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Abstract

Aeroelastic stability is a key issue that drives the design of modern rotorcraft. The robustness of
stability analysis is fundamental to determine the amount of freedom a designer has in defining the
key properties in specific rotorcraft problems dominated by stability. The paper presents an effective
technique to investigate the effect of nonlinearities on the ground resonance stability, resorting to the
multi input describing function. In this way it is possible to investigate the cases when multiple harmonics
are injected into a nonlinear component, a typical condition for rotorcraft components. To show the
potential of the method, an application that considers a nonlinear model for hydraulic lead-lag dampers
is presented.

1 INTRODUCTION

Helicopter rotors are subject to potentially de-
structive instabilities due to the interactions be-
tween the main rotor dynamics and its flexible sup-
port, usually denominated ground resonance. The
basics of the phenomenon are well known and un-
derstood, see [2, 9]. It involves the coupling of the
naturally lightly damped blade inplane motion with
the underlying airframe elastic motion. This prob-
lem usually affects helicopters that mount an ar-
ticulated rotor when on the ground, sitting on the
landing gear, whereas soft-in-plane hingeless ro-
tors may experience the similar problem known
as air resonance in flight [3]. To solve the prob-
lem, lead-lag damping needs to be added on rotor
blades, either using hydraulic dampers or simpler,
and more reliable, elastomeric elements. In any
case the sizing of this element is always the re-
sult of a trade-off study to harmonize the require-
ment of high damping for stability with the need
to reduce the loads transmitted to the hub by the
blades.

Linear analysis methods are able to predict the
critical stability boundaries, and so they can be
used to design the lag dampers that must be ap-
plied to rotor blades. To cope with the signifi-
cant uncertainty in the physical characterization of
these components, it is possible to tackle the prob-
lem by means of the Robust Control Theory frame-
work as shown in [11].

However, modern helicopters rarely exhibit de-

structive resonances, but they may be subject to
limit cycle oscillations (LCO), see [18, 19, 15, 4]. In
order to predict these LCO conditions it is neces-
sary to consider the contribution of nonlinearities.
The identification of LCO conditions can be per-
formed by using the Describing Function approach
presented in Ref. [10], which allows to keep into
account multiple nonlinearities in the same model.
The method of Ref. [10] is here extended to cope
with the peculiar aspects required when the model
of the system includes at the same time a compo-
nent in a fixed reference frame, the airframe, and
a set of rotating bodies such as the blades. It will
be shown that this leads naturally to the necessity
to consider Multiple Input DF (MIDF) approaches.
In fact, if the starting hypothesis says that the re-
sponse of the flexible support is dominated by a
single harmonic ω, it is possible to show that the
lead-lag dampers mounted on rotor blades, so in
the rotating reference frame, are in general excited
by two harmonics, the regressive ω − Ω and the
progressive ω +Ω, where Ω is the angular velocity
of the rotor. The application of the DF approach
to the ground resonance problem is not new (see
Refs. [19, 7]), however here for the first time the
problem is approached using the MIDF that al-
lows to address also the problem of LCO that arise
when cyclic commands are applied to the rotor,
a case where a the multi-frequency nature of the
damper input signal can not be neglected.

In this paper the investigation will be concen-
trated on the lead-lag dampers nonlinearities, even
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thought other sources of nonlinearities, as e.g. the
landing gear system [16], are usually present and
may be easily included using the same approach.

2 COMPUTING LIMIT CYCLES USING THE

MULTIPLE INPUT DESCRIBING FUNCTION

APPROACH

The Describing Function is based on the ap-
proximation of the nonlinear component under in-
vestigation by a sort of linear model, where a
dependence is left on the amplitude of the input
[5, 17]. This approach is usually denominated
quasi-linearization. A quasi-linearized system is
more difficult to handle than a linear one, nonethe-
less it retains the possibility of sharing some anal-
ysis methods typical of those systems, simplify-
ing by far the analysis of nonlinear systems that
otherwise must be based on direct time marching
approaches, which may be very time-consuming,
especially when hydraulic components are consid-
ered [20]. Moreover, the trends in system per-
formance as functions of system parameters are
more clearly displayed using the DF approach than
with any other attack on nonlinear-system design.

