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Abstract

In this study, an analytical approach is devel-
oped to evaluate the influence of material uncer-
tainties on cross-sectional stiffness properties of
thin-walled composite beams. Fuzzy arithmetic
operators are used to modify the thin-walled
beam formulation, which was based on a mixed
force and displacement method, and to obtain
the uncertainty properties of the beam. The
resulting model includes material uncertainties
along with the effects of elastic couplings, shell
wall thickness, torsion warping and constrained
warping. The membership functions of material
properties are introduced to model the uncer-
tainties of material properties of composites and
are determined based on the stochastic behav-
iors obtained from experimental studies. It is ob-
served from the numerical studies that the fuzzy
membership function approach results in reli-
able representation of uncertainty quantification
of thin-walled composite beams. The propaga-
tion of uncertainties are also demonstrated in
the estimation of structural responses of com-
posite beams.
Authors keywords: A. Uncertainty; B. Com-
posite material blades; C. Vibratory hub load

INTRODUCTION

Thin walled composite beams have been exten-
sively used in engineering structures, such as he-

licopter blades, wings, trusses in space struc-
tures, antenna legs, submarine hulls, cooling
tower shafts, medical tubing, connecting shafts,
transmission poles, tail boom of helicopter, tube
like structures in missiles and launch vehicles.
Composite materials display superior fatigue
characteristics, greater damage tolerance, and
higher stiffness to weight ratio over the conven-
tional metal materials. However, these materials
show a larger variation in material properties
and mechanical behavior, due to the presence
of large design variables, variable manufactur-
ing tolerances, and lack of experience and pre-
cise test data. These variations essentially in-
crease the level of uncertainties encountered in
the design and construction stages of compos-
ite materials which needs thorough investigation
to understand reliability of structures with suf-
ficient confidence. Some studies show that even
relatively minor levels of variability existed in
system parameters, loads, and boundary con-
straints can induce significant changes in the
system stability [13,14,16].

Generally, stochastic approaches [2,15,21,22] are
used to quantify the scatter in composite ma-
terials. These approaches needs exact probabil-
ity distribution of uncertain parameters which
might need considerable amount of data which
is either impossible or unrealistic. In some cases,
it is difficult to fit well-defined probability dis-



tribution to the basic constituent properties
such as fiber modulus, fiber longitudinal tensile
strength, ply thickness and unidirectional lami-
nate strength. This type of problems can be han-
dled using a fuzzy set with specific preference
values for different values in the observed range
of that variable to model behaviors accurately.
Fuzzy approach can also be used when the un-
certain parameters are described in a qualita-
tive or linguistic form. Fuzzy approach can be
considered, in some sense as the most general
type of uncertainty analysis. Computational ef-
forts required for stochastic analysis are quite
high as compared to the fuzzy analysis [10].

Fuzzy approach for uncertainty analysis faces
various challenges due to limited understanding
of the meaning of fuzzy numbers and definition
of their applications [5]. Another challenge is to
understand the relation of fuzzy numbers to con-
ventional uncertainty modeling approaches. It is
well accepted that the fuzzy set theories have
a sound mathematical foundation as compared
to probabilistic theories except the problem of
less clarity and understanding of semantics [5].
Rao and Sawyer [17] developed a fuzzy finite el-
ement approach for imprecisely defined systems
which was demonstrated for stress analysis prob-
lems involving vaguely defined geometry, ma-
terial properties, external loads, and boundary
conditions. Further, Chen and Rao [3] demon-
strated use of fuzzy approach for improving com-
putational effectiveness for the analysis of prob-
lems involving dynamics. The use of fuzzy ap-
proach for problems involving uncertain bound-
ary conditions was demonstrated by Cherki et
al. [4]. Akpan et al. [1] developed a practical ap-
proach for analyzing the response of structures
with fuzzy parameters by integrating finite ele-
ment model with response surface analysis and
fuzzy analysis. Savoia [20] proposed a procedure
to perform reliability analysis using extended
fuzzy operation and demonstrated for buckling
problem with very few data defining the imper-
fection. Massa et al. [11] developed an efficient
methodology to calculate fuzzy eigenvalues and
eigenvectors of finite element structures defined
by imprecise parameters. Similarly, Moens [12]

introduced a numerical algorithm to calculate
frequency-response functions of damped finite
element models with fuzzy uncertain parame-
ters.

