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Abstract

Four different semi-empirical vortex models, namely the Rankine, Taylor, Scully and Vatistas vortices are applied

to the analysis of airfoil-vortex interaction in order to understand their effect on the aerodynamic and aeroacoustic

predictions. Two interaction problems are analysed, considering the NACA0012 airfoil first in subcritical and then

in supercritical conditions. The aerodynamic analysis is performed using an Euler solver with a second order upwind

finite-volume scheme in space and second order accurate implicit time integration using dual time-step sub-iteration.

The aeroacoustic predictions are obtained using a permeable surface integral formulation of the Ffowcs Williams-

Hawkings equation. The effects of the different vortex models are compared by calculating the ∆P field, which is the

difference between two vortex induced pressure fields.
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1. Introduction

Various semi-empirical vortex models are ex-
ploited in aerodynamics applications. Yet, re-
searchers are still focusing on the optimisation of
the existing models or on creating novel models
with increased capabilities for capturing the com-
plex vortical structures of the vortices observed
during experiments.

Semi-empirical vortex models are required during
both experimental campaigns and computational
analyses. Bagai and Leishman, [1], proposed the
use of density gradient methods which combined
with semi-empirical vortex models allow to obtain
analytic results for the contrast variation of two
dimensional compressible vortices. The mathemati-
cal results are strongly dependant on the particular
choice of the vortex model.

On the computational side, extensive use of po-
tential codes combined with wake simulation and
semi empirical vortex models have enhanced the ac-

curacy of aerodynamic predictions for fixed and ro-
tary wing aircrafts. In particular, during the last two
decades, the introduction of comprehensive codes
has greatly improved aerodynamics and aeroacous-
tics predictions for helicopter rotors. In fact, these
tools are capable of resolving the coupling of aeroe-
lasticity and aerodynamics, which drives the com-
plex aeromechanics of helicopter rotors.

Currently most of the comprehensive codes im-
plement free wake simulation as opposed to the less
accurate prescribed wake. While the latter method
makes assumptions on the rotor wake geometry, the
free wake simulation computes the complete wake
geometry by mean of time marching algorithms
which update the wake shape and position at every
time step.

Although comprehensive tools which exploit the
free wake analysis have higher accuracy, they can
still present instabilities when the wake panels ap-
proach body surface control points. The instabili-
ties are mainly due to unrealistic modelling of the
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Blade Vortex Interaction (BVI) physics when a zero-
thickness wake is used, and can be avoided using
thick vortices with semi-empirical models for the
vortex core. A non-zero thickness wake is essential
during vortex body interaction because the local
fluid flow around the impact region is determined
by the spatial distribution of vorticity. Furthermore,
the use of finite thickness vortex cores allows the
calculations of Blade Wake Interaction phenomena
such as the interactions between two close blade
trailing vortices.

Hence, semi-empirical vortex models play a ma-
jor role in order to obtain a more accurate and real-
istic modelling of a close interaction between wake
and body. In fact in recent years, more sophisticated
wake simulation and blade tip vortex models have
been implemented in comprehensive codes with the
aim of further improving the overall predictions [2].
On the other hand, the numerical or analytical so-
lutions of 3-D unsteady Navier-Stokes equations to
describe the tip vortex are not feasible. Therefore, in
many engineering aerodynamic computations free-
wake simulation with algebraic semi-empirical vor-
tex models are used.

It is important to highlight that the particular
choice of wake simulation and vortex model ex-
ploited in the aerodynamic calculations influences
the quality of the computed predictions. In case of
aeroacoustic modelling of the noise generation a
possibly stronger influence was identified by Bagh-
wat et al. [3]. In fact, vortex models differ not only
with respect to the tangential and axial velocity
distributions but also in the density and pressure
field which they produce. Such differences could be
considered to have negligible influence on aerody-
namic calculations, however they will certainly have
effect on aeroacoustic predictions.

Vatistas et al., [4], pointed out the lack of knowl-
edge about noise generated by the deforming vor-
tices during vortex body interactions. They pre-
sented the different effects produced by two semi-
empirical vortex models, the Taylor vortex and
the Vatistas n=2 vortex, applied to two theoretical
types of vortex body interaction: vortex impinging
on a flat plate and on a circular cylinder.

The aim of this article is to identify the effects of
different vortex models on both aerodynamic and
aeroacoustic calculations of vortex body interac-
tions. In fact, helicopter rotors BVI is a particular
and interesting case of vortex body interaction be-
cause it is one of the most annoying sources among
helicopter’s rotor noise during approach.