The quasi-linearization is apt to reproduce the
overall nonlinear response if the following low-pass
filter hypothesis is valid: the linear part of the sys-
tem must act as a low-pass filter with a pass band
low enough to rule higher harmonics out of the re-
sponse. This low-pass filtering hypothesis is usu-
ally verified but it is rarely possible to check it up-
front, so the DF method is often considered an em-
piric approach.

To apply a DF method, let us consider an in-
put for the nonlinear element y(t) = f(u, u̇) of the
type u(t) = U cosωt. The output is expressible by
means of the Fourier series expansion

y(t) =

∞
∑

i=0

|Fi(U, ω)| cos (iωt+ arg(Fi(U, ω))) (1)

where Fi ∈ C are the Fourier coefficients, and
arg(·) = arctan ℑ[·]

ℜ[·] . The DF is the complex
fundamental-harmonic gain of a nonlinearity in the
presence of a driving sinusoid, i.e.

N(U, ω) =
F1(U, ω)

U
ej arg(F1(U,ω))

=
ℜ[F1(U, ω)] + j ℑ(F1(U, ω))

U
.

(2)

The nonlinear DF is the analogous of Transfer
Function (TF) for linear elements, reducing identi-
cally to TF in case of purely linear elements. How-

ever, the coefficients are function of the input am-
plitude because they describe the output of a non-
linear element, and the linear superposition is not
valid anymore.

Let us consider a generic linearized struc-
tural model expressed in second order form with
lumped nonlinearities expressed by the force vec-
tor F

Mq̈ +Cq̇ +Kq = BF

F = F (u, u̇)

u = Ψq,

(3)

where q is an appropriate set of free generalized
structural degrees of freedom associated to the
shape functions Ψ which describe the displace-
ment field u through a Ritz discretization.

To apply the DF approach, let us consider a sin-
gle harmonic fed into the nonlinearity, i.e. u =
U sinωt. Then, by transforming the DF back in the
time domain, Eq. (3) becomes

Mq̈ +Cq̇ +Kq = BF

F = ℜ[N(U, ω)]Ψq +
1

ω
ℑ[N(U, ω)]Ψq̇,

(4)

which can be rewritten as

Mq̈ +

(

C−
1

ω
B ℑ[N(U, ω)]Ψ

)

q̇+

+ (K−B ℜ[N(U, ω)]Ψ) q = 0. (5)

The system is in a limit cycle condition if the un-
known vector is equal to q = QC exp (jωCt), i.e.

(

−ω2
CM+ jωCCN (QC , ωC)+

+KN(QC , ωC))QC = 0. (6)

with

CN =

(

C−
1

ωC
B ℑ[N(ΨQC , ωC)]Ψ

)

KN = (K−B ℜ[N(ΨQC , ωC)]Ψ) .

The problem is similar to an eigenvalue problem.
However, not all amplitude for the vector QC are
valid since the DF elements buried in CN and KN

depend on the amplitude itself. As a matter of fact,
only the QC that solve the equation

det
(

−ω2
CM+ jωCCN (QC , ωC)+

+KN(QC , ωC)) = 0, (7)

is the correct one. So it is better to describe the
vector QC = αCQωC

, where αC is an amplitude
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factor and QωC
is the eigenvector associated with

the eigenvalue ωC of Eq. (7). The Eq. (7) is a non-
linear complex equation with two real unknowns:
the LCO frequency ωC , and the amplitude αC . Al-
ternatively, the nonlinear problem can be formu-
lated as

(

−ω2
CM + jωCCN +KN

)

QωC
= 0

QT
ωC

QωC
= 1

(8)

The result is 2(n+1) complex system of equations
in the unknowns: QωC

∈ Cn, αC , ωC , and can
be solved using the classical Newton-Raphson ap-
proach.

2.1 Application to rotor ground resonance cases

The most basic model required to analyze
ground resonance consists of four degrees of free-
dom (dofs) [2]: the two rotor cyclic lag modes plus
the two in-plane hub displacement modes. How-
ever, when the real rotorcraft is analyzed, several
additional degrees of freedom may be needed in
order to correctly quantify the stability margins, as
shown in [13]. To highlight the peculiarities of the
DF approach the simple four dofs model is pursued
here; however, no theoretical hurdles prevent the
application of the same approach presented here
to model with more degrees of freedom. Consid-
ering an hinged rotor of b blades mounted on a
flexible support, it is possible to obtain the basic
Ground Resonance system of equations by apply-
ing to the rotating parts a transformation of the ro-
tating coordinates into multi-blade coordinates, de-
scribing the rotor motion in the inertial reference
frame, as introduced by Coleman [1]:

Z0 =
1

b

b
∑

i=1

ζi

Znc =
2

b

b
∑

i=1

ζi cosnψi

Zns =
2

b

b
∑

i=1

ζi sinnψi

Zd =
1

b

b
∑

i=1

ζi(−1)i.