Although several problems have been solved
using fuzzy approach in structural mechanics,
this approach was not much explored for the
composite structures. Rao and Liu [19] pro-
posed fuzzy approach to the mechanics of fiber-
reinforced composite materials. They used ba-
sic fuzzy operations to modify the composite
mechanics starting from the fuzzy properties of
fiber and matrix of lamina to obtain member-
ship functions of stresses in transverse and lon-
gitudinal loading conditions. They have also de-
rived the laws of mechanics using fuzzy approach
for obtaining fuzziness in the coefficient of lin-
ear thermal expansion and stress-strain relation-
ships of thin orthotropic lamina. Further, Liu
and Rao [10] developed a fuzzy finite element ap-
proach for the analysis of laminated beams, in-
volving fuzziness, possibly in the boundary con-
ditions as well which can undergo axial, bend-
ing, and transverse shear deformations. They de-
veloped a fuzzy beam element using the basic
concepts of the deterministic finite element the-
ory, fuzzy computations and fuzzy matrix oper-
ations. The use of fuzzy beam element was nu-
merically demonstrated for the static and eigen-
value analysis of beams involving imprecise data
or information.

Several thin walled beam theories have been de-
veloped in the literature based on stiffness, flexi-
bility and mixed beam approaches [6,7,8,9]. Un-
certainty modeling in these beams is less ex-
plored area which was initiated by Murugan
et al. [13] for finding the effects of uncertainty
in composite material properties on the cross-
sectional stiffness properties, natural frequen-
cies and aeroelastic response of a composite he-
licopter rotor blades. The elastic modulii and
Poisson’s ratio of the composite material were
considered as random variables with coefficient
of variation around 5 percent. A finite element
method based on variational asymptotic proce-
dure is used for evaluating the blade cross
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-sectional properties. In another study by You
et al. [23], an assessment was made to quan-
tify the influence of random material proper-
ties and fabrication / manufacturing uncertain-
ties on the aeroelastic response and hub vibra-
tory loads of composite rotor blades. The ran-
dom variables include lamina stiffness proper-
ties, ply thicknesses and fiber orientation angles
of the laminate structures, and the elastic-axis
offset from the aerodynamic center in the section
of the blade. Both these studies were based on
Monte-Carlo approach which is computationally
cumbersome and give less understanding about
propagation uncertainty. Fuzzy approach which
helps to overcome these drawbacks of Monte-
Carlo simulation can be promising methods for
modeling uncertainty in the thin walled beam
structures.

In this study, fuzzy approach is used for uncer-
tainty analysis of thin walled composite beams
whereby the basic fuzzy arithmetic operations
are used to derive a closed-form solution for thin
walled composite beam structures with uncer-
tainties in material properties. The closed-form
solution for thin walled composite beam is ob-
tained using a mixed force and displacement method.
The formulation includes the effects of elastic
coupling couplings, shell wall thickness, trans-
verse shear deformation, warping, and constrained
warping. The force-displacement relation of the
beam is obtained using Reissners semi-complementary
energy functional. The approach is demonstrated
using the membership functions of material prop-
erties to obtain the membership functions of cross-
sectional stiffness properties and performances
of the beam.

FUZZY ARITHMETIC OPERATIONS

Fuzzy arithmetic operations for α-cut are ex-
plained briefly in this section. The α-cut Aα of
A which is fuzzy set of crisp values X is origi-
nal set of membership values greater than some
threshold α ∈ [0, 1].

