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Abstract 

The aeroacoustics of blade vortex interaction (BVI) 
has been investigated using indicial aerodynamics 
combined with the acoustic analogy in the form of the 
Ffowcs Williams-Hawkins (FW-H) equation. Gener
alized subsonic indicia! lift functions for the lift on an 
airfoil penetrating a stationary sharp-edge gust were 
used as a basis for the unsteady airloads. Alternative 
indicia! gust functions were derived from subsonic lin
ear theory and from a direct numerical simulation of 
the indicia! gust problem using computational fluid 
dynamics (CFD). For the 2-D airfoil-vortex interac
tion problem at various free-stream Mach numbers 
the indicia! method was compared with CFD results 
with good agreement below the critical Mach num
ber. The indicia! method was integrated into a three
dimensional simulation of an idealized BVI problem 
in a rna.nner that would be used in a comprehensive 
rotor analysis. Good agreement was found with simul
taneously measured airloads and acoustics. 
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Nomenclature 

Sonic velocity, rns- 1 

Blade chord, m 
Rderence chord, rn 
Normal force coefflcient due to gust 
Differential pressure coefficient 
Complete elliptic integral of 2nd kind 
Incomplete elliptic integral of 2nd kind 
Incomplete elliptic integral of 1st kind 
Coefiicinnts of shEtrp-edgcd gust function 
Exponents of sharp-edged gust function 
Modulus of elliptic integrals 
Gust reduced frequency 
Complete elliptic integral of 1st kind 
Force on fluid in direction of n, N 
Local free-stream Ivlach number 
Relative Mach number hetwcen source 
and receiving point 
Fluctuating pressure, Pa 
Radial distance from vortex center, n~ 
Vortex core radius, n~ 
Rotor radius, rn 
Dbtance from source to observer, rn 

Distance in semi-chords = 2Vt/c 
Blade area, 1n 2 

*Associate Professor. 
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t Time, s 
Vn Normal perturbation velocity, ms- 1 

V Velocity, ms- 1 

Vo Tangential velocity, 1ns-1 

Vr Local (blade-element) velocity, ms- 1 

V9 Gust convection velocity, ms- 1 

Vc)() Free-stream velocity, 1ns- 1 

w 9 Gust velocity normal to airfoil, ms- 1 

x, y Airfoil coordinate system, measured 
from leading edge, m 

x' Dummy variable of integration, rrt 
Xv, Yv, Zv Position of vortex, m 
y, Airfoil thickness envelope, m 
Zi Aerodynamic deficiency functions 
a: Angle of attack, rad. 
oo, Effective angle of attack, rad. 
fJ Glauert factor = v'1 - lvJ2 
r Vortex strength (circulation), m 2 Is 
r Non-dimensional strength = r ;v ooCrof 

!; Incremental quantity 
A Gust speed ratio,= Vj(V + V9 ) 

p Air density, kg m-3 

r Retarded time, s 
¢ Indicia.! response function 
1/Jb Blade azimuth 
1j;9 Sharp-edged gust function 
1/J Rotor azimuth, deg. 
1jJ7 Retarded azimuth, deg. 
iJ! Argument of elliptic integrals 
\1 Rotor frequency, racl.js 
a Dummy variable of integration 

Introduction 

The rotor blades of helicopters and tilt-rotor aircraft 
can encounter large velocities and intense velocity 
gradients that are generated by tip vortices trailed 
from previous blade~. These blade vortex interac
tions (BVI) produce significant unsteady effects that 
become particularly acute when the axis of the tip vor
tex is parallel, or almost parallel, to the leading-edge 
of the blade. This occurs primarily on the advancing 
and retreating side.s of the rotor disk during low speed 
descents or during maneuvering flight. BVI has been 
identified not only as a significant source of unsteady 
aerodynamic loading, but also a major contributor 
to rotor noise. l- 3 The obtrusive and highly focused 
nature of BVI noise means that accurate predictions 
of the phenomenon are becoming essential aspects of 
the rotor design process. This is essential to <_'tlleviate 
landing approach noise levels in civilian rotorcraft op-
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erations, and to help reduce aircraft detectability in 
military applications. 

Iviany experimental and numerical research studies 
have provided a good amount of fundamental knowl
edge about the BVI phenomenon. This has led to 
an increased appreciation of the complex physical na
ture of the flow and the difficulties in prediction. <1- 8 

Pure CFD approaches to rotor far- field BVI acoustics 
are not yet practical because of numerical dissipation. 
Also, while coupled CFD and Kirchhoff based meth
ods have provided significant insight into aeroacous
tic phenomena, they are still far too computationally 
expensive for rapid parametric studies. 9 • 10 Bearing 
in mind that accurate predictions of BVI will involve 
blade structural dynamic and aerodynamic modeling 
as a fully integrated system including sophisticated 
free-wake modeling, this places serious constraints on 
the allowable levels of unsteady aerodynamic model
ing. In addition, with the increasing trend toward the 
development of active rotor control technologies such 
as blade mounted trailing-edge flaps, ll-l3 tl:terc is a 
need for improved unsteady aerodynamic models that 
also need to be in specific mathematical forms so they 
can be us<-xl for studies in active acoustic control. 

VVhilc a good model for the unsteady aerodynam
ics is the key to tlw acoustic problem~ in the inter
ests of computational brevity most comprehensive ro
tor models contain much less sophisticated unsteady 
aerodynamic models cmnpanxl to those actually re
quired. The 13VI phenomenon is often referred to as 
a ''leading-edge problem,', but the leading-edge pres
sure response is dominant for all situations involving 
chauges in blade section angle of attack. The impor
tant issues for rnodcling the acoustics are to repre
sent the effects of compressibility and unsteady (time
history) effects on the sectional (leading-edge) pres
sure loading. Even when the sectional aerodynamics 
model may include some level of tmstcr.tcly modeling) 
the approaches used in many rotor codes do not prop
erly distinguish the aerodynamic effects at the blade 
clement level clue to the wake induced velocity from 
the aerodynamics due to changes in angle of attack 
and pitch rate. The former can be considered as a 
conveeting gust Held through which the blade section 
penetrates, whil(~ the ln.tter will be due to blade mo
tion such as flapping, cyclic pitch control inputs for 
trim) and blade torsional response. Each produces a 
different source of unsteady aerodynamic loading and 
time-history. Therefore, n~t only i~ the lack of distinc
tion between gust encounters and changes in angh~ of 
attack or pitc;h rate fundamentally incorrect! but it 
may lead to erroneous predictions of the unsteady air
loads and resulting acoustics. The significant predic
tive defiei(·;ncies compared to experiment and the large 
coc\e-tcH:ode variability of the acoustic: results shmvn 
in Ref. 14 suggests that signifieant fundamental work 
still remains to be clone. 

