. The given data [qo] are the same as Table 1 - case II. The results are 
clearly not gocd. On the other hand, the results fran the orthogonal analysis methcd for the SallE 

cases, given in the Table 8, are much better and canpletely overcc:ne the deficiency of the least-squares 
method. 

3) It is obvious that the accuracy of this approach, especially when using the orthogonal analysis 
method in the second step, depends on the accuracy of the orthongonality analysis for the rrcde shapes 
{displacenBnt and non-rotating rrcdal m:ments). Therefore, it should be emphasised that the finite 
element metho::1 should be used for generating the orthogonal series. But it is not very easy to ensure 
the accuracy of the rrodal rrcnents and the necessary orthogonality intergration. We have tried several 
ways and in this paper we have used the 'dynamic stiffness metho:::l " [ 7 J for calculating rrodal rocments and 
the concept of "the continuous rrnss finite eJ..erene' [8] for the orchogonal analysis. The results of the 
orthogonality test for the mode shapes of both rotating and non-rotating displacements and non-rotating 
rroments are given in t1E"Thble 9. They are [W ]'l'[K J [W ]. ( [K ] is the stiffness matrix of non-rotating 

NR N NR N T 
blade), [W ] [m] [W L and 

R R fL - 1- M(i l{rl M(j)(r) dr. The results are obviously very goo::l and it is this 
"EINR NR 

which ensures the accuracy of the approach for the loading determination. 

4. summary and conclusion 

At the Cegining of this paper, an idea was presented for seeking an engineering approach to 
determine rotor blade loadings by ccrnbining the "inverse" problem with the "direct" problem. A !?3-t't 
of this inverse problem is to determine blade loading from measured strains, which is the main ccntents 
of this paper. 

The approach presented in this paper is based on the m::de superposition and the ort.'1ogonali ty 
analysis. The accuracy of the approach depends on the accuracy o f measured strains and the number of 
measured stations, the number of used m::des, the accuracy of the m:::de shape and rending rrarent calculation, 
and the accuracJ of the orthogonality analysis. 

\Vhen the measured moments contains sc:mE'! significant conponents of higher order than those used in the 
analysis, {for example a discontinuous bending rocment ditribution), then the least-squares procedure 
can !;)reduce pcx:lr results, even for the la.~.r order m::rles. The "orthQ3onalanalysis rrethod" presente::1 
in this paper can overccrne the drawback, and ensure the accuracy of the generalized coordinate. 

The accuracy of this approach has been demonstrated on a simple unifrom hingless rotor blade, and 
it now remains to show that this inverse solution works accura"Cely and conveniently for ccrnplex 
realistically loaded and instrumented rotor blades. 
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'l'ABLE 1 Given Coefficients [go] 