The typical fuzzy arithmetic operations involved

in the derivation of mathematical expression in-
clude fuzzy addition, subtraction, multiplication,
and division. While deriving these expressions
these operations are denoted as (∗∗), where ∗∗
represents deterministic arithmetic operations such
as +,−, ∗, /. For example, if + denotes the de-
terministic addition, then the (+) represents the
fuzzy addition. The fuzzy arithmetic operation
of two fuzzy numbers Aα = [aα

1 aα
2 ] and Bα =

[bα
1 bα

2 ] is defined as [19]

Addition (+)

Aα(+)Bα = [aα
1 + bα

1 aα
2 + bα

2 ] (1)

Subtraction (−)

Aα(−)Bα = [aα
1 − bα

2 aα
2 − bα

1 ] (2)

Multiplication (·)

Aα(·)Bα = [min(aα
1 bα

1 , aα
1 bα

2 , aα
2 bα

1 , aα
2 bα

2 )

max(aα
1 bα

1 , aα
1 bα

2 , aα
2 bα

1 , aα
2 bα

2 )] (3)

Division (/)

Aα(·)Bα = [min(
aα

1

bα
1

,
aα

1

bα
2

,
aα

2

bα
1

,
aα

2

bα
2

)

max(
aα

1

bα
1

,
aα

1

bα
2

,
aα

2

bα
1

,
aα

2

bα
2

)] (4)

The powers of fuzzy numbers are computed by
repetitive multiplication operations whereas sum-
mation is computed by repetitive additions. Fuzzy
trigonometry operations for Xα = [xα

1 , xα
2 ] can

be computed using.

sin(Xα) = [min(sin(xα
1 , sin(xα

2 ))] (5)

cos(Xα) = [min(cos(xα
1 , cos(xα

2 ))] (6)

The multiplication of deterministic number k ∈
R+ with fuzzy number Xα = [xα

1 , xα
2 ] can be
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Figure 1. Geometry and coordinate systems of a
composite box beam.

given as

k(·)(Xα) = [k, k](·)[xα
1 , xα

2 ] = [k · xα
1 , k · xα

2 ](7)

FUZZY THIN WALLED BEAM THEORY

Fuzzy arithmetic is used to derive the closed-
form force-displacement relation of thin walled
composite structure shown in the Figure 1. The
beam coordinate system represented using Carte-
sian system (x,y,z) whereas the curvilinear sys-
tem (x,s,n) is used for the shell section of the
beam as shown in Figure 2. The global fuzzy de-
formations of the beam are represented as (Uα, Vα, Wα)
along the x, y and z axes and the fuzzy elastic
twist as φα. The midplane fuzzy shell deforma-
tions are (u0

α, v0
tα, v0

nα) along the x, s, and n di-
rections, respectively which can be represented
using beam displacements and rotations:

v0
tα = Vα(·)y,s(+)Wα(·)z,s(+)rφα

v0
nα = Vα(·)z,s(−)Wα(·)y,s(−)qφα (8)

The strain-displacement and curvature-displacement
relations for the shallow shell segment are given
by

Figure 2. The definition of beam and section vari-
ables
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γxnα = γxyαz,s(−)γxzαy,s (9)

and
{

kxxα

kssα

kxsα

}

=

{

Ψ0

x,xα

Ψs,sα

Ψx,sα(+)Ψs,xα

}

=

{

−v0

n,xxα

−vn,ssα

−2v0

n,xsα(+)γxn,sα

}

(10)

Where Ψxα and Ψsα are the fuzzy rotations of
a general shell segment about s and x coordi-
nates, respectively. The fuzzy cross-section ro-
tations βyα and βzα about the y and z axes can
be obtained using the fuzzy shear strains of the
beams γxyα and γxzα, respectively.