Furthermore, the noise produced by helicopter
rotors during BVI depends on the strength of the
blade tip vortices, the vortex core size, the interac-
tion angles and vertical separation between the vor-
tex and the blade, labelled as miss distance. BVI
noise is therefore among all the helicopter rotor noise
sources the one which is most influenced by the par-
ticular choice of rotor wake simulation and tip vor-
tices models.

Given the importance of BVI noise, in this paper
the attention is focused on the effect of different vor-
tex models on a two dimensional version of this phe-
nomenon: airfoil-vortex interaction. This is in fact
a representative case which has similar characteris-
tics with respect to the three dimensional BVI phe-
nomenon and has a simple two dimensional geome-
try.

The comparisons will focus on the differences in-
duced by the vortex models and will help to better
understand the influence of the vortex models on the
density and pressure distribution during noise gener-
ation phenomena due to vortex-body interaction. In
section 2 are described the four semi-empirical vor-
tex models considered in the present analysis along
with their mathematical formulations. It follows in
section 3 the description of the numerical method
exploited for the aerodynamic calculations and the
results obtained with this analysis. The conclusions
are then presented in section 4.

2. Vortex Models

Several semi-empirical models have been devel-
oped, first by Rankine,[5], Lamb and Oseen, [7], then
by Taylor, [6] and more recently by Vatistas, [8],
which proposed a family of self similar vortices com-
prising some of the previous existing models.

The most exploited vortex profiles in aerody-
namic predictions are certainly the Scully model,
the Lamb-Oseen, and the Rankine vortex profile.
Baghawt and Leishman, [3], demonstrated that the
Lamb-Oseen model can be closely approximated
using the self similar vortex family of Vatistas with
n = 2. In fact, in this article this latter vortex
model will be considered in place of the Lamb-
Oseen model, and the different effects of all the
aforementioned models will be analysed.

Up to now, the various vortex models have only
been mentioned by name with no details of their
mathematical representation. This is carried out in
the following sections where descriptions of the an-
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alytical formulas for the velocity, density and pres-
sure profiles of each vortex core model considered in
this study are presented.

A generic vortex model is given as a tangential
velocity distribution which is only a function of the
distance from the vortex core centre and which can
be written in polar coordinates as:

vθ = vθ(r, Γ, Rc) (1)

vr = 0 (2)

Where Γ represents the total circulation of the vor-
tex, defined as Γ =

∫

Ωdrdθ (Ω is the vorticity) and
Rc is the vortex core radius. With the assumption,
eq.(1), that the velocity profile is only a function of
r, it is possible to obtain an expression for the pres-
sure field induced by the vortex from the momentum
equations in polar coodinates:

∂p

∂r
= ρ

v2

θ

r
(3)

∂p

∂θ
= 0 (4)

which means that p = p(r) Considering a compress-
ible fluid in isoentropic condition, the pressure field
is connected to the density field by mean of the fol-
lowing relation:

p

ργ
=

p∞
ργ
∞

(5)

The above relation leads to the definition of the con-
stant k0 = p∞

ρ
γ
∞

, and can be used in eq.(3) to obtain
the following differential equation for ρ:

1

ρ

dρ

dr
=

ρ∞
γp∞

v2

θ

r
(6)

Eq.(5) and (6) can be used to obtain the pres-
sure and density filed for every semi-empirical vor-
tex model.

The Taylor vortex model, a compact vortex, has
been proposed by Taylor, [6], and used by many au-
thors including Vatistas et al., [4] and Colonius et
al., [10]. The tangential velocity distribution of the
Taylor vortex has the following expression:

vθ = vθmax

r

Rc

e

(

1−( r
Rc

)
2

2

)

(7)

where vθmax is the maximum tangential velocity and
Rc is the radius of the vortex core, corresponding to
the maximum tangential velocity.

Integrating Eq.(6), the density and pressure dis-
tribution for the Taylor vortex are given by:

ρ(r) = ρ∞

[

1 −

v2

θmax

k0

γ − 1

2
e

(

1−( r
Rc

)2
)

]
1

γ−1

(8)

p(r) = k0ρ
γ (9)

Scully at al., [9], defined a vortex velocity profile
in the following form:

vθ = VΓ

r
(

1 + r2
) (10)

where r = r
Rc

and VΓ = Γ

2πRc
.

It is possible, by defining ζ =
V 2

Γ

2k0

, to write the
density and pressure field for the Scully vortex in a
compact form:

ρ(r) = ρ∞

[

1 − ζ

(

(γ − 1)
1

1 + r2

)]
1

γ−1

(11)

p(r) = k0ρ
γ (12)

Recently Vatistas, [8], proposed a family of alge-
braic vortex velocity profiles, comprising some of the
aforementioned models, which can be written in the
form:

vθ = VΓ

r
(

1 + r2
)

1

n

(13)

The exponent n can vary from n = 1 to n = ∞. It
is obvious that for n = 1 the profile coincides with
the Scully model. As discussed above, the Vatistas
vortex with n = 2 will be analysed in this paper.