Case I '!'ABLE 2 Detennined Ganeralized Coordinate [ q] 

~~~~--~-w case I 

j 
I .I g( j) g J g( J) 

- -- !.l: ...... lc. :_]_s_ __ j g(j) glil g( j) 
0 1c 1s 

1.000000 2.0220t)Q -.16030) 

2 .50000.1 .56dlJO -.o55~0J 
1 1.004257 2.031637 -.159987 

3 .OOUOUl -.0195)(1 -.]7494) 
2 .S034o6 .5742~0 -.657557 

4 .000001 -.022930 .017980 
3 .. OOJQo6 -.018255 -.076084 

5 .00000;) .0000,)0 .000001) 
4 .000297 -.021606 .01761Q 

6 .uooooo • 000\)JI) .J0000' 
5 .. QOJ147 .000174 -.000154 

7 .OCJOOOO • OOOOO•J .oooooo 6 .000084 .000104 -.000090 

8 .oouooJ • OOOOQ•J .000001 
7 .000053 • 000017 -.000057 

9 .00000) .000000 .000000 
8 .000035 .000043 -. 000039 

10 .0~1u00) .00GOJl .JOJOOO 
9 .000024 .000020 -. 000027 

:" 
10 .000017 • OOJ·J11 - .. onooc:+ 

w 
I 
~ 

Case II 

Case U 

j g( j) glil glil 
0 1c - 1s 

. 

j g~il glil glil 
1c 1s 

1 I .007170 !.0346JO -.1-17074 
1 1.000001 2.022JJr1 -.16030) 

2 .503127 .. 573940 -.o57S96 
2 .5JJODJ .56~3JO -.655800 

3 .001153 -.018007 -.075896 
3 .OOOOJJ -.019550 - .. ;)7494) 

4 .00)1o7 -.022736 .:J1 748Q 
4 .. OJOO:J1 -.8229SO .]1798) 

5 .00)118 .000245 -.00008l 
5 .000000 .000000 .000001 

6 .OOOOJJ .0000]0 .JOJOOD 
6 -.000010 .000010 -.000184 

7 .ooooJJ .OOJOJO .)00001 
7 .OOJ112 • 000127 .000003 

8 .OJJOJO .OOOODO .OOOOOJ 
8 .00004> .oooosl -.000028 

9 .OOOOJJ .OOOOJO .00000) 
9 .000042 • 0000 47 -.000009 

10 .01UOJJ .0100]0 .01DOOJ 
10 • 01 ]126 .010221 .010185 



Case I 
TABLE 3 Determined Force Coefficient [Fj] 

j F!i I plil 
1c 

Fiji 
1s 

1 134:::!.623951 329.809410 -25.97111'3 

2 4739.135697 4739.326521 -5433.338"374 

3 34.3Q:,432 -63S.o92132 -2653.617115 

4 30.143552 -22.S9.017~53 176-;.135405 

5 34.417257 48.049817 -3o.J75957 

6 39.773578 40,JQ16J7 -42.72:1867 

7 !.5.332735 5:). 1 64. 75'1 -~:t.J14S99 

8 51.1927:)6 63.169051 -55.901 os~ 

9 56.75~235 6'3.564551 -6s •. :nz9S3 

10 59.933477 4'·.2171J3 -'3':1.3?3704 

Case II 

j F!ii plil 
1c p Iii 

1s 

1344.517833 33J.2'323!·7 <S.O:..J'322: 

2 ~735.903757 47~0.407375 -5436.o6752J 

3 41.575'357 -~3J.142943 -2t:~47.J673S1 

4 1t~.947387 -22:2.9653:.6 ~75!l.)i3711S 

5 51.14;)551 57.239611 -11.436162 

6 -4.304641 4.523615 -37.19336') 

7 07.515344 1')0.507513 2. ~27'363 

8 5S.3Z3}8'J 77. 7~3.)37 -41.3>S702? 

9 1JJ.31}723 112.097373 -?].44)141 

10 36913.301772 31~77.7'Jo:n3 3'::l74::;l.o660~6 
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'I'ABLE 4 Determined loading [ F J 

Case 1 Case II 

i E'( r. ) l"1c(ri) E'1s(ri) 0 1 

i F'.,(ri) F1bri) Fls(ri) 

1 37.72:.547 15.551473 -l;:L;t45q21 
1 179.95J245 15!:1.0097o4 103.212466 

2 ~c. •. s::·n2J ::.::. 547123 -~.). 344995 2 1.121503 -3).676035 -123.508159 

3 :.9.771091 54.21593o -48.71sao7 3 -215.16:.02?. -ZJ::IJ.069021 -)1 3.600764 