(9)

The last differential mode exist only if b is even.
If the rotor is rotating at constant angular veloc-
ity Ω, then ψi = Ωt + i2π/b. This transformation
allows to switch from a periodic system of equa-
tions into a time invariant system of equations. It
is useful to understand what happens when we try

to apply this coordinate transformation to the non-
linear damper models. In this case on i-th blade
is mounted a damper that delivers an output force
when subject to a certain lag motion, i.e.

Fdi = fd

(

ζ0i + ζi, ζ̇
0
i + ζ̇i

)

(10)

where the terms (·)0 represent the reference lag
motion of the blade around which the linearized
model is set up. The single blade lag rotation can
be obtained from the multi-blade coordinates ap-
plying the inverse of the transformation (9)

ζi = Z0+

N
∑

n=1

(Znc cosnψi + Zns sinnψi)+Zd(−1)i

(11)
where N = (b− 1)/2 if b is odd, or N = b/2− 1 if b
is even. To apply the DF approach, let us consider
a sinusoidal variation of the multi-blade coordinate
vector Z = [Z0, Z1c, Z1s, . . . , Zd]

T = ZCejωt.

ζi =
(

ZC0 + ZCd (−1)i
)

ejωt+

+
1

2

N
∑

n=1

(

(

ZCnc + jZCns
)

ej(ωt−nψi)+

+
(

ZCnc − jZCns
)

ej(ωt+nψi)
)

.

(12)

As a result, there are 2N + 1 harmonics fed into
each damper

ζi = hi0 e
jωt +

N
∑

n=1

(

h−ine
j(ω−nΩ)t + h+ine

j(ω+nΩ)t
)

hi0 =
(

ZC0 + ZCr (−1)i
)

h−in =
1

2

(

ZCnc + jZCns
)

e−jni2π/b

h+in =
1

2

(

ZCnc − jZCns
)

ejni2π/b.

(13)

So, in general for each blade 2N + 1 MIDF must
be computed each one that depend on 4N + 1 pa-
rameters: the modules and the phases of the h co-
efficient of each harmonic expressed in Eq. (13).
However, of all the b multi-blade dofs only the first
two cyclic components are considered for stability
analysis when linear models are considered since
the other lag motions, either collective or reaction-
less, do not couple with hub motions. It must be
verified if this hypothesis is still valid when nonlin-
ear elements are considered.

The modules of the coefficients h±i1 are the same
for every blade while the phase shift between the
two harmonics depends from the blade position.
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So, if the phase shift modified significantly the
MIDF computed, a different quasi-linear model for
each blade must be computed breaking the sym-
metry of the problem, and so the hypothesis of
no intervention of the reactionless and collective
modes. However, when the two frequency are not
harmonically related and the nonlinearity is static
the MIDF is independent from the phase shift (see
[5]). For our cases this independence will be con-
sidered from here on, and it will be verified while
computing the MIDF. Thus, the DF computed for
each blade is the same and is equal to

Fdi =N
−(|h−1 |, |h

+
1 |, ω,Ω)h

−

i1e
j(ω−Ω)t+

+N+(|h−1 |, |h
+
1 |, ω,Ω)h

+
i1e

j(ω+Ω)t.
(14)

All the forces of blade dampers must be summed
up using the direct multi-blade transformation, Eq.
(9), to compute the forces to be introduced in
the inertial non-rotating reference frame. How-
ever, given the independence of the MIDF from the
blade position that leads to Eq. (14), it is clear that
the behavior is identical to that of a linear case (see
[2]). The collective and the differential forces are
null. For the cyclic cosine force component results

F1c =
1

2

(

N−
(

ZC1c + jZC1s
)

+N+
(

ZC1c − jZC1s
))

ejωt

Fnc = 0 ∀n 6= 1,

(15)

while for the cyclic sine force

F1s =
j

2

(

−N−
(

ZC1c + jZC1s
)

+N+
(

ZC1c − jZC1s
))

ejωt

Fns = 0 ∀n 6= 1.

