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Abstract 

A model order reduction technique based on Proper Orthogonal Decomposition (POD) and Gauss-Newton 

with Approximated Tensors (GNAT) was applied to investigate the aeroelastic behavior of composite rotor 

blades. Rotor blades are slender and require aeroelastic analysis to accurately predict their response and the 

relevant vibratory loads, which involves numerous iterative calculations. To address this issue, the GNAT-

based model order reduction (MOR) approach was applied to the geometrically exact beam theory. At this 

point, a low-dimensional approximation of the nonlinear finite element matrix of the system was constructed. 

The method was then applied to the aeroelastic analysis of a rotor blade. The results of the analysis demon-

strate that the GNAT-based MOR can accurately capture the dynamics of these complex systems, while sig-

nificantly reducing the computational cost. This approach has potential applications in the design and analysis 

of aerospace structures and systems, particularly those with geometrical nonlinearity and significant rotating 

effect. 

 

1. NOTATION1 

Symbols  

Geometrically exact beam theory: 

𝑎 Rotating reference frame 

𝑏  Rotating undeformed frame 

𝐵 Rotating deformed frame 

𝑡1, 𝑡2 Arbitrary fixed times 

𝐾 Kinetic energy density per unit length 

𝑈 Strain energy density per unit length 

𝛿𝐴̅̅̅̅  Virtual action of the beams end over 

the time interval 

𝛿𝑊̅̅̅̅̅ Virtual work resulting from applied 
loads per unit length 

𝛾 Engineering force strain 

𝜅 Engineering moment strain 

𝑉 Relative velocity, m/s 

Ω Angular velocity, rad/s 

𝑢 Displacement vector, m 

𝜓 Rotation vector, rad 

𝑣 Initial velocity, m/s 

𝜔 Initial angular velocity, rad/s 
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𝐶 Rotation matrix 

𝐶𝐵𝑎 Rotation matrix transforming vectors 
to deformed frame from reference 
frame 

𝐶𝑎𝑏 Rotation matrix transforming vectors 
to reference frame from undeformed 
frame 

𝐶𝑏𝑎 Rotation matrix transforming vectors 
to undeformed frame from reference 
frame 

𝑃 Linear momentum, kg-m/s 

𝐻 Angular momentum, kg-m2/s 

𝐹 Internal force, N 

𝑀 Internal moment, N-m 

𝑀𝑚𝑎𝑠𝑠  Mass matrix 

𝑆 Stiffness matrix 

𝐹𝑠 Structural operator 

𝐹𝐿 Lift operator 

𝑋 Structural operator 

𝜆𝑒𝑖𝑔𝑒𝑛  Eigenvalue, rad/s 

𝐾𝑠𝑝𝑟𝑖𝑛𝑔  Hinge stiffness 

𝑅 Force residual vector 
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(∙)𝑎 Quantity referring to the rotating ref-
erence frame 

(∙)𝑏 Quantity referring to the rotating un-
deformed frame 

(∙)𝐵 Quantity referring to the rotating de-
formed frame 

(∙)⏞ Convert a vector into a dual matrix 

(∙)∗ Quantity satisfying geometrically ex-
act relation 

(∙)̌ Boundary values of the correspond-
ing quantities 

  

Blade element theory: 
𝑉∞ Relative speed in the inertial frame, 

m/s 
𝜆𝑖𝑛𝑑𝑢𝑐𝑒𝑑  Induced inflow coefficient 

𝐶𝑎𝑖  Rotation matrix transforming vectors 
to reference frame from inertial 
frame 

𝑅𝑟𝑎𝑑𝑖𝑢𝑠 Radius of rotor, m 

𝐶𝑇 Thrust coefficient of rotor 

𝛼 Angle of attack, deg 

𝜌 Density, kg/m3 

𝑐 Chord length, m 

𝑐𝑙 Lift coefficient 

𝑐𝑑  Drag coefficient 

𝑐𝑚 Pitching moment coefficient 

𝜙 Inflow angle, deg 

  

Model order reduction: 

𝑞 Solution value 

𝑁 Degree of freedom of full-order 
model 

𝑆 Number of snapshots generated for 
the parameter 

𝜇 Parameter of model 

𝑁𝑆  Total number of snapshots 

𝚽 Left singular matrix 

𝚲 Right singular matrix 

𝒖̂ Solution vector 

𝑻𝑚 POD mode from residual force vec-
tor 

(∙)̂ Components of the reduced-order 
representation 

(∙)̃ Approximated representation 

(∙)† Moore-Penrose pseudo-inverse 

  

Supplementary symbols: 

𝑛 Number of displacement bases 

𝑚 Number of residual bases 

𝜃𝑜 Collective pitch angle, deg 

𝜎 Rotor solidity 

(∙)𝐹𝑂𝑀 Quantity of full-order model 

(∙)𝑅𝑂𝑀 Quantity of reduced-order model 

  

Acronyms:  
POD Proper Orthogonal Decomposition 

GNAT Gauss-Newton with Approximated 
Tensors 

ROM Reduced Order Model 

FOM Full Order Model 

DEIM Discrete Empirical Interpolation 
Method 

MOR Model Order Reduction 
SVD Singular Value Decomposition 
GEBT Geometrically Exact Beam Theory 

 