]'he present work focuses on the use of an indicia! 
aerodynamic model to calculate the nnstcacly aero
clynn.mics due to the rotor wake and 13VI. A good 
review of the general inclicial concept is given by 
Lomax 15 and Toba.k and Schiff. lG If the inclicial re
sponse can be found, then the unsteady aerodynamic 
response to an arbitrary input (forcing) can be found 
by Duhamel superposition. The indicial response in 
some cases is known analytically, 17 - 20 in other cases 

numericallyl 20
• 

21 and it can also be found experimen
tally by inverse techniques using the aerodynamic re
sponse to sinusoidal forcing. 22 - 24 If the linearity of 
the flow physics over the required range of conditions 
can be justified) then one advantage of the indicial 
method is a tremendous saving in computational cost 
over performing separate flow field calculations. By 
using certain analytic forms of the indicia} response, 
the unsteady aerodynamic model can be written in a 
numerical form suitable for implementation in com
prehensive rotor aeroacoustic modell and also in a 
form that can be utilized by a control algorithm. 

The methodology in the present article is devel
oped in a form used previously for unsteady airfoil 
motion 25• 26 , unsteady flap motion 27 -· 29 and dynamic 
stall. :w- :33 Therefore, the algorithms can be easily ap
pended to those already in use. The results indicate 
that good economiea.l predictions of the unsteady air
loads for problems such as BVI are possible using the 
indicia! method. When the predictions of the un
steady airloads are coupled to the FW-H equation, 
the results also show good rtgreement with measured 
near-field and far-field acoustics generated by BVI. 

Methodology 

13VI can be considered as a transient gust problem. In
eompressible time-depend(mt solutions for gust prob
lems on 2-D airfoils have been obtained by Klissner, 18 

Von Karman and SE~ars, 19 Horlock 34 and }.1Iiles. 35 

For the general vertical gust problem in incompress
ible flow, Dulu.unel superposition can be used with 
the K iissncr sharp-edge gust function, 1j19 ( s), to find 
the aerodynamic loads clue to an arbitrary station· 
ary gust field. The equivalent sharp-edge gust so
lutiom; for the subsonic case can be obtained only 
approximately, 15• 20 but even then the functions are 
not easily represented in n, mathematical form suit
able for prn,c:tical calculations. 

For the traveling vertical gust case) which is the 
most general situation, the problem was solved for 
incompressible flow by Miles ~l& in terms of the gust 
parameter ),. = Vf(V + V,1). As the propagation 
speed of the traveling gust increases from zero to oo 
(,.\ decreases from 1 to 0)) the solution changes from 
the Ki.issner result to the \A/agner resultl :JG with a 
va.riety of intermediate transitic)nal results being ob
taineci. However, in the rotor environment, the con
vected wake velocities arc generally much lower than 
the local blade element velocity~ so the assumption 
that ,.\ ;:::::; 1 is usuaJly valid, and the stationary sharp
edge gust result can be assumed. This produces a 
justifiable level of simplification in the unsteady aero
dynamic modeling that rc _.ains the dficiency necessary 
for a comprehensive rotor aeroacoustics simulation. 

Note that in linear theory only the vertical compo
nent of the gust is nsecl to satisfy the boundary concli
tions; unsteady effects due to the in-plane component 
of the gust velocity cnn usually be ignored since it 
is known that hori;~,ontal clist.urbances produce only 
a quasi-steady efFect to a first-order. G, :1'1, :~7 See also 
Goldstein :H:\ t~n· a discussion of this point. However, 
unsteady in-plane effects may be a more significant 
factor affecting the airloacls if the blade passes into 
the high rotational velocities in the core of a vortex, 
especially under transonic conditions. Howevml the 
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Figure 1: Comparison of indicia! lift response due to 
a step change in angle of attack and the penetration 
of a stationary sharp-edge gust 

bounds of linearity in such cases can probably be only 
understood with the use of CFD methods. · 

2-D Exact Subsonic Linear Theory 

In the indicia! angle of attack case, the boundary con
ditions change instantaneously over the chord. This 
produces a, finite (noncirculatory) value at s = O, as 
giv<m by linear piston theory, 36 followed by a rapid de
ca.y because of the propagation of wave distrubances 
at the speed of sound. This is then followed by a 
gradual and asymptotic growth in lift because of the 
growth in eirculation about the airfoil -· see Fig. 1. 
By convention, s represents the distance traveled by 
the airfoil in semi-chords. The physics during this 
transi<::nt process are rather complicated because of 
the propagation of downstream and upstream moving 
wave fronts (non-circulatory effects), combined wit}) 
the simultaneous creation of circulation. In the case 
of a sharp-edge gust, the boundary conditions change 
progrcssivc:ly aeross the chord, so the lift is zero at the 
initiation of gust penetration but builds rapidly and 
approaches the angle of attaek result at later times. 
Again, the physics during this transitionary process 
are rather complicated, and even with linearity as
sumptions there are no equivalent exact solutions to 
the Kiissnm function for tho subsonic flow case. 