(16)

So, the forces output by the blade dampers excited
by cyclic modes are composed only by cyclic com-
ponents when approximated using the MIDF. Con-
sequently the initial hypothesis of independence of
the Ground Resonance problem from the collective
and reactionless modes is still valid. In conclusion,
the dampers’ MIDF force in the inertial reference
frame can be expressed as

F =
1

2

[

ℜ[N+ +N−] ℑ[N+ −N−]
−ℑ[N+ −N−] ℜ[N+ +N−]

]{

Z1c

Z1s

}

+

+
1

2ω

[

ℑ[N+ +N−] −ℜ[N+ −N−]
ℜ[N+ −N−] ℑ[N+ +N−]

]{

Ż1c

Ż1s

}

F =KDF

{

Z1c

Z1s

}

+CDF

{

Ż1c

Ż1s

}

.

(17)

It is interesting to see what happens if it is con-
sidered the application of cyclic couples to the
lead-lag dampers. This may happen if cyclic com-
mands are applied to the rotor while the aircraft is
on ground, or in general when an air resonance
condition is considered. In this case two cyclic
couples are applied around the lag hinge axis and
must be reacted by the lead-lag dampers. The sig-
nal that is fed into the dampers can be represented
as Z = [Z1cZ1s] = Z0 + ZCejωt.

ζi = h−i1e
j(ω−Ω)t + h+i1e

j(ω+Ω)t + hΩ−

i e−jΩt + hΩ+
i ejΩt

hΩ−

i =
1

2

(

Z0
1c + jZ0

1s

)

e−jni2π/b

hΩ+
i =

1

2

(

Z0
1c − jZ0

1s

)

ejni2π/b

(18)

In this case every MIDF will depend from the four
amplitudes: |h−1n|, |h

+
1n|, |h

Ω−

i |, |hΩ+
i |, plus the two

frequencies ω, Ω. Also in this case the collective
and the reactionless forces are null. For the cyclic
forces an additional term must be considered

F =KDF

{

Z1c

Z1s

}

+CDF

{

Ż1c

Ż1s

}

+K0

{

Z0
1c

Z0
1s

}

(19)

where

K0 =

[

NΩ 0
0 jNΩ

]

. (20)

In this case the nonlinear problem to be solved be-
comes

(

−ω2
CM+ jωC (C−BCDFΨ)

+ (C−BCDFΨ))QωC
= 0

QT
ωC

QωC
= 1

K0Z
0 = Ce

(21)

where Ce is the vector of cyclic couples applied to
blade dampers.

2.2 Statistical linearization for computation of
MIDF

A quasi-linear approximation for a nonlinear op-
erator can be obtained by analyzing the operations
performed by the nonlinearity on an input of spec-
ified form and approximating this operation by the
best linear operation. The basic criterion used is
the minimization of the mean squared difference
between the output of the approximator and the
output of the nonlinear operator [5].

Following this criterion it is possible to build, for
a large class of typical nonlinear function, usually
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static, several approximations like the Single Input
sinusoidal Describing Function, the Dual Input DF
where e bias term is considered or the Random In-
put DF. When dealing with nonlinearity with a more
generic format, or when the form of the input sig-
nal is more complex, like the cases with several si-
nusoidal input considered here, the analytical ap-
proach may not be always feasible. In this case,
it is better to proceed numerically relaying back
to the basic criterion of minimization of the least
square error.

Consider a generic nonlinear system where
y(t) = g(x, ẋ). Given a certain input time history
x(t) with zero mean the nonlinear element has to
be approximated by an equivalent linear element
ye(t) = βeẋ(t)+kex+b. The parameters of the ap-
proximation can be computed minimizing the ex-
pected value of the square of the error

ε = y − ye = g(x, ẋ)− (βeẋ(t) + kex+ b), (22)

which means, for an ergodic process,

min
βe,ke,b

E{ε2} = min
βe,ke,b

lim
T→∞

1

T

∫ T

0

ε2(t)dt. (23)

As a result the parameters of the best linearized
model can be obtained (see [14])

βe =
E{g(x, ẋ)ẋ}

E{ẋ2}
(24)

ke =
E{g(x, ẋ)x}

E{x2}
(25)

b = E{g(x, ẋ)}. (26)

By running numerical simulation with the nonlinear
component considered it is possible to evaluate the
expectation when the system is trimmed, i.e. when
all the internal states dynamics are damped out,
and so compute numerically the different parame-
ters for different type of input.