2. INTRODUCTION 

Rotor blade structural analysis relies heavily on two 

primary theories: the moderately large deformation 

beam theory (Ref. 1) and the geometrically exact 

beam theory (Ref. 2). The moderately large defor-

mation beam theory is a displacement-based ap-

proach employed in structural models like the Univer-

sity of Maryland Advanced Rotorcraft Code (UMARC) 

(Refs. 3-4) and the Rotorcraft Comprehensive Analy-

sis System (RCAS) (Ref. 5). On the other hand, the 

geometrically exact beam theory offers an advanced 

method to model slender structures, accounting for 

large displacements and rotations, thus providing 

more precise predictions of blade behavior under op-

erational conditions. This theory has been imple-

mented in rotorcraft comprehensive analysis (Ref. 6) 

and rotorcraft analysis codes such as DYnamic 

MOdal Reissner (DYMORE) (Ref. 7) and Compre-

hensive Analytical Model of Rotorcraft Aerodynamics 

and Dynamics (CAMRADII) (Refs. 8-9), including 

RCAS. 

While the geometrically exact beam theory facilitates 

comprehensive structural analyses, it necessitates in-

creased computational resources due to a higher de-

gree of freedom in the system matrix. To mitigate 

these computational challenges, researchers have in-

vestigated reduced-order model (ROM) techniques to 

reduce system dimensionality while preserving key 

structural features. The Galerkin projection method 

(Ref. 10), a popular ROM technique, has been effec-

tively used in various fields, including optimal control, 

structural dynamics, fluid dynamics, aeroelasticity, 

and fluid-structure interaction (FSI) (Refs. 11-16). 

However, when dealing with structural nonlinearity, 

the computational complexity of evaluating nonlinear 

terms remains comparable to that of the high-dimen-

sional full-order model (FOM). 

To address this, several methods have been pro-

posed, such as the empirical interpolation method 

(EIM) (Ref. 17) and its variant, discrete EIM (DEIM) 



(Ref. 18), which approximate nonlinear functions us-

ing separable interpolation functions. Additionally, the 

energy-conserving sampling and weighting (ECSW) 

method introduced by Farhat et al. (Ref. 19) offers a 

stable approach for approximating reduced nonlinear 

terms while maintaining numerical stability. 

However, these reduction methods may face limita-

tions with the geometrically exact beam theory due to 

the potential lack of symmetry in the system approxi-

mation matrix. The Gauss-Newton with approximated 

tensors (GNAT) method (Refs. 20-21) provides a 

promising alternative by enabling efficient evaluation 

of nonlinear terms through a Petrov–Galerkin projec-

tion associated with residual minimization. This 

method captures essential nonlinear features of the 

rotor blade system through selective sampling and in-

terpolation techniques. 

This study proposes a novel approach to the MOR of 

the geometrically exact beam theory based on a 

mixed variational formulation, utilizing the GNAT-

based MOR. This approach aims to accurately model 

geometric nonlinearities in rotor blades while predict-

ing internal forces efficiently. The proposed method's 

accuracy and computational efficiency are demon-

strated through an aeroelastic trim analysis of a 

hingeless rotor under hovering flight conditions. 

3. AERO-STRUCTURE COUPLED ANALYSIS 

3.1. Geometrically exact beam theory 

The mixed variational formulation based on the geo-

metrically exact beam theory, derived from Hamilton's 

principle, is presented in Eq. (1). 

(1) ∫ ∫ [𝛿(𝐾 − 𝑈) + 𝛿𝑊̅̅̅̅̅]𝑑𝑥1𝑑𝑡 = 𝛿𝐴̅̅̅̅ .
𝑙

0

𝑡2

𝑡1

 

The geometrically exact equations, formulated in the 

local reference frame, are presented in Eq. (2). 

(2) 

𝛾∗ = 𝐶𝐵𝑎(𝐶𝑎𝑏𝑒1 + 𝑢𝑎
′ ) − 𝑒1. 

𝜅∗ = 𝐶𝑏𝑎𝑇𝑠(𝜃)𝜃′, 

𝑉𝐵
∗ = 𝐶𝐵𝑎(𝑣𝑎 + 𝑢𝑎̇ + 𝜔⏞𝑎 𝑢𝑎) − 𝑒1, 

Ω𝐵
∗ = 𝐶𝑏𝑎𝑇𝑠(𝜃)𝜃̇ + 𝐶𝐵𝑎𝜔𝑎. 

To establish a mixed variational formulation, La-

grange multipliers are employed to satisfy the geo-

metrically exact equations. 

 

(3) 

∫ ∫ [𝛿𝑉𝐵
∗𝑇𝑃𝐵 + 𝛿Ω𝐵

∗𝑇𝐻𝐵 − 𝛿𝛾∗𝑇𝐹𝐵

𝑙

0

𝑡2

𝑡1

 

−𝛿𝜅∗𝑇𝑀𝐵 + 𝛿𝐹𝐵
𝑇(𝛾 − 𝛾∗) + 𝛿𝑀𝐵

𝑇(𝜅 − 𝜅∗) 

−𝛿𝑃𝐵
𝑇(𝑉𝐵 − 𝑉𝐵

∗) − 𝛿𝐻𝐵
𝑇(Ω𝐵 − Ω𝐵

∗ )]𝑑𝑥1𝑑𝑡  

+∫ ∫ 𝛿𝑊̅̅̅̅̅𝑑𝑥1𝑑𝑡 = 𝛿𝐴.
𝑙

0

𝑡2

𝑡1

 

After integrating according to the transformation and 

eliminating all unknown spatial derivatives, we derive 

a mixed variational formulation in the rotating refer-

ence frame based on the fundamental and geometri-

cally exact equations governing the dynamics of the 

moving beam, as follows: 

(4) ∫ 𝛿Π𝑎𝑑𝑡 = 0
𝑡2

𝑡1

. 