The sharp-edge gust problem in subsonic flow was 
examimxl by Lomax:m using the method of ::;uper
sonic analogy. The aetual calculations are fairly ela.b
orate, but. exact analytiea1 expressions for the air
foil pressure distribution can be found for a limited 
period of time after the gust entry. For the period 
0 <; s S 2M/(!+ i\I) (whieh corresponds to less than 
1-chord length of travel even at l\1 = 0.7) the air
fo;t prcs:-mrc distribution for a unit gust disturbance 
is given exactly by 

M(E --- :7:) 

x+i\Ii 
(I) 

:_vhere ;r; is measured frorn the airfoil leading-edge and 
t = at. VVhen this equation is int.egrated, the result 

for the unsteady normal force for a unit gust is 

!:;.C9 (s) = ~ 
n v1YJ (2) 

Fo; later vttlues of time up to s = 4M/(1 - M2), 
solutiOns for the. mrfoil pressure distribution during 
the gust penetratiOn are also known exactly 39 but take 
on a much more complicated form. Again, for a unit 
gust 

!:;.Cp(x, t) = S { 
rr(l -1-M) 

M(i- x) 
x + lvfi 

+ 

-1-~ VrM-( £-_-x_)_( c-. --.-x ---M-t---) 

[ V(£2- x22~~1- M2) 

EF'(>¥) -1- KE'(w)- KF'(>¥)]} 

J(x + Mt)(c- x- Mi) 
(3) 

where E, K, E'(w) and F'(>¥) are elliptic integrals of 
various kinds with modulus k given by 

k= 
(i + x)(! + M)- 2c 

(i+x)(l+M) 
( 4) 

and argument >¥ = sin- 1 J ( x + M i)/c. These equa
tions can only be integrnted numerically. 

Interestingly, the pitching moment during the gust 
penetration is found to asymptote to the 1/4-chord 
in the short time s = 2M/ (I + M), suggesting that 
the variation of the moment can be safely ignored. 
However, in a practical sense the effects of viseosity 
will modify the effective aerodynamic center so that 
some aerodynamic moment will always be produced 
on the f.tirfoil ;:1s it moves through a. gust field. 

For s > 4M / (1- lvf'2 ) there are no annlytic solutions 
possible in the subsonic flow case and more a.pproxi
rmlte methods of finding the indicia! function must be 
adopted, see Lomax et al. 20 and Lomax. 39 However, 
the asymptotic: result for a unit gust is simply given 
by the eonvent.iona.l steady-state theory, namely 

so that 

-- 4R·-x !:;,Cv(:r, t = oo) =- --
(! X 

l:;.Cf,(s = oo) = 
2rr 
!3 

(S) 

(6) 

For 4M/(l - M 2
) S s < oo, the cbordwise pres

sures cannot be determined analytically but one can 
usc a relationship betwcnn the gust function 1/J1 and 
I . 1· . I 3 

t lC me tCHt response to a step change in angle of at-
tack, (Pa, as shown by Garrick. 'JO Unfortunately, in 
the subsonic case uo exact solutions are possibl~! for 
either (jJC/ or ·1109 • However, indicia! angle of attack 
results have been obtained, albeit approximately by 
M I I 2'> 2'3 . '2 \ ' ) aze s cy -· ' and Leishman. ' These results can be 
used in some cases to complete the indieial gust re
sponses by numerical approximation at later values of 
time. 
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Direct Indicia! Simulation by CFP 

CFD solutions can provide results for many practical 
problems that cannot be solved analytically or sim
ulated by experimentation. Yet, these solutions are 
only available at significant computational cost, and 
even then are still subject to certain approximations 
and limitations. Nevertheless, CFP solutions can help 
fill in gaps in solutions that are not available usin~ the 
exact linear theory, such as for s > 4M/(1- M ) in 
the above case. The non-linear physics modeled by 
CFD also provides additional guidance in establish
ing the limits of the classic linear theory, especially 
for airfoils with finite thickness and camber, and also 
when oper11ting close to and beyond the critical Mach 
number. 

Indicia! type calculations using CFD require spe
cial treatment to avoid artificial numerical transients, 
and so appear relatively rarely in the published lit
erature. However, some nonlinear indicia! and gust 
solutions have previously been performed by and 
McCroskey, 6 Stahara and Spreiter, 41 and also Ball
haus and Gomjian, 42 using various small-disturbance, 
full-potential, and Euler solvers. !vlore recent indicia! 
calculations have been performed by Parameswaran 43 

and Singh 4'1 who have computed airloads for indicia..l 
angle of attack, pitch rate and sharp-edged gusts us
ing the TURNS (Transonic Unsteady Rotor Navier
Stokes) coclc 45 These latter results, which consider 
both 2-D and 3-D indicia! problems, arc extrcm1ely 
useful since they help establish the bounds of linear 
theory and also provide good check cases for the in
dicia! method over a range of flow conditions where 
exact analytical solutions are unavailable. 

CFD results computed by Parameswaran 43 for the 
sharp-edged gust problem are shown in Fig. 2 for Mach 
numbers of 0.3 and 0.5, and are compared to the exact 
linear theory obtained from Eq. 2 and the integration 
of Eq. 3. The eomparisons at earlier v(Llues of time 
are excellent, and certainly lend significant credibility 
to the CFP results. The CFD results at later values 
of time are also shown in Fig. 2, where it is apparent 
that the growth of lift is affected by compressibilii;y ct~ 
fects such that at the higher lvlach numbers the airfoil 
must travel further through the fluid for the final flow 
adjustments to be completed. Note that for the tran
sonic (NI ;:::::: 0.8) case, there is a small perturbation 
in the curve at s ;:::::j 11. This is due to the formation 
development of a shock wave, which <'liters the rate of 
unsteady flow adjustments. The CFD msults give fi
nal values that are very close to the linear values for a 
flat plate as given bY, the Glauert correction (see also 
Singh nnd Baeclcr. 4') 

Functional Approximations to Gust Response 

A key factor in the successful application of indicial
type methods to general problems is the functional 
form used for the indicial response function. Because 
of the asymptotic growth of the indicia! function.s, sev
eral autlwrs including Lomax, 20 :tvia7,dfiky, 22 f./Ict7,el
sky and Drishler, n and Leishman, 24 have used expo
nential approximations. VVhile an exponential form of 
the indicia! response is not an exnct representation of 
the physical behavior 1 in most cases involving super
position with specific types of motion such as sinuous 

or other periodic forcing, it has proven sufficient when 
compared to experimental data. However, for some 
applications the exponential approximation to the in
dicia! response may be inadequate, and caution should 
always be exercised. 

A typical exponential approximation to the sharp
edged gust is of the form 

N 

1jJ9 (s, M)"' 1- I: G;(M) exp { -g,(M)s} (7) 
i=l 

for s 2: 0, where the Gi and gi coefficients are func
tions of Mach number. In each case we must have 
2::;':,1 G; = 1 and g; > 0 for i = l...N. Therefore, 
the lift during the penetration of a sharp-edged gust 
of unit magnitude is given by 

L:.CK(t,M) 
2rr 731/J9 (s, M) (8) 

where the steady-state value of the lift is simply the 
two-dimensional flat-plate result with the Glauert cor
rection. For practical calculations it is possible to re
place the linearized value of the steady lift-curve-slope, 
21rj(3, in Eq. 8 by a value measured from experiment 
or modeled by CFD for a particular airfoil. 