If a single sinusoidal input of frequency ω is con-
sidered, it is clear by comparing this results with
Eq. (2) that

ke ≡ ℜ[N ] βe =
ℑ[N ]

w
. (27)

In this case the process is exactly periodic of pe-
riod Tω = 2π

w . So, by choosing a final time equal
to Tω for the simulation the correct values for the
parameters is computed. When multiple sinusoids
are considered then

Ni = ke + jwiβe. (28)
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Figure 1: Evolution of the eigenvalues of Ham-
mond’s rotor eigenvalues for variable rotational
speed with no lag dampers.

for this type of input, if the multiple frequencies
considered are not harmonically related, the simu-
lation de facto becomes a sort of Monte Carlo ap-
proach. By increasing the number of samples N
the accuracy improves inversely to the square root
of N [14].

3 ILLUSTRATIVE EXAMPLE HAMMOND’S ROTOR

The very simple ground resonance example
consisting of the single rotor helicopter suggested
by Hammond in the classical paper [6] has been
chosen from the open literature in order to present
the potential of the synthesis approach proposed
in the previous sections. In this case the sim-
ple four degrees of freedom model can adequately
represent the phenomenon. Using the nominal
model with parameters presented in Table 1, the
rotor becomes significantly unstable from 50%
RPM, see Figure 1.
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Table 1: Hammond’s rotor parameters
Nominal ang. velocity Ω 200 rpm
Number of blades b 4
Lag hinge offset e 0.3048 m
Blade mass Mb 94.9 kg
Blade mass moment Sb 289.1 kg m
Blade inertia moment Ib 1084.7 kg m2

Hub equiv. mass x Mx 8026.6 kg
Hub equiv. mass y My 3283.6 kg
Hub equiv. spring x, y Kx,y 124.0e4 N/m
Hub equiv. damping x Cx 51079. Ns/m
Hub equiv. damping y Cy 25539. Ns/m

Let us consider the case where hydraulic lead-
lag dampers are used to suppress the ground res-
onance instability.

3.1 Hydraulic damper modeling

An hydraulic damper is composed by two cham-
bers connected through an orifice. The basic dy-
namic equation of motions of these kind of sys-
tems are discussed in details in Ref. [12], and are
here only briefly presented. First consider the clas-
sical mass conservation

dρV

dt
= (ρAu̇)in − (ρAu̇)out, (29)

where V is the volume of a chamber and A is the
piston area. Considering that the density can be
approximated by

ρ = ρ0

(

1 +
1

β
(p− p0)

)

, (30)

so it results

dV

dt
+
V

β

dp

dt
= (Au̇)in − (Au̇)out. (31)

The orifice flow occurs at high Reynolds number,
so the behavior is essentially turbulent. In this case
the volumetric flow rate is

Q = AoCd

√

2|p1 − p2|

ρ
sign(p1 − p2). (32)

with A0 the orifice area, and Cd the discharge coef-
ficient. The volume of the chambers changes be-
cause the piston moves. So, by calling u the dis-
placement of the piston, given the piston area A,

the equations of the damper becomes

ṗ1 =
β

V0 −Au

(

Au̇− λAoCd

√

2|p1 − p2|

ρ

)

(33)

ṗ2 =
β

V0 +Au

(

−Au̇+ λAoCd

√

2|p1 − p2|

ρ

)

,

(34)

with λ = sign(p1 − p2). The force developed on the
piston is equal to

F = (p1 − p2)A. (35)

Usually a Pressure Relief Valve (PRV) is added to
the system. When the pressure difference (p1 −
p2) overcomes an assigned value ∆p0, the valve
begins to open creating an additional orifice with
an area that increase with the applied load, with a
law that can be approximated usually as parabolic

Aprv = αx+ γx2. (36)

If |p1 − p2| > ∆p0, the valve opening x results from
the following differential equation

mẍ+ cẋ+ kx = (|p1 − p2| −∆p0) (37)

where k = K/A [F/L3] is dimensionally a stiffness
per unit area, and m =M/A [M/L2] is dimension-
ally a mass per unit area.