The constitutive law, defined in Eq. (5), establishes 

the relationship between deformation and force, as 

well as between velocity and momentum. 

(5) {
𝐹𝐵

𝑀𝐵
} = [𝑆] {

𝛾
𝜅
} , {

𝑃𝐵

𝐻𝐵
} = [𝑀𝑚𝑎𝑠𝑠] {

𝑉𝐵

Ω𝐵
} 

In Eq. (5), 𝑆  represents the 6×6 stiffness matrix, 

where 𝑀𝑚𝑎𝑠𝑠 represents the 6×6 mass matrix. When 

Eq. (4) contains N elements, it can be represented as 

follows: 

(6) ∫ 𝛿Π𝑎𝑑𝑡 = 0
𝑡2

𝑡1

. 

By employing a shape function and the relevant ap-

proximation [22], Eq. (6) can be expressed as 

(7) ∫ 𝛿𝑋𝑇[𝐹𝑠(𝑋, 𝑋̇) − 𝐹𝐿(𝑋, 𝑋̇)]𝑑𝑡 = 0,
𝑡2

𝑡1

 

where 𝐹𝑠 represents the structural operator, 𝐹𝐿 is the 

lifting operator, and 𝑋 is the structural state variable. 

The structural state variables comprise the displace-

ment, rotation, internal force, internal moment, linear 

momentum, and angular momentum of the beam el-

ements and can be expressed as Eq. (8). 

(8) 
𝑋 = [𝐹̌1

𝑇  𝑀̌1
𝑇  𝑢1

𝑇  𝜃1
𝑇 𝐹1

𝑇 𝑀1
𝑇 𝑃1

𝑇  𝐻1
𝑇  …  

𝑢𝑁
𝑇  𝜃𝑁

𝑇  𝐹𝑁
𝑇  𝑀𝑁

𝑇  𝑃𝑁
𝑇  𝐻𝑁

𝑇  𝑢̌𝑁+1
𝑇 𝜃̌𝑁+1

𝑇 ]. 

In summary, the equations can be consolidated and 

represented as shown in Eq. (9). 

(9) 𝐹𝑠(𝑋, 𝑋̇) − 𝐹𝐿(𝑋, 𝑋̇) = 0 

The Jacobian of the structural operator is given by Eq. 

(10). 



(10) [
𝜕𝐹𝑆

𝜕𝑋
]𝑋 + [

𝜕𝐹𝑆

𝜕𝑋̇
] 𝑋̇ = 0, 

where the Jacobian of the structural operator is 

assembled as  
𝜕𝐹𝑠

𝜕𝑋
= ∑ (

𝜕𝐹𝑠

𝜕𝑋
)𝑖

𝑖
, and each component 

(
𝜕𝐹𝑠

𝜕𝑋
)

𝑖
 is as follows: 

(11) 
∂𝐹𝑆

∂𝑋𝑖

=

[
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 0

∂𝑓𝑢𝑖

∂𝜃

∂𝑓𝑢𝑖

∂𝐹
0

∂𝑓𝑢𝑖

∂𝑃
0

0
∂𝑓𝜓𝑖

∂𝜃

∂𝑓𝜓𝑖

∂𝐹

∂𝑓𝜓𝑖

∂𝑀

∂𝑓𝜓𝑖

∂𝑃

∂𝑓𝜓𝑖

∂𝐻
∂𝑓𝐹𝑖

∂𝑢

∂𝑓𝐹𝑖

∂𝜃

∂𝑓𝐹𝑖

∂𝐹

∂𝑓𝐹𝑖

∂𝑀
0 0

0
∂𝑓𝑀𝑖

∂𝜃

∂𝑓𝑀𝑖

∂𝐹

∂𝑓𝑀𝑖

∂𝑀
0 0

∂𝑓𝑃𝑖

∂𝑢

∂𝑓𝑃𝑖

∂𝜃
0 0

∂𝑓𝑃𝑖

∂𝑃

∂𝑓𝑃𝑖

∂𝐻

0
∂𝑓𝐻𝑖

∂𝜃
0 0

∂𝑓𝐻𝑖

∂𝑃

∂𝑓𝐻𝑖

∂𝐻

0
∂𝑓𝑢𝑗

∂𝜃

∂𝑓𝑢𝑗

∂𝐹
0

∂𝑓𝑢𝑗

∂𝑃
0

0
∂𝑓𝜓𝑗

∂𝜃

∂𝑓𝜓𝑗

∂𝐹

∂𝑓𝜓𝑗

∂𝑀

∂𝑓𝜓𝑗

∂𝑃

∂𝑓𝜓𝑗

∂𝐻
∂𝑓𝐹𝑗

∂𝑢

∂𝑓𝐹𝑗

∂𝜃

∂𝑓𝐹𝑗

∂𝐹

∂𝑓𝐹𝑗

∂𝑀
0 0

0
∂𝑓𝑀𝑗

∂𝜃

∂𝑓𝑀𝑗

∂𝐹

∂𝑓𝑀𝑗

∂𝑀
0 0 ]

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

. 