Unfortunately, the exponential approximation in 
Eq. 7 is not necessarily in the most useful form for 
a hdieopter rotor analysis. This is because on a rotor 
each blade station encounters a different local Mach 
number as a function of blade radial location, and dur
ing forward flight the local Mach number is also a 
function of blade azimuth angle. Therefore, repeated 
interpolation of the G; and g; coefficients between suc
cessive Mach numbers will be required. While simple 
in concept, there is a surprisingly large computational 
overhead associated with this process. 

To avoid this overhead, it has been shown 24 • 46 that 
the asymptotic (circulatory dominated) part of the to
tal lift due to a step change in angle of attack in sub
sonic compressible flow can be approximated by a two 
term exponential function with coefficients that can 
be scalE)d in terms of Mach number alone. Since for 
later values of time il; is known that the sharp-edged 
gust and indicial angle of attack functions approach 
each other, a similar behavior can be assumed valid 
for the sharp-edged gust function, i.e., 

N 

'P0 (s,M) "'1- 2:G,exp{-g;,62 s} s ~ 0 (9) 
i=l 

where L~::t Gi = 1 as before but now the Gi's and gi's 
are fixed and eonsiderecl independent of Mach number. 
It has already been shown in Ref. 47 that for gusts the 
form of this inclic.ial function appears acceptable up to 
at least the critical r.:Iach number of the airfoil section. 

Determination of "lj;9 (s, M) from Linear Theory 

As described in Ref. 47, the evaluation of the gust 
function coefficients in Eq. 9 can be formulated as a 
least-squares optimization problem with several im
posed equality and inequality constraints. These in
elude both the initial value (,P9 (0, M) = 0) and final 
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Figure 2: Unsteady lift due to the penetration of a sharp-edge gust. Left figure: Comparison of exact linear 
theory and TURNS. Right figure: TURNS calculations at various Mach numbers 
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Figure 3: Indicia! lift due to the penetration of a sharp-edge gust. Left figure: Comparison of exponential 
approximation with exact linear theory. Right figure: Exponential approximations at extended values of time 

value (-1/!g (co, M) = 1) of the gust function. In addi
tion, to obtain the best possible match to the exact 
linear theory, another constraint can be imposed by 
closely matching the exact time ratE)-of-change of lift; 
at s = 0, again with the details being given in Ref. 47. 

For N = 1, the errors were too large to render ad
equnte approximations. :For N > 2, approximatcl,y 
the same cost function resulted as for the N = 2 case. 
Beeause it is desirable to minimize the number of coef
ficients for numerical efficiency when using a superpo
sition algorithm, the N = 2 c~sc was selected. Results 
for the resulting sharp-edged gust functions are shown 
for Niach numbers of 0.5 and 0.8 in Fig. 3, with the 
coef-Ficients being given in Table 1. It will be seen 
from Fig. 3 that the approximations match the exact 
solutions almost precisely at early values of time, as 
required. A summary of the gust responses for ex
tended values of time is also shown in Fig. 3, where 
it is apparent that while the final values increase wii;h 
increasing Niach number, the initial growth in lift is 
less as the lvlach number increases. This can be im-

Guot F\mction G1 G2 91 g2 
r-· 0.5 0.5 0.130 1.0 t/J0 (s) (Rd. 36) 

t/J9 (s) (Rd. 27) O.G79 0.421 0.139 1.802 
''Pa(s, M) (Linear) 0 G27 0.473 0.100 1.367 
1j;q(s, M) (CFD) 0.670 0.330 0.1753 1.637 

Table 1: Summary of -:.;harp-edged gust function coef
ficients 

portant for transient problems such as BVI, where the 
effects of compressibility normally appear as increased 
lags in the development of the lift. In fact, this is ex
actly the opposite to that expected, either on the basis 
of quasi-steady assumptions or incompressible How as
surnptions with a Glauert-typc correction. 

Determination of 1j;g(s, M) from CFD 

Results for 2-D flow were computed using TURNS 
(see Ref. 43) for a NACA 0012 m1countering station-

80-5 



5 

-d 
4 

~ 
:;; 
-9, 3 
c 
<D 
:§ 
'15 2 
0 
0 

:5 

0 
0 

0 

" ,'•0 

'o o 

0.5 

,'. 

" • 

Approx, M-0.3 
~--- ·Approx, M:::O.S 
-------Approx, M:::0.65 

TURNS, M=0.3 
o TURNS, M,Q.5 
t. TURNS, M"'0.65 

1.5 2 2.5 3 3.5 4 
Distance traveled, s (semi-chords) 

Figure 4: Comparisons of exponential sharp-edge gust 
function with results computed using TURNS at early 
values of time. 

ary sharp-edge gusts at M = 0.3, 0.5, 0.65 and 0.8. 
As mentioned previously, for the higher Mach num
ber there was evidence of some non-linearity in the 
propagation of perturbations in the flow due to the 
development of a shock wave on the upper surface of 
the airfoil. For this case the data in the early stages 
was ignored; only data describing the asymptotic be
havior for s > 10 were used. The time-scaling of the 
gust function by the factor (32 as suggested previously 
appeared to be a feature confirmed by the CFD anal
ysis, at least in the subsonic flow regime. 

The resulting coefficients for this generalized sharp
edged gust function are also given in Table 1, and the 
results are plotted graphically in Fig. 4. The level of 
agreement of the exponential indicial approximation 
with the TURNS results is good, bearing in mind that 
this indicia! function (Eq. 9) has constant coefficients 
and is generalized in terms of Mach number alone. 