βyα = γxzα(−)Wxα

βzα = γxyα(−)Vxα (11)

Using the beam-shell displacement, strain-displacement
and shell rotation relations, the fuzzy shell strain-
beam displacement relation can be given as

ǫxxα = U,xα(+)zβy,xα(+)yβz,xα − ω̄φ,xxα

γxsα = u0
,sα(+)V,xαy,s(+)W,xαz,s(+)rφ,xα
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kxxα =βz,xαz,s(−)βy,xαy,s(+)qφ,xxα

kxsα =2φ,xα(+)(βzαy,s(+)βyαz,s(−)rφ,xα)/a

ǫss = kss = 0 (12)

Where ω̄ is the sectorial area of the section. The
strain-displacement relations have used follow-
ing geometrical relations

y,s =cos θ, z,s = sin θ

y,ss =−z,s/a, z,ss = y,s/a (13)

r = y sin θ − z cos θ, q = y cos θ + z sin θ

The general constitutive relation for the shell
wall of the section with fuzzy α-cut is given by
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Where Aijα, Bijα, Dijα(i, j = 1, 2, 6) and Aijα

are the fuzzy inplane, bending-inplane coupling,
bending or twisting, and thickness-shear stiff-
ness, respectively.

(Aijα, Bijα, Dijα) =
∑

m

zαm+1
∫

zαm

Q
(m)
ijα (·)(1, zα, z2

α)dz,

Aijα =
∑

m

zαm+1
∫

zαm

kikjQ
(m)
ijα dz, (i, j = 1, 2, 6)(16)

The material and ply orientation uncertainty or
fuzziness can be introduced to the constitute
relation through Q

(m)
ijα , stiffness coefficients of

mth layer in the shell wall sections [19]. The ply
thickness uncertainty can be introduced through

zαm, the distance from the midplane to the lower
bottom surface of the mth layer [19].

With the assumption that the hoop stress flow
Nssα and the shear flow Nsn are negligible, the
constitutive relation reduces to















Nxxα

Nxsα

Mxxα

Mssα

Mxsα















=









A
′

11α
A

′

16α
B

′

11α
B

′

12α
B

′

16α

A
′

16α
A

′

66α
B

′

16α
B

′

26α
B

′

66α

B
′

11α
B

′

16α
D

′

11α
D

′

12α
D

′

16α

B
′

12α
B

′

26α
D

′

12α
D

′

22α
D

′

26α

B
′

16α
B

′

66α
D

′

16α
D

′

26α
D

′

66α









(·)















ǫxxα

γxsα

kxxα

kssα

kxsα















(17)

and

Nxnα = A
′

55α(·)γxnα (18)

The terms with the primes are obtained after
condensation of matrix with the assumptions
that the Nssα = 0 and Nsnα = 0. As the for-
mulation is based on 1) displacement based pa-
rameters ǫxxα, kxxα, kxsα and γxnα along with 2)
force based parameters Nxsα and Mssα derived
from equilibrium equations of shell wall, the con-
stitutive equation takes following semi-inverted
form
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The beam formulation is developed based on the
semi-inverted matrix using Reissner functional
ΦRα

ΦRα =
1

2
[Cnǫα(·)ǫ2

xxα(+)2Cnkα(·)kxxα(·)ǫxxα(+)

Cnφα(·)kxsα(·)ǫxxα(+)2Cnγα(·)Nxsα(·)ǫxxα(+)

Cnτα(·)Mssα(·)ǫxxα(+)Cmkα(·)k2
xxα(+)

2Cmφα(·)kxxα(·)kxsα(+)2Cmγα(·)kxx(·)Nxs(+)

Cmτα(·)kxxα(·)Mssα(+)Cφφα(·)k2
xs(+)

2Cφγα(·)kxs(·)Nxs(+)2Cφτα(·)kxs(·)Mss(+)

Cxnα(·)γ2
xnα(−)Cγγα(·)N2

xsα(−)

2Cγτα(·)Nxsα(·)Mssα(−)Cττα(·)M2
ssα] (20)
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The Reissner functional is used to obtain the
stiffness matrix relating beam forces to beam
displacements

δ

l
∫

0

∮

{ΦRα(+)γxsα(·)Nxsα(+)kss(·)Mss}dsdx = 0(21)