The static response analysis follows the procedure 

depicted in Fig. 1.  

 

Figure 1: Static analysis procedure of geometrically 
exact beam theory 

The process begins by calculating the load residual 

using the Newton-Raphson method, tailored 

specifically for the structural operator in question. 

Next, the Jacobian of the structure and the load 

residual are used to determine the incremental 

change in the structural state variable, which is then 

updated. This iterative process continues until the 

load residual reaches the specified tolerance. Once 

this convergence criterion is met, the analysis is 

deemed complete and may proceed to the next step, 

which could involve incrementally increasing the load 

or conducting a new analysis under different 

conditions. To ensure solution stability, it is often 

necessary to apply the load incrementally rather than 

in a single step, as is commonly done in such 

analyses. 

3.2. Newmark-𝜷 method 

Dynamic analysis based on the geometrically exact 

beam theory uses the Newmark-β method. In 

dynamic response analysis, the results from static 

response analysis, which reflect the rotational effects, 

serve as initial values to accurately capture the rotor's 

rotation. The initial values at each time step are as 

follows: 

(12) 

𝑋𝑡 = 𝑋𝑡−1 

𝑋̈𝑡 =
1

𝛽∆𝑡2
∆X −

1

𝛽∆𝑡
𝑋̇𝑡−1 −

0.5 − 𝛽

𝛽
𝑋̈𝑡−1 

𝑋̇𝑡 = 𝑋̇𝑡−1 + ∆𝑡((1 − 𝛾)𝑋̈𝑡−1 + 𝛾𝑋̈𝑡−1) 

The effective jacobian of the structural operator is 

expressed as follows: 

(13) 
𝜕𝐹𝑆

𝜕𝑋 𝑒𝑓𝑓
=

𝜕𝐹𝑆

𝜕𝑋

𝑛

+
1

𝛽𝛥𝑡

𝜕𝐹𝑆

𝜕𝑋̇

𝑛

 

The structural variable is determined using the 

Newton-Raphson method. 

(14) 
[
𝜕𝐹𝑆

𝜕𝑋 𝑒𝑓𝑓
] 𝛥𝑋 = 𝛥𝑅 

𝛥𝑅 = 𝐹𝐿(𝑋, 𝑋̇) − 𝐹𝑆(𝑋) 

The dynamic analysis procedure is illustrated in Fig. 

2. It follows a similar process to the static analysis, 

but with the effective Jacobian. The primary 

difference is that the time derivatives (first and second 

derivatives) of the solution are computed using the 

Newmark-β method. 



 

Figure 2: Dynamic analysis procedure of geometri-
cally exact beam theory 

3.3. Multi-body modeling 

The rotor comprises several components, including 

blades, pitch bearings, and hinges, making multi-

body modeling essential for accurate response 

analysis. In this study, multi-body modeling is 

performed using the penalty method. This approach 

allows for the modeling of various joints required for 

the rotor hub, such as revolute, universal, and 

spherical joints. To impose constraints between two 

independent bodies in the penalty method, a force is 

applied to satisfy the specified constraint. 

(15) 
𝐹𝑝𝑒𝑛𝑎𝑙𝑡𝑦 = 𝐾𝑖

𝑢 × (𝑢2 − 𝑢1 − 𝑢𝑐𝑜𝑛𝑡𝑟𝑜𝑙) 

𝑀𝑝𝑒𝑛𝑎𝑙𝑡𝑦 = 𝐾𝑖
𝜃 × (𝜃2 − 𝜃1 − 𝜃𝑐𝑜𝑛𝑡𝑟𝑜𝑙) 

When applying the penalty method to elements 1 and 

2, a penalty term is added to the Jacobian at the 

nodes where the constraints are enforced. In the 

geometrically exact beam theory based on the mixed 

variational formulation, both the displacement and 

rotation of elements are calculated. If the difference 

between the current displacement and rotation and 

the desired control input is zero, no load is applied. 

However, if there is a discrepancy, a load is applied 

proportional to the magnitude of the difference and 

the stiffness, ensuring that the desired connection 

conditions are met. 

3.4. Blade element theory for aerodynamic loads 

The relative speed in the rotating deformed frame is 

given by Eq. (16). 

(16) 𝑈𝐵 = 𝐶𝐵𝑎(𝐶𝑎𝑖𝑉∞ + 𝜆𝑖𝑛𝑑𝑢𝑐𝑒𝑑𝑒3) 

The induced inflow velocity perpendicular to the rotor 

plane is calculated using the uniform inflow assump-

tion. 

(17) 𝜆𝑖𝑛𝑑𝑢𝑐𝑒𝑑 = Ω𝑅𝑟𝑎𝑑𝑖𝑢𝑠√(
𝐶𝑇

2
) , 

The aerodynamic loads, derived using the blade ele-

ment method, are determined by Eq. (18). 