Response to an Arbitrary Gust 

\Vi thin the assumptions of the linear theory a general 
stationary gust field w9 (x) t) can be decomposed into a 
series of sharp-edged gusts of small magnitude. Using 
the incliciaJ gust response the response to an arbitrary 
gust field can then be found using Duhamel superpo
sition. For example~ the response to a continuous gust 
field may be written analytically as 

(10) 

where, as described previously, it is assumed that the 
in-plane variations in velocity produces only a quasi
steady cfiect. While the linearity of an arbitrary gust 
problem cannot necessarily be established a priori 1 es
pecially for :Niach numbers above the critical Mach 
number, the technique has been well proven using 
experimental measurements for unsteady airfoils in 
Refs. 2G and 2G and 4G for the :tviach numbers typical 
of helicopter rotors, as well as for flap motion. 27, 29 

Two numerical methods can be used to perform the 
superposition- the state-space form or recursive form. 
In discrete time Et finite-difference approximation to 

the Duhamel integral leads to a one-step recursive for
mulation, and the various numerical procedures have 
been developed in Ref. 46 and elsewhere for airfoil mo
tion using the indicia! function concept. These meth
ods can also be easily applied to the gust problem. For 
example, denoting the current time step by t and the 
non-dimensional sample interval by !!.s, the lift may 
be constructed from an accumulating series of small 
gust inputs using 

21f 1 21f 
!!.C~, = 73 V [!!.w9 - Z1, - Z2,] = 73a,, (11) 

Again, the N = 2 case for the gust function has been 
assumed. Note that a, can be considered simply as 
a pseudo angle of attack, which represents the time
history of the unsteady aerodynamic effects. In this 
case, the deficiency functions, zlt and z2p are analo
gous to aerodynamic states since they contain all the 
hereditary information about the aerodynamic forces. 
The deficiency functions are given by the one-step re
cursive formulas 

Z1t Z1t-tE1 + G1 (b..w9t- b..w9 ,._ 1 ) 

z2t = z2t-IE2 + Gz (b..wg,.- b..wgl.-1) 

where E, = exp( -g,(32 !!.s) and E2 = exp( -g2(3 2 !!.s ), 
and where the subscripts t and t-1 are the current and 
previous time steps, respectively. The corresponding 
algorithms in state-space form for this superposition 
process are given in Ref. 47. 

Acoustics Model 

The acoustic pressure field can be calculated by us
ing the acoustic analogy in the form of the Ffowcs 
Williams-Hawkins (FW-H) equation. In the present 
work Farassat's formulation-1 was used, 48 where the 
acoustic pressure can be written as 

1 0 !! [ PVn l 
47r Dt R-(1 - Mn) 

1
,, dS 

+ _1 !!_ IJ [ ln l dS 
41ra ot . R-(1 - Mn) .p, 

+ 4~ :t .II [ R-2 (1 1~ Mn) L dS (12) 

where ln is the total force on the fluid at each source 
point on the blade in the direction of the observer, and 
1jJ7" is the retarded azimuthal time at that source point. 
The first term in Eq. 12 is the thickness noise; the sec
ond two terms are the lor<ding noise, which are com
puted here using the indicia! method. The quadropole 
term has been neglected since for the cases considered 
in this paper the Mach numbers are mostly subcritical. 

For the non-compact acoustic calculations pre
sented in this paper, a chord wise pressure loading was 
synthesized for the loading (dipole) noise. Since the 
linearity assumptions of the indicial method do not 
allow for variations in the form of the chorclwise pres
sure, an assumed pressure mode was used. In its sim
plest form this mode shape can be the (analytic) sub
sonic form or another (cliscretized) form as given by 
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the CFD analysis that is then linearly scaled as a func
tion of angle of attack and the Glauert factor. For ex
ample, using linear theory the chordwise pressure can 
be written as 

(13) 

The thiekncss (monopole) noise was obtained from 
a source/sink thickness displaeement model in a uni
form free-stream flow, the free-stream flow being set 
equal the local blade sectional velocity, u'I'' r:r:he sim
ple thickness model given by Schmitz and Yu 3 where 

dy, 
Vn(x) = UT

dx 
(14) 

tends to provide a relatively crude model for the noise, 
and can affect the amplitude and waveform of the 
noise pulse at higher (subsonic) Mach numbers. A bet
ter result for the normal velocity perturbation (which 
is used here in the first term in Eq. 12) can be shown 
to be 

Ur i" dy, Y , 
v,(J:,y) =- l ' ( ')2 + zdx 

7r,o(XX-X y 
(15) 

where Yt is the airfoil thickness profile. This equation 
is solved numerically. In addition, for eaeh ehordwise 
source point the appropriate reta.rded azimuthal time 
must be computed -'" the fact that the pressure distur
bances clue to thickm~ss do not arrive in-phase at the 
observer location leads to a negative sound pulse. 

Note that the preference is normally to work with 
Farassat's formulation·-lA of the FVV-H, whieh is used 
in the WOPWOP code (see Ref. 49) and other codes. 
In this formulation the time-derivative must be evalu
ated over the blade surface since it appears inside the 
integral, and this tends to help suppress nunwriea.l 
noise. However, with formulation-··1, the time deriva
tive appenrs outsidE) the surface integral and only a 
single numerical derivative over time needs to be eval
uated. In the present approach with formulat.ion·-
1. the acoustic pressure was evaluated at tlw cor
n.;ct retarded time using a discrete binning technique 
with linear weighting factors. The bin number was 
computed from the appropriate retarded azimuth (re
tarded time), with a typical bin size being one. to one
half degrees of azimuth. For E:1Xa.mple, the azunuthal 
reception time 1f; that t.t sound pressure signal gener
ated at the source time 1/Jr is received at the observer 
location is given by 

'1/J = (I G) 

which is in units of degrees. The acoustic information 
is then sorted into the appropriate retarded azimuth 
hin

1 
and weighted by applying linear weighting factors 

to adjacent bins. 
One adw.tntage of binning the acoustic infornw .. tion 

is comput8..tional efficiency since the results an: fully 
available at the end of one rotor revolution; no post
processing with interpolation is required to compute 
the acoustics over the blade pla.nforrn at the appro
priate retarded time. However, with discrete binning 
one must ensure that the number of azimuthal source 

time-steps where the air loads are computed is at least 
twice the number of discrete retarded time bins. If this 
requirement is not met, then some numerical noise will 
occur. Another advantage is that binning allows the 
rapid calculation of the acoustic planform. Binning 
has been found particularly attractive from the per
spective of modeling active closed-loop control of the 
acoustics, for example with the use of trailing-edge 
flaps, 29 since it is necessary to provide a controller 
with information relating the time of pressure genera
tion to the time of acoustic reception, i.e. the acoustic 
planform. 