The following assumptions are made in order to
compare the effects of the different models on the
numerical predictions:
– the same vortex core radius Rc is used for all the

vortex models
– the same total circulation Γ is used in every model

In particular two different values of Rc are used
during the calculations, Rc = .018c and Rc = .05c
where c is the airfoil chord. For the smaller Rc

Γ = .283 while for the other case Γ = .2. It must
be noticed that fixing the two model’s parame-
ters Rc, Γ produces different maximum tangential
velocities for each vortex model, this is visible in
Fig.1. In this figure the tangential velocities are
non-dimensionalised using Vγ which is constant for
a given Rc, Γ. The maximum tangential velocity for
Taylor and Rankine vortices is equal to 1, while the
maximum velocity for Vatistas vortex is equal to
0.74 and for Scully is 0.5. From the figure is also
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Fig. 1. Vortex-induced profiles

clear that the Taylor vortex velocity profile influ-
ences only a very compact zone within the limit of
r = 4. The behaviour is similar also for pressure
and density distributions where the peaks of Taylor
and Rankine vortices are much higher compared to
the other models.

3. Results and Discussion

3.1. Numerical method

Vortex body interaction is one of the most chal-
lenging problems for aerodynamic and aeroacoustic
prediction. For instance, in the case of airfoil-vortex
interaction, different levels of numerical approxima-

tion, [12], [13], [14], have been adopted depending
on the computational resources and flow discretisa-
tions. Several difficulties arise during numerical pre-
diction of vortex body interaction. The main prob-
lem encountered is the numerical dissipation which
characterises CFD codes. This severely affects the
strength of the vortices, particularly in the flow re-
gions where the grid resolution is low, such as far
away from the airfoil.

In the present study, the two-dimensional implicit
Euler solver of the commercial software Fluent was
exploited. The Euler solver is based on a cell cen-
tred finite volume method with Roe Flux-Difference
Splitting (FDS) scheme for the convective fluxes.
The governing equations are integrated in time us-
ing an second order implicit time-marching method
with dual time stepping. The inner iterations of the
dual time stepping were performed until residual
convergence dropped by three orders of magnitude.

A second order upwind scheme was used for the
spatial discretisation. In order to limit the numeri-
cal dissipation which is induced by large cells, three
different meshes levels have been tested during this
study. In effect, as discussed above, researchers have
tried to resolve the dissipation problem by means
of several different techniques such as Compressible
Vorticity Confinement (CVC), [13] or Adaptive Al-
gorithms, [12] and [14]. These efforts were aimed at
defining a method which allows to use larger mesh
cells, and hence less computational resources.

In the present paper the efficiency of the mesh
distribution and the CFD algorithm were not the
main concern. The three meshes considered have a
number of nodes varying from 100 up to 210 thou-
sand, and after a comparison of the preserved vortex
strengths, the finer mesh was chosen for all the cal-
culations. This latter mesh is shown in Fig.2, where
the two blocks used can be observed, with a very fine
mesh upstream of the airfoil leading edge. The two
blocks are connected using non-conformal interfaces
which allows the use of a different node distribution
on each side of the faces connecting the two blocks.

3.2. Subcritical Head-on Interaction

Airfoil-vortex interaction has been studied by var-
ious researchers and the experiment conducted by
Lee and Bershader, [11], is a well documented ex-
ample. During the experimental campaign the au-
thors studied a head-on parallel interaction with a
M∞ = 0.5 and non-dimensionalised Γ = 0.283 and
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(a) Overall

(b) Close up

Fig. 2. Mesh used during calculations

Rc = 0.018. In the head-on case the miss distance
between the airfoil leading edge and the centre of
the vortex core is 0.

This experiment is of particular significance since
it was used as a reference case for previous com-
putational analyses, [12],[13],[14]. All these numer-
ical analyses were conducted by superimposing the
Scully semi-empirical vortex model to a steady solu-
tion of the flow around the NACA 0012 airfoil with
the same flow conditions as in [11]. To the knowl-
edge of the authors, no numerical study exploited a
vortex model other than the Scully model for this
particular analysis.