(18) 

𝑑𝐿 =
1

2
𝜌𝑐𝑙(𝛼𝐵)𝑐𝑈𝐵

2𝑑𝑦, 

𝑑𝐷 =
1

2
𝜌𝑐𝑑(𝛼𝐵)𝑐𝑈𝐵

2𝑑𝑦, 

𝑑𝑀 =
1

2
𝜌𝑐𝑚(𝛼𝐵)𝑐2𝑈𝐵

2𝑑𝑦, 

𝛼𝐵 = −𝜙𝐵. 

The aerodynamic loads 𝑓𝑤𝑖𝑛𝑑 with respect to the wind 

axis and the geometrically exact beams use the loads 

𝑓𝑎 with respect to the rotating reference frame. There-

fore, the loads in the rotating reference frame can be 

obtained through a coordinate transformation. 

(19) 
𝑓𝑎 = 𝐶𝑎𝑏𝐶𝑏𝐵𝐶𝜙𝐵𝑓𝑤𝑖𝑛𝑑 ,    

𝑓𝑤𝑖𝑛𝑑 = [0,  − 𝑑𝐷,  𝑑𝐿]𝑇 

3.5. Aeroelastic trim analysis  

The trim analysis procedure for hovering conditions is 

illustrated in Fig. 3. To estimate the rotor thrust and 

determine the necessary collective pitch angle to 

achieve the desired hover thrust, structural and aero-

dynamic models are coupled. An optimization ap-

proach is used to adjust the collective pitch angle to 

meet the target thrust coefficient. Auto-pilot is em-

ployed for the present trim analysis. 

Aerodynamic loads and performance coefficients are 

calculated while accounting for structural deformation. 

These loads are then applied to the structural analy-

sis by transforming them into loads acting on the 

structural nodes. The resulting structural deformation 

is then used to update the aerodynamic analysis. This 



process is iterated until convergence is achieved 

through a coupled aerodynamic-structural analysis. 

The trim analysis continues by adjusting the collective 

pitch until the target thrust coefficient is attained. 

 

Figure 3: Trim analysis procedure through aero-struc-
ture coupled analysis 

4. MODEL-ORDER REDUCTION 

As discussed earlier, rotor blade aeroelastic analysis 

requires numerous iterative calculations. To enhance 

computational efficiency while maintaining accuracy, 

especially during trim analysis and optimization under 

various operating conditions, this study employs a 

GNAT-based MOR applied to the geometrically exact 

beam theory. The GNAT-based MOR is a projection-

based model reduction technique that reduces the di-

mensionality of the governing equations, thereby low-

ering computational costs. 

In the offline phase, the FOM is evaluated under dif-

ferent conditions to extract the reduced bases. During 

the online phase, the ROM is constructed by incorpo-

rating these reduced-order bases along with nonlin-

ear terms at each iteration step. The relevant formu-

lations for the ROM techniques are detailed in the fol-

lowing subsections. 

4.1. Proper Orthogonal Decomposition 

ROMs are constructed based on data obtained from 

FOM analysis. This involves collecting solutions from 

the FOM, which are compiled into a "snapshot ma-

trix." In this context, 𝑞 represents a solution from the 

FOM analysis, 𝑁 indicates the degrees of freedom in 

the FOM, 𝑆 is the number of snapshots generated for 

each parameter 𝜇, and 𝑁𝑠 denotes the total number 

of snapshots. 

(20) 

𝑾

= [
𝑞1

(1,1)
⋯ 𝑞1

(𝑆1,1)

⋮ ⋱ ⋮

𝑞𝑁
(1,1)

⋯ 𝑞𝑁
(𝑆1,1)

𝑞1
(1,2)

⋯ 𝑞1
(𝑆2,2)

⋮ ⋱ ⋮

𝑞𝑁
(1,2)

⋯ 𝑞𝑁
(𝑆2,2)

𝑞1
(1,𝜇)

⋯ 𝑞1

(𝑆𝜇,𝜇)

⋮ ⋱ ⋮

𝑞𝑁
(1,𝜇)

⋯ 𝑞𝑁

(𝑆𝜇,𝜇)
]

∈ ℝ𝑁×𝑁𝑠  

Using Algorithm 1, orthogonal basis vectors that rep-

resent the system characteristics are extracted from 

the snapshot matrix. The process begins by inputting 

the snapshot matrix derived from the FOM. Singular 

value decomposition (SVD) is then applied to this ma-

trix to identify these basis vectors. 

(21) 
𝑾 = 𝚽𝚺𝚲𝑻, 𝚽 ∈ ℝ𝑁×𝑁𝑠 ,  

𝚺 = 𝑑𝑖𝑎𝑔(𝜎1, . . . , 𝜎𝑁𝑠
), 𝑎𝑛𝑑 𝚲𝑻 ∈ ℝ𝑁𝑠×𝑁𝑠  

The complete set of POD basis vectors, denoted as 

𝑽, is composed of the first 𝑛 column vectors from the 

left singular matrix 𝜱 obtained from the SVD. 