Results and Discussion 

2-D BVJ Problem 

CFD calculations have been made using TURNS 45 to 
obtain the unsteady loads on a NACA 0012 airfoil in
teracting with a convecting vortex of non-dimensional 
strength r = 0.2 traveling at a steady velocity 0.26 
chords (Yv = -0.26c) below the airfoil. Typical heli
copter advancing blade conditions at lvlach numbers 
between 0.5 and 0.8 were eonsidered, since these con
ditions serve to illustrate the influence of compress
ibility on the BVJ problem. The CFD results were 
compared to solutions obtained using the inclicial ap
proach, which although restricted here to the calcula
tion of the integrated airloacls, has a relative compu
tational speed advantage of about five orders of mag
nitude. 

The tangential velocity in the interacting vortex 
was approximated using a Kaufmann/Scully vortex, 
namely 

(17) 

where r is the distance along a radial line emanat
ing from the center of the vortex such that r 2 = 

( x - :rv) 
2 + (y - Yv )

2
, and the vortex position Xv, Yv is 

relative to a coordinate axis at the leading-edge of the 
airfoil. A core size of 7'c = 0.05c was used, although 
the interaction between the airfoil and the vortex is 
sufficiently sp8..ced in the cases considered that the core 
radius does not play a significant role. The recipro
cal influence of the airfoil on the vortex convection 
velocity and trajectory was neglected. 

Results for two subsonic Mach numbers and for a 
weakly transonic case are shown in Figs. 5 and 6, re
specti,vcly. It can be seen in all cases that the influ
ence of the vortex has affected the a,irfoil lift when 
it is well upstream of the airfoil leading-edge. This 
result is important l:(>r the computations because it 
sets a minimum upstream distance to establish the 
proper initial conditions for both the CFD and in
elida.! approaehcs. Typically, a starting distance 10 
chord lengths upstream is the minimum to avoid any 
~ensitivitY to initial conditions. A lift minimum was 
obtained 'ju.st as the vortex reached the airfoil leading
edge (:cv = 0), followed by a rapid increase in the 
lift as the vortex passed dowm.;tream over the chord. 
The agreement between the indicia! approach and the 
TURNS code is excellent at the subsonic lvlach num
bers, and these results essentially confirm the validity 
of linearity for BVI, at least under these conditions. 
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Figure 5: Comparison with TURNS result for a subsonic 2-D vortex-airfoil interaction, f' 
-0.26c, M = O.G and M = 0.65 

For the higher Mach number of 0.8, as shown in 
Fig. G, the flow mildly exceeds the critical Mach num
ber of this NACA 0012 section. However, the agree
ment in terms of peak-to-peak lift and phasing of the 
lift is still good, and much better than could possi
bly be obtained using the Ki.issner function, which 
will overprcclict the pcmk-to-peak lift and the slope. '17 

However, the results also show that with the in(li
cial method there is a somewhat larger lift overshoot 
doww;troam of the airfoil trailing-edge compared to 
that predicted by TURNS. This is clue to the super
fionic pocket on the upper surface, which plays a role in 
delaying forward propagation of pressure disturbances 
from th(; adjustments taking plrtce in the trailing-edge 
region. Such effeets eannot be easily represented us
ing the indicia! method and, therefore, tho occurrence 
of significant transonic How defines an upper bound 
of applicability to the inclicial method. However, as 
shown by Ballhaus, 42 even for the transonic condi
tions linearity can hold so long as flow perturbations 
are small relative to the mean operating state. 

It will aJso be seen from the results in Figs. 5 and 6 
that the effects of increasing Nlncl1 number serves to 
attenuate the peak-to-peak value of the lift response, 
which is exactly opposite to that given by incompreHs
ible unsteady theory even with a Glauert correction. 
Furthermore, it is apparent that the effects of increas
ing I'vlach number introduces a larger phase la.g in the 
lift response (the slope is less during the interaction)) 
and this obviously becomes a significant consideration 
for accurnJ;n noise predictions since these depend on 
the time rate-of-change of the airfoil Hurface pressures. 

:l-D DVI Problem 

The ~~-D BVI problem is considerably more compli
cated than for the 2-D case discussed above. Besides 
the Llct that now both trailed as well as shed vorticity 
appears in the wake of the blade) tlw elements of t!w 
rotating blades travel at different velocities relative to 
the vortex flclcl so the unsteady flmv adjustments on 
the blades take place over diflerent time scales ·when 
viewed in terms of rotor time (1/J). Obviously for an 
actual helicopter) when multiple blades and their as-
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Figure 6: Comparison with TURNS result for a mildly 
transonic 2-D vortex-airfoil interaction, f' = 0.2, Yo = 
~-·0.26c, M = 0.8 

sociatecl tip vortices are involved, identifying individ
ual BVI events and their assoeiated time-scales to the 
point of validating an aerodynamic model is basically 
impossible. Here, besides the unsteady aerodynamic 
model) a key clement in the problem is predicting the 
tip vortex strengths and locations relative to the rotor 
bh"tcles. This is a problem unto itself that has not yet 
been completely resolved. 

To eliminate the uncertt."tinties associated with the 
rotor wake, several simpler I3VI experiments with ro
tors have been conducted in the controlled environ
ment of wind-tunnels. These experiments include the 
work of Surenclraiah, 5° Caradonna et al., 51 Kokkalis 
et o.l. 52 and Seath et al. s:~ These experiments arc 
basml on rigid non-articulated one or two-bladed ro
tors that encounter an isolated line vortex generated 
upstream of the rotor. The rotors are operated at 
nominally zero thrust) thereby minimizing the self
generated wake and allowing the effects of the gener
ator vortex on the blade airloacls and acoustics to be 
studied, essentially in isolation. 

80-8 



Although the above cited works have concentrated 
on similar problems, the recent work of Kitaplioglu 
and Caradonna 5'1• 55 is probably more useful for val
idating the BVI aeroacoustics problem because both 
unsteady blade loads and acoustic pressures were mea
sured simultaneously. The results for eight combina
tions of vortex sign and vortex location relative to the 
rotor have been documented, although only a subset 
of these cases will be discussed in the present paper. 