The unsteady Euler calculations for this case have
been performed adopting the numerical method de-

scribed in the previous section with a physical time
step size of δt = 0.01 non-dimensionalised by the
time tc = c/U∞, i.e. the time that a signal trav-
elling with the free stream velocity needs to cover
one airfoil chord length c. This means that the vor-
tex, which is convected by the free stream velocity,
was moving every time step of δxv = 0.01c, which
in this case is approximately half the core radius,
δxv ≈ Rc/2.
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Fig. 3. cp time history at the point x = 0.02c and comparison
with the experiment of Lee et al., [11]

The comparisons of the pressure coefficient cp

time history with the experimental data in [11], are
shown in Fig.3. The plots refer to the case subcrit-
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ical Head-on interaction with M∞ = 0.5 and are
calculated in the point x = 0.02c, i.e. 2% from the
airfoil leading edge (L.E.). It is interesting to see
the effect of time step size on the calculations, in
Fig.3(a). In particular, by using a larger ∆t, the cp

peak value over both lower and upper surfaces of
the airfoil, is underestimated of around 50%.

The differences in pressure fields induced by the
Scully and Vatistas models are presented in Fig.4
and Fig.5. In particular, these figures show contours
of the pressure difference DP at four different po-
sitions of the vortex, starting from the point where
the vortex was initially superimposed to the steady
solution, 4(a). The contours in this case have been
clipped to 20Pa, i.e. the regions in red, such as the
vortex core, have higher differences.

From the plots is clear that the initial pressure
field difference, Fig.4(a), when the two vortex are
superimposed, is concentrated just in the region of
the vortex cores, with some scattering from the air-
foil leading edge. The vortex is then convected with
M∞ = 0.5 and when it reaches a distance of 2 chords
from the leading edge, Fig.4(b), the pressure field
difference, which is emitted by the centre of the vor-
tex core at M = 1, has now a radius of 2 chords, i.e.
1/(M∞) times the distance travelled by the vortex.
The ∆P field now reaches the airfoil leading edge
and the region in proximity of the airfoil is altered
by the presence of the solid body.

Following the vortex further downstream at 1
chord distance from the L.E., Fig.5(a), the ∆P field
has now a radius of 4 chords and the airfoil is fully
immersed. The side of the ∆P field containing the
airfoil is visibly different from the clean side. A part
from the alteration induced by the airfoil solid sur-
faces, it is quite evident the presence of a scattered
∆P wave from the airfoil leading edge which was
generated when the ∆P field reached the L.E., and
its centre is now convected downstream of 1 chord
with a radius of 2 chords. This scattered wave tends
to eliminate the ∆P difference along its wave front
which in fact can be recognised by the darker colour
circle centred in the airfoil trailing edge (T.E).

A very similar behaviour can be recognised in
Fig.5(b), but in this case the vortex has reached the
airfoil L.E. and the ∆P field in proximity of the air-
foil surface has large magnitude, indicated by the
dark red region enclosing the airfoil. The wave front
of the ∆P field extends now in a radius of 6 chords
around the airfoils L.E., where the vortex is now po-
sitioned.

The figures 4(b),5(a) and (b) show clearly visible

(a) xv = −3c

(b) xv = −2c

Fig. 4. Difference in pressure filed between Scully and Vatis-
tas models, for different positions of the impinging vor-

tex.(The contours are clipped [0-20]Pa)

four spirals staring from the vortex centre and ex-
tending up to the ∆P wave front. These are gener-
ated by the rotational movement of the vortex due to
its tangential velocity, and the lengths of the spirals
depend on differences in the vortex-induced velocity
fields of the two vortex models, shown in Fig.1(a).

Figure 6, shows the comparison between the pres-
sure field induced by the Scully, Vatistas and Rank-
ine models. The ∆P magnitudes are much higher
than Fig.4, visible as the red colour regions, and the
differences between Rankine and Scully are much
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(a) xv = −1c

(b) xv = 0c

Fig. 5. Difference in pressure filed between Scully and Vatis-
tas models, for different positions of the impinging vor-

tex.(The contours are clipped [0-20]Pa)

larger than Rankine-Vatistas, as could be expected
from the equations of the models. The behaviour of
the ∆P is similar to the one described above and the
spirals are more intense in the Scully Rankine com-
parison. Furthermore, the spirals’ lengths are longer
in the latter case since the difference between the
maximum tangential velocities for Rankine-Scully
models are larger than Rankine-Vatistas ones.

It must be noted that even if the Vatistas and
Scully models belong to the same family and the
Rankine has a very similar equation, the ∆P fields

(a) ∆P Scully-Rankine

(b) ∆P Vatistas-Rankine

Fig. 6. ∆P differences between three vortex models, (Con-
tours clipped [0-20]Pa, xv = −2c)

are of considerable magnitude when compared with
the human hearing threshold 2µPa. When consid-
ering the Taylor model, which has a different math-
ematical form, the ∆P field becomes even more in-
tense. In figure 7 the contour range has been ex-
tended up to 2kPa, i.e. 100 times the one used in
figure 4.