Algorithm 1 POD basis computation 

Input : Snapshot matrix 𝑾 ∈ ℝ𝑁×𝑁𝑠  

Output : POD basis 𝑽 ∈ ℝ𝑁×𝑛 

1: Compute the thin SVD: 𝑾 = 𝚽𝚺𝚲𝑻 

2: Select the dimension of POD basis, 𝑛 

3: Construct 𝑽 using selected POD basis vectors  

𝒗 = [𝝓1, . . . , 𝝓𝑛] 

 

4.2. Galerkin-projection with permuted modes 

To define the ROM, a nonlinear equation is projected 

onto the reduced space via Galerkin projection. When 

using geometrically exact beam theory based on the 

mixed variational formulation, internal force and mo-

mentum are derived in addition to displacement in the 

structural variable 𝑿. Thus, if 𝑽 is used itself, perfor-

mance may be limited by the discontinuity of each 

variable. Therefore, 𝑽 can be expressed as follows so 

that the same variables are considered during the di-

mensional reduction process. 

(22) 
𝑽𝑷 =

[
 
 
 
 𝜙1

(𝑢1,𝜃1)
⋯𝜙𝑛

(𝑢1,𝜃1)

𝜙1
(𝐹1,𝑀1)

⋯𝜙𝑛
(𝐹1,𝑀1)

⋯

𝜙1
(𝑃𝑁 ,𝐻𝑁)

⋯𝜙𝑛
(𝑃𝑁,𝐻𝑁)

]
 
 
 
 

∈ ℝ𝑁×(𝑁×𝑛) 

By applying the Galerkin projection to the governing 

equations, the solution in the entire dimension and 

the solution in the reduced dimension can be ex-

pressed as follows. 

(23) 𝑿(𝝁) = 𝑽𝑷𝑿̂(𝜇) 

The approximated Jacobian and residuals at the 𝑘-th 

step derived through POD-Galerkin projection are as 

follows. 



(24) 𝝏𝑭𝑆

𝝏𝑿

̂ 𝑘

= 𝑽𝑷
𝑻 𝝏𝑭𝑆

𝝏𝑿
(𝑽𝑷𝑿̂(𝜇); 𝜇)𝑽𝑷, 

(25) 𝒓̂𝑘 = 𝑽𝑷
𝑇𝒓(𝑽𝑷𝑿̂(𝜇); 𝜇) 

4.3. Gauss-Newton with Approximation Tensor 

If hyper reduction is applied to the ROM for nonlinear 

analyis, sparse sampling can be employed to approx-

imate the nonlinear functions. In the case of POD-

GNAT, DEIM indices and nonlinear least square are 

applied while utilizing the existing POD bases. 

(26) ∆𝑿̂ = argmin‖
𝝏𝑭𝑆

𝝏𝑿
(𝑽𝑿̂(𝜇); 𝜇)𝑽𝐳 − 𝒓(𝑽𝑿̂(𝜇); 𝜇)‖

2

. 

The matrix P is constituted by a set of m vectors, de-

noting the DEIM indices to approximate the nonlinear 

terms. . 

(27) 𝑷 = [𝒆𝑝1
, … , 𝒆𝑝𝑚

] ∈ ℝ𝑁×𝑚 

where 𝒆𝑝𝑚
 represents the 𝑝𝑚-th column of an 𝑁 × 𝑁 

identity matrix. Consequently, the hyper-reduction for 

the residual force vector and the Jacobian matrix is 

accomplished. Summary of computing the DEIM indi-

ces is summarized in Algorithm 2. 

Algorithm 2 Compute the DEIM indices 

Input : POD basis 𝑻𝑚 = [𝒕1, . . . , 𝒕𝑚] 

Output : Interpolation indices 𝒑𝑚 = [𝑝1 , . . . , 𝑝𝑚] 

procedure DEIM 

    set 𝑝1 = 𝑚𝑎𝑥𝑙𝑜𝑐{𝑡1} 

    𝑻𝑚 = [𝑡1], 𝑷 = [𝒆𝑝1
] 

    for 𝑘 = 2 to 𝑚 do 

        solve 𝒄 = (𝑷𝑇𝑻𝑚)−1𝑷𝑇𝒕𝑘 

        𝒘 = 𝒕𝑘 − 𝑻𝑚𝒄 

        𝑝𝑘 = 𝑚𝑎𝑥𝑙𝑜𝑐{𝒘} 

        𝑻𝑚 ← [𝑻𝑚 𝒕𝑘], 𝑷 ← [𝑷 𝒆𝒑𝒌
] 

        end for 

end procedure 

 

The ROM at the kth iteration can be expressed as 

(28) 𝝏𝑭𝑆

𝝏𝑿

̂ 𝑘

= (𝑷𝑇𝑻𝑚)†𝑷𝑇
𝝏𝑭𝑆

𝝏𝑿
(𝑽𝑿̂(𝜇); 𝜇), 

(29) 𝒓̂𝑘 = (𝑷𝑇𝑻𝑚)†𝑷𝑇𝒓(𝑽𝑿̂(𝜇); 𝜇) 

where † denotes the Moore–Penrose pseudo-inverse. 

The relevant solution based on the Gauss-Newton 

problem results in the following Eq. (30). 

(30) 
∆𝐗̂ = argmin ‖(𝑷𝑇𝑻𝑚)†𝑷𝑇

𝝏𝑭𝑆

𝝏𝑿
(𝑽𝑿̂(𝜇); 𝜇)𝑽𝐳

− (𝑷𝑇𝑻𝑚)†𝑷𝑇𝒓(𝑽𝑿̂(𝜇); 𝜇)‖
2

. 