4 37.72794:::; 35.975735 -14.165580 4 6.373688 4.597222 -65.54.:,.093 

5 27.5273e.~ 35.o3td77 -!,) • .J.01001 5 292.0119J8 300.002131 244.104222 

6 17.597157 30.541120 -:..92o7S'i 6 216.5777J9 c,!Y. 4lS06o I ~.5.957191 

7 7.394124 1'1.?72?..76 11.933193 7 -132.642SOQ -120.249374 -12.:3.033452 

8 -2.107452 4.913055 23.270020 8 -288.57J543 -231.4851)5 -253.128270 

9 -9,74J7D~ -11.2115)j 41.t~01t)2) 9 -50.177374 -51 .o604.:.0 .952751 

10 -1).44427~ -2~.233732 'iJ.346533 10 245.61:i0J7 234.715~!15 311.296155 

11 -1?.99"-1737 -3,:::,.755)63 55.195715 11 197.612105 163.7o5312 262.306470 

12 -23.84~(\93 -47.75471? ·\!!.I 7 I 89'i 12 -151.393910 -175.23.5645 -71.3570)4 

13 -2~.53 .. 743 -52.169721 52.353627 13 -317.20~51? -342.71d5d7 -?'1::~.1 Q003Q 

14 -27.0?1745 -51. 348J79 43.753854 14 -89.561996 -113.2180j3 -];.11607J· 

15 -27.321114 -4S.7325Yo 31.30375J 15 223.304414 204.793542 2:!.2.32988!3 

16 -.JS.13165'3 - 3"), d476Jo 1 ~.Y0981Q 16 201.346035 1QU.S400i3 24t~.2075')7 

17 -?4.4d257o -2o.564iJ4 !l.9Q547"! 17 -124. 7J6442 -12o.770531 -93,21024? 

18 -22.14)115 -1 ~. 4 35 3 36 -3.053207 18 -316.879237 -311.091778 -297.709640 

19 -l:S.B3SPtd -7.6iJ1 JjQ -1:),-,75~\3 
19 ... 115.764%6 -184.5071 'J4 -117.5q1297 

20 -14.867588 -.~8107'3 -14.9-sdS24 20 214. 73C.69? 2?:>.565~:;)7 214.507~76 

21 -10.831 QoS L.d052l3 -15.1'37329 
21 239.523592 253.120079 23:-.127526 

22 -7.23)241 3.771'lP4 -1J.?QS16~ 
22 -71.~8t.584 -6U.Y122JS -7o.4J3556~ 

23 -4.054711 2.7423)2 -~. 662937 
23 -312.858827 -31)S.065b14 -)15.370933 

24 -1.3778td 1.0272:12 -2.147172 
24 -203.027711 -20~.55!3515 -203. 73296; 

-



'l'ABLE 5 Forc..-e Coefficient [Fj 1) 'I'ABLE 6 Generalized Coordinate {q1] 

Case I Case I 

j PI j) plil ,.I j I 
"1 1c1 1s1 

j q; 11 q(j) q(j) 
1c1 1s1 

1 1340.625844 329.8095513 -25.971187 
1 1.004257 2.031688 -.159987 

2 47i9.125731 !.7'3Y.3l0150 -54'~3.62':1~04 

2 .5:)3400 .574278 -.o57556 

3 51o.8f)5342 -o3o.o97137 -2o53.o32431 
3 .000966 -.018255 -.076084 

4 3G.14)01o~ -22oS'.917:J32 17':J~.13641J 

4 .00)297 -.0226)6 .017619 

5 .O:JJ147 .000174 -.000154 
5 34.413dlo7 41L o:.4 7889 -3::..J71 )55 

6 3-.1. 7""'3476 49.000135 -42. 71731> 
6 .000084 .000104 -.000090 

7 45.871725 58.16J314 -49.010629 
7 • 00005 3 .000067 -.000057 

8 .000035 .000.]43 -.Q00038 
8 51.11638? ?3.1oo631 -S5.9~o21·'3 

9 .QOJ024 .000019 -.OOOIJ~7 
9 5S.74J<.J74 ')-.5~!.~)6 -~s.Yo71S"i 

10 .000017 .000011 -.000024 

i 
10 S9.93J87o 41.214057 -~o.817200 

case II case II 

j plil F(j) p< j) 
"1 1c1 1s1 

j q(j) q(j) q(j) 
o1 1c1 1s1 

1 1344.46':;25] 33J.2340)3 -?5.546742 
1 1. 007170 2.034303 -.157373 

2 4785.837515 4736.427748 -54136.713707 2 .503127 .5739)2 -.657902 

3 41.5"~)4~.9 -o.;0.192218 -'!64 7.1 :?7512 3 .001153 -.0180SY -.075898 