As a test case a model with the parameters pre-
sented in Table2 has been built here. The gear
ratio τ is used to transform the blade lead-lag ro-
tation into a linear translation of the damper’s pis-
ton. It must be stressed that these numbers do not
represent any real hydraulic damper but are only
selected ”in a reasonable manner” to build a nu-
merical model useful to highlight the capabilities of
the method.

4 RESULTS

4.1 Describing function of the hydraulic damper

It is possible to compute the MIDF using the hy-
draulic damper model described in the previous
paragraph. For a single sinusoidal excitation the
equivalent stiffness reaches it maximum before the
saturation effect leads it again to lower values. Ad-
ditionally, it is larger when the input frequency is
high. This means that the maximum, as shown
in Figure 2, is reached at small amplitude and
ω → 0, since the effective input frequency is equal
to (Ω− ω) → Ω.

6



Table 2: Hydraulic damper parameters
Piston Area A 1.075e−3 m2

Piston stroke d 0.187 m
Bulk modulus β 1.53 GPa
Cd
√

2/ρa 3.06e−2 (m3/kg)
1

2

Orifice section A0 9.8e−8 m2

PRV act. Press. ∆p0 2.79 MPa
PRV stiffness k 2e4 N/m3

PRV damping c 5e2 Ns/m3

PRV mass m ≈ 0 kg/m2

PRV constant α 2e−4

PRV constant γ 5e−4

Gear ratio τ 0.15 m/rad

aAs suggested by [12]

ω/Ω

ζ (ω
 −

Ω
), d

eg
.
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Figure 2: Equivalent stiffness in (N m/rad) of the
hydraulic damper in the rotating frame at 100%
RPM for different values of input frequency ω and
amplitude h−1 , with h+1 = 0.

The equivalent damping is maximum just before
the saturation starts, while drops when the satura-
tion is in place. Since the developed force depend
essentially on the input velocity, the maximum is at
low amplitudes at high input frequency and goes
toward larger amplitudes when the input frequency
drops. This behavior is shown in Figure 3.

The variation of the of equivalent damping and
stiffness due to the inclusion of an additional har-
monic at frequency ω + Ω is quite sharp, see Fig-
ures 4 and 5.

4.2 LCO of the Hammond’s rotor

The search of the LCO condition has been
performed solving Eq. (8) using the classical

ω/Ω
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Ω
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eg
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Figure 3: Equivalent damping in (N m s/rad) of
the hydraulic damper in the rotating frame at 100%
RPM for different values of input frequency ω and
amplitude h−1 , with h+1 = 0.
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Figure 4: Equivalent stiffness in (N m/rad) of the
hydraulic damper in the rotating frame at 100%
RPM for different values of amplitudes h−1 , and h+1
with ω = 0.75Ω.
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Figure 5: Equivalent damping in (N m s/rad) of
the hydraulic damper in the rotating frame at 100%
RPM for different values of amplitudes h−1 , and h+1
with ω = 0.75Ω.

Levendberg-Marquardt algorithm applied to the
problem formulated as nonlinear least-square [8].
The MIDF function are computed on a grid com-
posed by 20 frequency points, 20 amplitude val-
ues for the low frequency mode, and 4 amplitude
values for the high frequency mode. Then the val-
ues in the entire space are obtained using a cubic
spline approximation.

Initially the amplitude of the signal at frequency
Ω+ ω has been considered null. As a result a limit
cycle at ωC = 0.7195Ω0 is obtained, with the am-
plitude shown in Table 3. The equivalent damping
results equal to βe = 1436.3 (N m s/rad), while the
equivalent stiffness is ke = 1538.3 (N m/rad). The
resulting motion is characterized by a lateral os-
cillation that reaches the maximum acceleration of
0.365 g.

By considering also the second harmonic sig-
nal the equivalent values are modified only slightly,
βe = 1434.3 (N m s/rad) and ke = 1537.2 (N m/rad).
In fact, by running the solution in this case the
same LCO is obtained, at the same frequency, and
with a difference of ≈ 0.03 deg. in the blade lead-
lag rotation amplitudes. So, the LCO behavior is
essentially dominated by the the lower mode am-
plitude, as can be expected. To investigate the
stability of the LCO it is possible to use the tech-
nique presented in [10]. If an exponentially shaped
harmonic input is considered q = Qeσt sinωt it is
possible to use Eq. (8) to find the complex un-
known s = σ + jω and investigate the LCO stabil-
ity. The system is stable if dσ/dαc < 0. To compute
this derivative it is possible to use the derivative of

Table 3: LCO amplitude at 100% RPM.
Name Real Imag unit
Z1c -2.3995 3.0360 deg.
Z1s -3.0797 2.4216 deg.
x -0.0004 - 0.0088 m
y -0.0014 - 0.0157 m
|h−1 | 3.8937 deg.
|h+1 | 0.0245 deg.

equation (8):
(

2s
ds

dαc
M+

ds

dαc
CN + s

dCN
dαc

+
dKN

dαc

)

Q = 0.