 

 
Figure 4: Proposed GNAT-based MOR for the GEBT 

Figure 4 illustrates the application of POD-GNAT to 

the geometrically exact beam theory, comprising of-

fline and online stages. 

In the offline stage, the FOM for the geometrically ex-

act beam theory is analyzed across various values of 



𝜇 , where 𝜇  may represent parameters such as the 

blade's collective pitch, load conditions, or material 

properties. From this analysis, structural state varia-

bles and force residuals are computed and used to 

construct the snapshot matrices 𝑾𝑠 and 𝑾𝑓, respec-

tively. Algorithm 1 is then utilized to extract the basis 

vectors 𝑽 and 𝑻𝑚. Subsequently, Algorithm 2 is em-

ployed to compute the DEIM indices, which identify 

the locations of the reduced degrees of freedom. For 

efficiency, (𝑷𝑇𝑻𝑚)† , which is needed for repeated 

calculations during the online stage, is precomputed. 

In the online stage, the precomputed terms are used 

to derive the Jacobian and residual in the reduced di-

mension, denoted as 
𝝏𝑭𝑆

𝝏𝑿

̂ 𝑘

 and 𝒓̂𝑘, respectively. The 

increment of structural state variables, ∆𝑿̂, in the re-

duced dimension is calculated using Eq. (30). 

5. NUMERICAL VERIFICATION 

In this section, we present the results of the proposed 

GNAT-based MOR for the geometrically exact beam 

theory (POD-GNAT-GEBT) in the quasi-static aeroe-

lastic analysis of a full-scale hingeless rotor blade. 

This analysis highlights the enhanced computational 

efficiency of the POD-GNAT-GEBT, given the higher 

degrees of freedom and increased computational de-

mands associated with aeroelastic analysis. The first 

and second examples focus on hovering analysis and 

the corresponding trim analysis for hovering flight to 

demonstrate the improvements in computational effi-

ciency provided by the POD-GNAT-GEBT. 

To validate the proposed method, we compare the re-

sults obtained with POD-GNAT-GEBT to those from 

the FOM, DYMORE II, and CAMRAD II. Both DY-

MORE II and CAMRAD II utilize the geometrically ex-

act beam theory (GEBT) and uniform inflow models 

for their analyses. 

The rotor specifications used in these analyses are 

detailed in Table 1. Additionally, a speed-up factor is 

calculated to assess the efficiency of the POD-GNAT-

GEBT. This factor is determined by dividing the CPU 

time required for the FOM analysis by the CPU time 

required for the POD-GNAT-GEBT analysis. A higher 

speed-up factor indicates a greater reduction in com-

putational time. 

(31) Speed − up factor =
CPU time for FOM

CPU time for ROM
. 

 

 

Table 1: Full-scale hingeless rotor specifications. 

Parameter Value 

Radius 4.91 m 

Hub Offset 0.1473 m 

Twist 
4.238°(1.079m) 

-2.032°(tip) 

Airfoil NACA 23012 

Rotor Speed 425 RPM 

Number of Blades 4 

Precone angle 2.5° 

 

The assessment of the model's accuracy involves two 

accuracy factors, each normalized between 0 and 1. 

These factors are determined by comparing the re-

sults of the ROMs to those of the FOMs. Values 

closer to 1 indicate high accuracy in the comparisons. 

The relative discrepancy of the displacement, as de-

fined in [23], can be expressed as 

(32) 𝑒1 = max (0, 1 −
√∆𝑢𝑇∆𝑢

√𝑢𝐹𝑂𝑀
𝑇 𝑢𝐹𝑂𝑀

𝑇
), 

where  

∆𝑢 = 𝑢𝐹𝑂𝑀 − 𝑢𝑅𝑂𝑀 . 

The relative discrepancy of the internal force and mo-

ment can be expressed as 

(33) 𝑒2 = max

(

 
 

0, 1 −

(
√∆𝐹𝑇∆𝐹

√𝐹𝐹𝑂𝑀
𝑇 𝐹𝐹𝑂𝑀

𝑇
+

√∆𝑀𝑇∆𝑀

√𝑀𝐹𝑂𝑀
𝑇 𝑀𝐹𝑂𝑀

𝑇
)

2

)

 
 

, 

Where,  

∆𝐹 = 𝐹𝐹𝑂𝑀 − 𝐹𝑅𝑂𝑀, ∆𝑀 = 𝑀𝐹𝑂𝑀 − 𝑀𝑅𝑂𝑀. 

5.1. Aeroelastic analysis for prescribed collec-

tive pitch angle 

The POD-GNAT-GEBT analysis for hovering flight 

conditions must accommodate variations in the col-

lective pitch angle, 𝜃𝑜. To cover the range of collective 

pitch angles, a hover aeroelastic analysis is per-

formed for four specific angles: 𝜃𝑜: 3°, 6°, 9°, and 12°. 

For validation, four cases are selected by incremen-

tally increasing the collective pitch angle, with the an-

gles as follows: Case 1: 𝜃𝑜=3.54°, Case 2: 𝜃𝑜=7.67°, 

Case 3: 𝜃𝑜=10.82°, and Case 4: 𝜃𝑜=13.45°. Cases 1–

3 fall within the sampling range (interpolation), while 

Case 4 extends beyond this range (extrapolation). 