3.3. Supercritical Parallel Interaction

The case presented above was an Head-on inter-
action and the vortex was convected with a subcrit-
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(a) Contours (0 − 20)Pa

(b) Contours (0 − 2000)Pa

Fig. 7. ∆P differences between Taylor and Scully models, (
xv = −2c)

ical Mach number. In the following case M∞ = 0.8
and the vortex has a miss distance from the L.E. of
yv = 0.25c. The parameters for the vortex models
are: non-dimensionalised Γ = 0.2 and Rc = 0.05, as
in [12],[14] and [15]. Since the Mach is supercritical,
two shocks are present in the steady state solution of
the NACA0012. This means that the airfoil vortex
interaction is further complicated by the interaction
of the vortex with the shocks. In effect, the pres-
ence of the shocks influences the ∆P field as shown
in Fig.8, where the maximum pressure contour was
kept 20 Pa for consistency with the previous plots.

The scattered waves are now 3, one from the L.E.
and one from each of the shocks. Furthermore the
∆P magnitude is much higher than for the subcrit-
ical case and the shocks position and magnitude are
affected by the differences in the models.

Fig. 8. ∆P differences between Scully and Vatistas models,
( M∞ = 0.8, xv = −1c, Contours (0 − 20)Pa)

3.4. Acoustic Pressures

The near-field ∆P differences between the vor-
tex models have been presented in the previous sec-
tion. From the discussion and by analysing the con-
tour plots, it appears that the differences between
the models are smoothed during the propagation.
Hence, it is necessary to analyse the far-field acoustic
pressure in order to understand wether the smooth-
ing is due to the intrinsic dissipation of the CFD or
to the physical dispersion of the pressure signal.

In the present study the far-field acoustic pressure
is predicted using an in-house aeroacoustic code, [2],
based on the Ffowcs Williams-Hawkings equation
on permeable surfaces. Three observer position have
been considered, 5c, 10c and 20c above the airfoil.
The analysis is focused on the subcritical head-on
case which presented a lower ∆P magnitude and
hence weaker front waves, Fig.5(b). The acoustic
pressure time history at an observer yob = 20c above
the airfoil is shown in Fig.9.

The differences in the far field acoustic pressure
between the Vatistas and the Scully Vortex mod-
els are presented in Fig.10. Obviously the closest
observer perceives the higher pressure differences,
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Fig. 9. Far field Acoustic Pressure, yob = 20c

Fig.10(a), in the range of 150Pa. This value goes
down about 50% for the observer in yob = 10c,
Fig.10(b), where it is also visible a shifting of the
signal pattern takes place. It is possible that this
shifting is due to the differences in the tangential
velocities between the two vortex models.

Moving further away from the airfoil, an observer
positioned at yob = 20c, Fig.10(c) perceives a ∆P
signal which has half the magnitude of the one in
Fig.10(b) and one quarter of the amplitude reach-
ing the observer in yob = 5c, Fig.10(a). This trend
suggests a linear behaviour, i.e. the amplitude of the
acoustic signal decays as the inverse of the radiation
distance, as expected from the theory. Hence the ex-
cessive decay presented in Fig.5 must be attributed
to the intrinsic numerical dissipation. It must be
highlighted that the initial difference in the induced
pressure fields is contained only in the vortex core,
which in the case under analysis is 0.0184 chords.
This means that the initial pressure difference can
be perceived in a region of 1000Rc, at the observer
yob = 20c.

4. Conclusions

Four different semi-empirical vortex models have
been applied to studdy the pressure field varia-
tion due to an airfoil-vortex interaction. It is clear
from this study, that the ∆P field is non negligi-
ble both for low and high Mach number cases. ∆P
is clearly more intense for supercritical conditions
and is strongly dependant upon the different vortex
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Fig. 10. Differences in the far field acoustic pressure between
Vatistas and Scully models for three observer positions
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mathematical formulations, such as the Taylor and
the Scully. The contour plots of the ∆P field reveal
the motion of the pressure waves induced by the
vortices and by the presence of discontinuities such
as shocks or solid walls.

The aeroacoustic analysis has shown that the ∆P
differences could be underestimated by the aerody-
namic calculations due to the large numerical dif-
fusion which weakens the ∆P wave fronts. Further-
more, the differences in the far-field acoustic pres-
sures cannot be neglected even for an observer at
large distance. Hence these differences must be taken
into account when comparing aeracoustic predic-
tions obtained by exploiting different vortex models.
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