Integrating above equation by part with x and
substituting using shell strain- beam displace-
ment relation results in equilibrium equations of
an element of the shell wall. Using these equilib-
rium equations along with continuity conditions
results in shear flows and hoop moments vectors
{nα} as [8]:

{nα} = [Qα]−1(·)[Pα](·){qα} = [eα](·){qα}(22)

Where {qα} is a generalized beam displacement
vector given as

{qα} = [U,xα βy,xα βz,xα φ,xα φ,xxα]T (23)

Substituting the hoop stress and hoop moment
relations in the Equation 21, the cross-sectional
stress resultants can be obtained as

Nα =
∮

Nxxαds

Myα =
∮

(Nxxαz(−)Mxxαy,s)ds

Mzα =
∮

(Nxxαy(+)Mxxαz,s)ds

Mωα =
∮

(−Nxxαω̄(+)Mxxαq)ds (24)

Tsα =
∮

2Mxsαds

Where Nα is the axial force, Myα and Mzα are
the bending moments about y and z axes, re-
spectively, Tsα is the St. Venant twisting mo-
ment and Mωα is the Vlasov bi-moment. By Sub-
stituting strain-displacement relation and semi-
inverted constitutive relation in Equation 24,
the resultant beam force-displacement relation

is obtained as

{Fα} = [Kα](·){qα} (25)

Where {Fα} is the generalized beam force vector
given as

{Fα} = [Nα Myα Mzα Tsα Mωα]T (26)

The stiffness matrix [K]α is inclusive of the un-
certainties and fuzziness at α-cut. It can be noted
that with the introduction of fuzzy arithmetic
for the mixed beam thin walled composite ap-
proach [8] derived for deterministic structure can
be converted for estimating the uncertainties in
the thin walled structures without loss of gen-
erality. It can also be noted the flow of uncer-
tainty introduced in the constitutive relation of
the shell wall propagates in the final beam force-
displacement relation of thin walled beam struc-
ture.

NUMERICAL RESULTS

The fuzzy membership functions of material prop-
erties are developed using the stochastic behav-
ior of composite materials available in the lit-
erature. Based on these membership functions,
the membership functions of the cross-sectional
stiffness properties which are out-of-plane bend-
ing rigidity EIyα, inplane bending rigidity EIzα

and torsional rigidity GJα of a thin walled beam,
are obtained. The mean and coefficient of vari-
ation (COV) of experimental values [2,21,22] of
E1, E2, G12 and ν12 for graphite/epoxy material
are given in Table 1. Uncertainty propagation
through fuzzy membership function is demon-
strated using a thin walled box beam modeled
as a single-cell box beam with outer width =
203.2 mm and outer depth = 38.1 mm, having
28 plies with ply thickness =0.127 mm and a
balanced layup as [04/(15/− 15)3/(30/ − 30)2]s
in all the walls.

The thin walled beam theory modified using fuzzy
approach for uncertainty analysis is used for ob-
taining membership functions of cross-sectional
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Table 1
Stochastic material properties of graphite/epoxy

Material properties Mean COV

E1 141.9 GPa 3.39

E2 9.78 GPa 4.27

G12 6.13 GPa 4.27

ν12 0.42 3.65

Table 2
Statistics of cross-sectional stiffness values

C/S Stiffness Mean (Nm2) COV

EIy 47.8e3 6.1

EIz 761e3 6.1

GJ 22.8e3 5.7

stiffness properties for given material proper-
ties in terms of their membership functions. The
membership functions of material properties are
used for transmitting the uncertainty to A,B, D
matrices as given in Equation 16.

As shown in Equation 14 and 15, the member-
ship functions of A,B, D transmit the uncer-
tainties to the cross-sectional stiffness proper-
ties of thin walled composite beams. The results
obtained through fuzzy thin walled beam anal-
ysis developed in this study as a membership
functions of cross-sectional stiffness properties of
composite box beam are shown Figure 3. From
the figure, it is noted that the distributions of
membership functions of cross-sectional stiffness
properties remain almost same as that of distri-
butions of material properties. However, COV
values are changed as shown in Table 2.