(38)
To study the the stability of the LCO it is necessary
to compute dσ/dαc(s = jωc) = ℜ[ds/dαc]. So

dσ

dαc
= ℜ

[

− (2jωcM+CN )
−1

(

jωc
dCN
dαc

+
dKN

dαc

)]

.

(39)
In this case the computation reveals that

dσ/dαc = 6.67, which means that the LCO is an
unstable one. as a result, it is possible to affirm
that this unstable LCO is the separation orbit in
state space between the basin of attraction of the
stable orbit represent by the origin and unstable
solutions. Consequently whenever the amplitude
of this orbit is surpassed the system goes unsta-
ble.

4.3 LCO with cyclic couples applied

Consider a case where a Z0
c = 0.3 deg. cyclic

1/rev lead lag rotation is applied. In this case the
equivalent damping and stiffness maps are signifi-
cantly modified a shown by Figures 6 and 7.

In this case the resulting LCO has a frequency of
ωC = 0.72Ω, and the amplitude is shown in Table 4
and is slightly lower than the previous case. In fact
due to the effect of the additional harmonics, the
equivalent values are βe = 1441.7 (N m s/rad) and
ke = 1428.5 (N m/rad), quite similar to the previous
values at but at a lower amplitude.

The stability analysis also in this case reveals
an unstable behavior similar to that of the previous
solution.

5 CONCLUSIONS

The paper presented the application of the Mul-
tiple Input Describing Function approach to inves-
tigate the effect of nonlinear components on the
ground resonance stability. It has been shown how
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Figure 6: Equivalent stiffness in (N m/rad) of the
hydraulic damper in the rotating frame at 100%
RPM for different values of input frequency ω and
amplitude h−1 , with h+1 = 0 and Z0

c = 0.3 deg.
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Figure 7: Equivalent damping in (N m s/rad) of
the hydraulic damper in the rotating frame at 100%
RPM for different values of input frequency ω and
amplitude h−1 , with h+1 = 0 and Z0

c = 0.3 deg.

Table 4: LCO amplitude at 100% RPM with Z0
c =

0.3 deg.
Name Real Imag unit
Z1c 3.5863 0.4727 deg.
Z1s 0.4694 - 3.6320 deg.
x - 0.0068 0.0046 m
y - 0.0120 0.0087 m
|h−1 | 3.6397 deg.
|h+1 | 0.0229 deg.

a rigorous analysis must consider even in the sim-
plest case more than one harmonics in input in the
components that are mounted on the rotor. The
MIDF are computed numerically using a simple
simulation procedure. Several test have been per-
formed to verify the capability of the the proposed
approach. Several extension can be made con-
sidering for instance the effect of different levels
of appropriately shaped noises injected as addi-
tional input into the nonlinear component to keep
into account the effect of air turbulence. Multiple
nonlinearities can be considered too, modeling in
the same way also the another important compo-
nent: the landing gear.
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APPENDIX A: BASIC MATRICES FOR GROUND

RESONANCE

The model is composed by two lead lag rotor
modes and two support modes and the unknown
vector is q = [Z1c, Z1s, x, y]

T . The structural matri-
ces, without considering the contribution of the lag
dampers, are

M =











Ib 0 0 − b
2Sb

0 Ib
b
2Sb 0

0 Sb Mx + bMb 0
−Sb 0 0 My + bMb











C =









0 2ΩIb 0 0
−2ΩIb 0 0 0

0 0 Cx 0
0 0 0 Cy









K =









Ω2Ib (νb − 1) 0 0 0
0 Ω2Ib (νb − 1) 0 0
0 0 Kx 0
0 0 0 Ky









νb =

(

e
Sb
Ib

)

For the meaning of the symbols refer to Table 1. In
this case the Ψ matrix is: Ψ = [I 0], and the input
matrix B = −ΨT .
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