In the Kitaplioglu and Caradonna experiment, a 
two-bladed rigid rotor encountered a vortex (gener
ated by a wing placed about three rotor radii upstream 
of the rotor shaft) of measured strength and location 
rel<.ttive to the rotor. The BVI event took place over 
tlw upstream edge of the rotor disk, where the blade 
was effectively parallel to the longitudinal axis of the 
generator vortex. While BVI may be expected on the 
downstream blade as well, the effects of the hub were 
known to diffuse the vortex and no significant BVI was 
apparent in the measured airloads near 1/J = 0. The 
location of the generating vortex relative to the ro
tor (blade) was changed by adjusting the position of a 
generating wing, with the vortex sign and strength be
ing changed by altering the wing angle of attack. For 
the prcsm1t work, a non-dimensional generator vortex 
strength off = !'/(V00 c,.,f) = 0.36 was used with a 
vi~cous core size that was 5% of the generating wing 
chord, Cref, these parameters being based on the mc-m
surements of Taka,hashi and McAlister. 5G In addition, 
the tangentia.l (swirl) velocity of the vortex has been 
t<mnd to closely correspond to Eq. 17. 

Unsteady Airloads 

The unsteady airloads on the rotor were moddecl by 
applying the indicial method at ao radial stations 
along the blade. Inclueecl effects from the neax trailed 
wake were modeled by means of a VVessinger L-type 
method. In this app"roach the three-dimensional span
wise loading (therefore induding both trailed and shed 
wake effects) is computed by an influence function 
method) requiring the solution of a set of coupled lin
car simultaneous equations at each time step. The 
indicial functions are integrated into the right-hand
side of these equations. This approach is typical of 
that used in comprehensive rotor codes. The unsteady 
airloncls were measured with 60 pressure transducers 
that \vere distributed over three spanwise stations at 
77% 1 88% and 95% of blade radius. Since the indicia! 
approach requires integrated airloads, the chordwise 
pressures measured at the three radit_d blade loo_ttions 
were numerically integrat<-;cl. 47 

The time- histories of the unsteady normal force co
efficient at the three radial sta.tions on the reference 
bladl~ arc shown in Fig. 71 and the corresponding span
wise loading is shown in Fig. 8 for the case where 
tlw gcnma.tc)r vortex has a negative strength and with 
the vortex passing 0.25 chords below the blade. Re
sults are shown ·with the indicial method and by using 
TURNS directly. While the ovemll agreement of the 
predietions with experimental airloads data was found 
to be goocl 1 with the indicia! method there was a ten
dency to over-predict the peak-to-peak amplitude of 
the unsteady a.irloacls. The TURNS code gives uni
fonnly excellent predictions, although this is at the 
expense of about five orders of magnitude in terms of 
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Figure 7: Comparison of indicia.l results during a 3-D 
BVI with experimental measurements of sectional nor
mal force n.t three spa.nwisc~ stations) 1VI1.ip = 0.7, zv = 
-0.25 

computational cost. 
Like the 2-D case, the airloacls varied rapidly with 

respect to rotor azimuth position, changing sign as 
the blade passed from one side of the vortex to the 
other. Although the BVI event in this case is nomi
nally parallel, successive parts of the blade encounter 
the vortex over a finite range of azimuth angles with 
the interaction effectively sweeping from the root of 
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the blade out townrd the tip. Under these conditions 
some three-dimensionality is produced, and this can 
be seen in the spanwise loading of F'ig. 8 just after the 
DVI at 1)1 = 180°. Since the blade is untwisted the 
en distribution is nominally hyperbolic, but because 
the flow adjustments take place over a finite number 
of chord lengths of airfoil travel, the adjustments ill
board take place over a greater ehange in 1/J. Recall 
that it is the slope of the. Cn curve or the time rate
of-change of the airloads during the interaction t.hat is 
irnportclnt from the perspective of the acoustics. In
cornpressiblc unsteady theory will alwnys over-predict 
this slope, therefore, it will nl1:1o ovcrpredict the mag-· 
nitude of the acoustic pulse. 

Acottstics 

As described in HdB. 54 a,nd GrJ, the acoustics wew 
measured by arrays of microphones located both in 
the ltc<-lr-f-idd (roughly O.G of rotor radius away) aucl 
the far-f-ldd (roughly 3 rotor radii away) relative to 
the rotational axis, with both microphone sets on the 
retreating side of the ·rotor. In general, both the ncar
field a11cl fa,r-Helcl ctcoustics an: sensitive to tlte plwsi11g 
of th<: Hnstcady airloads during the BVI. In addition, 
the duration and pluu.;ing of the BVl event along the 
blade, the Doppler magnification, and the dist<lllce 
of the event to the microphone location combine to 
produce the net sound pressure signature at a given 
time. The thickne::>s sound pressure further combines 
with the loading term, resulting in small variations 
in phasing that can significantly affect the net noise 
signature. 

Tit , cf-Fed.s of the thiekness and loading terms can he 
:; ,.L( ':, ,, i1y computing the iustantnneous acoustic 
f-ield, examples of which arc shown in Figs. 9 and 10. 
These results were computed for 2 rotor radii !H:luw 
tlw rotor plane (z/ R = --2.0) on a JGJ by lGl grid 
of =1::81?:. In this case the generator vortex was 0.2G 
chords bdO\V the rotor plane ttnd with a negative cir
culation. Note from these figures the prolifcratiou of 
acoustic waves generated by the rotor, The thickness 

noise, which is shown in the left of Fig. 9, consists of 
crescent shaped wave fronts that spiral away from the 
rotor tips along the characteristic curves. The loading 
noise due to the BVI event is shown in the right of 
Fig. 9. The BVI occurs over the front of the rotor; at 
the rear of the rotor the generator vortex is diffused 
and no significa.nt BVI occurs. Therefore, in the mod
eling the vortex was assumed to terminate at the hub. 
Acoustically the single BVI event produees an almost 
sph~)rica! wave front that propagates at the speed of 
sound, and appears in Fig. 9 as a growing circular ring 
as the wave front intersects the measurement plane. 

Figure 10 shows the net acoustic contours, where 
the thicknes::; and loading terms arc combined. Since 
the n-)spectivc wave fronts have different intensities 
aud different oricntrd;ions to crtch other, the combined 
eHcct on the ~lcoustie Held is quite complicated. Note 
that the spira.l (thickness noise) and circular (BVI 
loading noise-)) wave fronts combine in some locations 
of the ac:oustie field but reinforce in other regions, 
thereby leading to a strong directivity pattern. Cal
culations of the acoustic contours for this problem are 
also given by Strawn et at. 10 using CFD coupled with 
the Kirchhoff method. 