Further, to demonstrate the propagation of un-
certainty in the performance of the thin walled
beams, the fuzzy membership functions of cross-
sectional stiffness properties are used to find out
the uncertainty propagation in the slopes of the
beam under out-of-plane, in-plane and torsion
loading. Typically, the tailored composite beams
will have bending-torsion couplings for which
the force-displacement matrix given in Equation
25 reduces to
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Figure 3. Membership functions of cross-sectional
stiffness properties
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The force-displacement relation given in Equa-
tion 27 gives the formulas for out-of-plane bend-
ing, in-plane bending and torsion under unit load
as shown in Equation 28. From these formulas,
it can be noted that if the couplings term be-
comes negligible, the performance of the beam
is only a function of the rigidity in that direction.
However, in presence of coupling term, the mem-
bership function of the performance becomes a
function of membership functions of bending and
torsion rigidities along with membership func-
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Figure 4. Beam slopes and along the span for vari-
ous α-cut values

tion of coupling term. Figure 4 shows bending
slopes and twists of a cantilever beam having
a span of 5m under unit loading for four α-cut
values of 1, 0.6, 0.3, 0.05. The membership func-
tions of tip slope and twist are shown in Figure
5.

φyα =L2/2(EIyα(−)K24α(·)K24α(/)GJα)

φzα =L2/2(EIzα(−)K34α(·)K34α(/)GJα)

φsα =L/(GJα(−)K24α(·)K24α(/)EIyα(−)(28)

K34α(·)K34α(/)EIzα)

To demonstrate the interaction of coupling terms
with the beam performance, a thin walled beam
is modified to generate inplane bending-torsion
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Figure 5. Membership functions of tip slopes for out
of plane bending, inplane bending and twist per unit
load

coupling K34α without affecting the values of
bending and torsion rigidities. The beam with
coupling will have top and bottom wall layup as
[04/(15/−15)3/(30/−30)2]s, right wall layup as
[04/(−15)6/(30/ − 30)2]s and left wall layup as
[04/(15)6/(30/ − 30)2]s. The membership func-
tion of the resulting coupling term is shown in
Figure 6. It is observed that the membership
function of coupling term shows normal distri-
bution with mean value of 8177 N -m2 and COV
of about 4.9%. The membership functions of tip
slope and tip twist for this case are shown in
Figure 7.

CONCLUSIONS

This study demonstrated use of fuzzy approach
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torsion coupling term
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Figure 7. Membership functions of tip slope for in-
plane bending and tip twist per unit load for beam
with coupling

for modifying the thin-walled beam analysis to
get the uncertainty propagation in cross-sectional
stiffness properties. The basic fuzzy arithmetic
operations were used to derive a closed-form so-
lution for thin-walled composite beam with un-
certain material properties. The closed-form so-
lution for thin-walled composite beam was ob-
tained using a mixed force and displacement method.
Through numerical results it was demonstrated
that using the fuzzy membership functions of
material properties, membership functions of cross-
sectional stiffness properties viz. bending and
torsional rigidities could be obtained. It was ob-

served that the resulting membership functions
show similar distribution as that of input mem-
bership functions whereas the COV values were
increased. Further, it was also demonstrated that
the bending and torsional rigidities could be used
for estimation of membership functions of beam
responses under out-of-plane bending, inplane
bending and torsion loading. Finally, it was shown
that in case of elastic coupling, the response was
influenced by membership functions of bending
and torsional rigidities along with membership
function of coupling term. This study gives an
example of rederiving existing analytical expres-
sions [8] using fuzzy approach to incorporate un-
certainties in the responses analytically. As com-
pared to Monte-Carlo method which required
about 6000 runs of beam stiffness evaluations
[23], current fuzzy approach needs just 20-50
runs of thin walled beam code. Hence, it can
be concluded that the fuzzy approach helps in
improving computational efficiency.
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