4 16.803154 -2.;:33.01o529 175:J. 036914 4 .000167 -.022736 • 01748R 

5 51.107138 57.257693 -1}.461552 5 .OOJ218 .000245 -.ooooa3 

6 -~o.S52806 4.4g4;)67 -0.2333:5? 6 -.000010 .QOOOJ<:) -.000184 

7 97.57<t833 10..,.7895!)3 2.015639 7 .000112 .000127 .Q00003 

8 o5.77712Q 77.745758 -41.407091 8 .000045 .000053 -.000028 

9 1 OJ. 280657 112.1)77(}27 -?0.45~0~4 9 .000042 .000047 -.000009 

10 369j8. 77$442 3::~37<l .0~5'J)9 36750.053743 10 .01)226 .010221 . .~1 01 '35 



j 

1 

2 

1 

2 

3 

4 

5 

1 

2 

3 

4 

5 

6 

7 

8 

'rABLE 7 Determined. Geheralized. coordinate [g) 
,)y least-squares procedure 

q 
q1c q1s 0 

only first t<HO rn:::x:lal m::xrents 

.695075 1. 7273>8 -1.J4132S 

.513153 .548778 -. 692038 

only first five modal nonents 

.737462 1.8094,2 -.372838 

.515747 .584047 -.640053 

-.005734 -.026234 -.081674 

.004231 -.018749 .022211 

-.002151 -.002351 -.002351 

only first eight modal 11'Clrents 

• 832941 1.854941 -.32735' 

.511!921 .531221 -.642879 

-.CJJ559S -.025145 -.080535 

.003453 -.019527 .021433 

-.OJ2151 -.002151 -.002151 

.001652 .001652 .0016S2 

-.001083 -,001031 -.001083 

.OJ103'1 .001039 • 001039 

j 

1 

2 

1 

2 

3 

4 

5 

1 

2 

3 

4 

5 

6 

7 

a 

TABLE 8 Determined Generalized coordinate [q] 
by Orthexjonal analysis methcrl 

q q1c q1s 0 

only first two rrodal rrarents 

1.00,396 2.033259 -.155153 

.502354 .574336 -.656402 

-only first five 1rc.dal ro:::ments 

1.007173 2.0346J1 -.157078 

.503119 .573947 -.657886 

.001167 -.013074 -.075903 

.003132 -.022684 .017545 

.OOJ2JS .000377 ,000069 

only first eight modal rrcoents 

1.007172 2. 034602 -.157072 

.503121 .573934 -,657902 

.001165 -.018050 -.075885 

,QOJ146 -. 022756 .017469 

,Oll241 .000257 -,000061 

-,000058 -.000037 -.000231 

.00)137 .000144 .000023 

•,OOJ105 -.000113 -.000187 



TABLE 9Th e res ul ts of the Orthogonal· t test 1 y 

X 1 2 3 4 5 

[WNR] T ['),] [WNR] 

I 

1 !3.735202 •. JQO•JJ'J o QQQOO·O 0 000000 .QIJOODO 

2 oOOOOOO 14=j.661330 oOOOOOO oOOOOOO oOOOOOO 

3 oOOOOJO .JOOJOO 1165.517311 .JOOOOJ .COOOOJ 

4 .OOuOO'J oOOOOOO .000000 44 75.430491 .OC!OOO'J 

5 oOOOOOO oOOOOJO .'JOOOOO oOOGOOO 12228.524402 

[WR] T [rn] [WR] 

1 .08929o oOOOOOO oOOOOOO oOOOOOO .JOOOQ) 

2 oOOOOOO .·J57J32 oOOOOOO oOOOOOO .G'JOOOJ 

3 .QOOOOJ oOOOOOO .J66333 oOOOOJO oOOOOOO 

4 

I 
.OOOJOJ .JOOIJOO oOOOOOO o072614 oOOOOOO 

5 • UO(,OO J • )~·.:- 1J:: 0 :·00000 oOOOOOO .074:7~ 

fL_1_~1 (r)~l lrl dr 
o E I 

1 3.755256 oOO•J121 .000064 o001778 -.007:.72 

2 oOOJ11o 143.oo4795 • 001766 -o009046 .069~6] 

3 .O'J:J15Q .J0047J 1165.601250 .022154 -.122G7Q 

4 .OIJ025G. -.OJJ4~3 -o013550 {.477.314'130 .,:)02505 

5 o00J344 .000>:>32 .007005 o29o218 12244.955721 

6o9-12 
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