The <:\coustic directivity pattern can be examined 
using the sound pre0surc level (SPL). Results are 
shown in Figs. 11 for an :c- z plane 3 rotor radii away 
on the retreating side of the rotor and also on a x- y 
plane 3 radii bdow the rotor. The thickness noisB is 
focused in tlw rotor plane and is most intense when 
the blade tip is advnneing toward the observer. This 
is clue to t.hc Doppler factor that appea.rs in all three 
terms in the FVV-H ctluntion. The thickness SPL is 
distribttte<l symmetrically above and below the rotor, 
and drops off quickly in intensity \vhen moving out of 
the rotor plauc. Accordingly) there is little thickness 
noise b<:low the rotor (!XCept in the far-field 1 but this 
is of very low intensity since it drops off like 1/R. 

U1dike the thickness noise, the BVI loading noise 
is distributed nnti-symmetricaJly with the sign chang
ing depending on whether the observer location is be
low or above the rotor plane. VVith a negative vortex 
Htrength, ·which generates the airloacls shown previ
oufily in Fig. 7) there is a positive sound pulse pro
duced above the rotor nnd a negative pulse below. The 
net cfl'cd of these SPL directivity patterns is shown in 
Fig. 11, such that when the thickness and I3VI loading 
noise sources arc combined the terms reinforce above 
the rotor -whereas below the rotor they partially can
cel. ri'he rc::;ult in this case is well fuc:usccl sound pres
sure levels above the rotor plane. Of course, the result 
is reversed by changing th~ .~ign of the generator vor
tex whereby the noise witt become focused below the 
rotor plane. 

Further cktails of the sound field cau be under
stood from the time~ histories at specific points. Sam
ple predictions of the time-histories of the near-field 
sound pressure arc ;.;hown in Fig. 12 and ;;u·(_: com
pared \Vith acoustic pressures computed using the 
'l'OHNS code. rl'r In t;hc first ca:·:>e, the indicial method 
givci::i excellent agreement. with the: test data whereas 
TURNS ov~:rpreclicts Llw peak-to-peak pressure. How
ever, TUH.NS produces a better correlation with the 
tnst data at the trailing-edge of the pulse. This is 
expcct(-~d due to the more complicated nature of the 
flow physics on the blade in this region, which involves 
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Figure 9: Acoustic waves produced by the rotor at -lj;b = 30°, lvfup = 0.7,zv = -0.25. Left: Thickness noise. 
Right: Loading (BVI) noise. 1G1 by 1G.l grid, ±8R from rotor. 

Figure 10: Acoustic waves produced by the rotor, including both thickness and loading noise, lvltip = 0.7,zv = 
-0.25. Left: Just after BVI event. Right: Later time showing propagation of BVI wave front. 161 by 161 grid, 
:!::SR. from rotor. 

Figure 11: SPL directivity patterns frotn rotor, iHup ::.-::: 0.7, Z1) = ··-0.2G. Left: y = -~~n, :c- z plane, retreating 
side of rotor. Right: z = -3R, x - y plane, below rotor. ±5R from rotor. 
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Figure 13: Far-field acoustic pressures at microphone 3, zjc = -0.25. Left: l' = -0.36. Right: f' = 0.36 

the three-dimensional upstream propagation of pres
sure disturbances from the trailing-edge and tips of 
tlw blade. This effect is not explicitly represented 
in the indicia! method. The slight phase shift in the 
CFD rc::>tdts is due to a. 0.11 chord lateral offset in 
the nssmncd location of the generator vortex, a fact 
that only became apparent after the CFD calculations 
had been performed. Note that tlw acoustic pulse is 
received at the near-field microphone locations only 
about 10 degrees after the BVI event. In the second 
case, with tho opositc sign on the generator vortex) 
both methods underprecliet the minimum pressure but 
the pulse shape is essentially correct in both cases. 
Agaln) as expected, TURNS gtve a. better agreerncnt 
a.t the trailing-edge of the pulse. 

The far-field acoustics arc considerably less in over
all intensity, the peak sound pressures being about 
20 dB lower than in the near-field. Referring to 
Fig. 13, not(>. that the time-histories of the acoustic 
pressm·c~.; take on the characteristie positive or nega
tive going pulse (depending on the sign of the gener
ator vortex) that has become well known as typical 
of BVI. L. 2 There are two acoustic pulses per rotor 
revolution because each blade intera.cts with the gen
erator vortex 180-dcgrecs apart. Because of the lower 

intensity sound pressures, the far-field sound pressures 
levels exhibit more ((noise," in part, clue to reflections 
from the wind-tunnel walls. It will be seen that in 
the far-field the pressure pulse is received some 140 
degrees of blade rotation after the BVI event. Only 
a mild directivity existed for the four microphones in 
the far-field, so the magnitude and pulse shape of the 
sound pressure was much the same for all of the micro
phones. Figure 13 indicates that the current predic
tions are in good agreement with the measured values. 

An approach has been described to calculate the 
neroacoustics of BVI using the inclicial method. Com
parisons with CFD results for model 2-D problems 
show that the unsteady lift on an airfoil during en
counters with vortices in subsonic flow can be com
puted ElCCun.ttcly using indicia! methods. From the 
results given in this paper it has been shown that both 
the magnitude and phasing of the unsteady airloads 
are sensitive to compressibility effects during a BVI 
encounter. One advantage of the indicia! method is 
computational efficiency being approximately four to 
five orders of magnitude faster than a CFD based anal-
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ysis. Another advantage is that the airloads can be 
written in a numerical form that lends to implemen
tation inside a comprehensive rotor analysis, and also 
potentially to active acoustic control formulations. 

When integrated into a 3-D rotor simulation with 
the use of the acoustic analogy in the form of the FW
H equation, the indicia! method has provided good 
agreement with unsteady airloads measured on the 
blades during a BVI event. Both the near and far-field 
acoustic pressures were found to be predicted with 
good accuracy. In all cases, the essential character 
of the acoustic signature was well represented. Along 
with the attractive computational bEmefits, such levels 
of correlation obtained give considerable credibility to 
the indicial approach for aeroacoustic studies, and it> 
currently forming the framework for ongoing work in 
the area of active acoustic control. 
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