 

In this study, 725 snapshots are generated, and the 

corresponding displacement and residual bases are 



derived. The POD-GNAT-GEBT is formulated by var-

ying the number of displacement bases 𝑛 from 20 to 

90 and the number of residual bases 𝑚 from 100 to 

400. The overall accuracy is verified using the 𝑒1 and 

𝑒2  accuracy metrics, considering the structural be-

havior of the full-scale hingeless blade. 

The accuracy of the POD-GNAT-GEBT is confirmed 

for both Case 1 (within the sampling range) and Case 

4 (outside the sampling range). Figure 5 illustrates the 

discrepancy in displacement for Cases 1 and 4. For 

𝑒1, Case 1 achieved accuracies ranging from 0.9 to 

0.95, independent of the number of bases used. In 

Case 4, the accuracy ranged from 0.85 to 0.9 across 

all considered bases, with no clear dependence on 

the number of bases. Figure 6 shows the discrepancy 

in internal forces for Case 4, showing high accuracies 

of 0.95 or greater for all considered bases across all 

four cases. 

 

(a) Case 1 (𝜃0= 3.54°) 

 

(b) Case 4 (𝜃0= 13.45°) 

Figure 5: Relative discrepancy of displacement of full-

scale hingeless blade (𝑒1) 

 

 

Case 4 (𝜃0= 13.45°) 

Figure 6: Relative discrepancy of internal force of full-

scale hingeless blade (𝑒2) 

Figure 7 shows the speed-up factors for Cases 1 and 

4. It is observed that the speed-up factor degrades 

when the number of displacement and residual bases 

decreases. As the number of bases increases, the 

convergence characteristics improve, leading to 

fewer iterations required. This comparison under-

scores the importance of balancing accuracy with 

computational efficiency. In this study, a model utiliz-

ing 80 displacement bases and 200 residual bases is 

chosen for its effective balance between accuracy 

and speed-up factor. 

 

(a) Case 1 (𝜃0= 3.54°) 

 

(b) Case 4 (𝜃0= 13.45°) 

Figure 7: Speed-up factor of displacement of full-
scale hingeless blade. 



For a model utilizing 80 displacement bases and 200 

residual bases, the tip displacements and distribution 

of internal forces are compared with those from the 

FOM for each case. Figure 8 shows the flap/lag dis-

placement and elastic twist at the tip for each case, 

demonstrating that these values closely match those 

from the FOM.  

 

(a) Flap displacement 

 

(b) Lag displacement 

 

(c) Elastic twist 

Figure 8: Tip displacement with respect to collective 

pitch of full-scale hingeless rotor blade. 

Figure 9 illustrates the internal flap, lag, and torsion 

moments along the spanwise direction. The flap and 

torsion moments exhibit strong correlation with the 

FOM predictions. Consequently, the comparison of 

tip displacement and internal loads indicates that the 

POD-GNAT-GEBT delivers results with comparable 

accuracy to the FOM. 

 

(a) Flapwise bending moment 

 

(b) Lagwise bending moment 

 

(c) Torsional moment 

Figure 9: Spanwise internal force with respect to col-

lective pitch of full-scale hingeless rotor blade. 



Figure 10 shows a fan plot generated using POD-

GNAT-GEBT with 80 displacement bases and 200 re-

sidual bases. The results are compared with those 

obtained from the FOM, CAMRAD II, and DYMORE 

II. It is confirmed that the results from POD-GNAT-

GEBT closely match those from the FOM and exhibit 

similar trends when compared with CAMRAD II and 

DYMORE II. 

 

Figure 10: Fan plot of full-scale hingeless blade. 

Subsequently, hover analyses are conducted using 

POD-GNAT-GEBT, taking into account the pre-

scribed collective pitch angles. Figure 11 presents a 

comparison of the rotor thrust coefficient, power coef-

ficient, and flapwise moment (FM) with NASA's exper-

imental data [24]. This comparison highlights the ef-

fectiveness and accuracy of the proposed POD-

GNAT-GEBT in performing precise and efficient aero-

elastic hovering analyses. 

 

 

(a) Rotor power 

 

(b) Rotor figure of merit 

Figure 11: Predicted rotor performance of full-scale 

hingeless rotor blade, 425RPM. 

5.2. Trim analysis for hovering condition 

The next step involved a trim analysis for hovering 

flight, which accounted for the thrust coefficient and 

its relation to inflow intensity. The primary variables 

considered in this trim analysis are the collective pitch 

angle and the target thrust coefficient relative to the 

inflow strength. For example, at the same collective 

pitch angle, a higher target thrust coefficient indicates 

stronger inflow, while a lower value signifies weaker 

inflow. Using Latin hypercube sampling, 24 sampling 

points are chosen for the collective pitch and target 

thrust coefficient (see Fig. 12). The corresponding 

calculations are performed to gather the snapshots, 

resulting in a snapshot matrix constructed from the 

3,577 snapshots collected during the analysis. 



Figure 12: Sampling point with parameter variation 
for trim analysis of hovering state. 

POD-GNAT-GEBT, utilizing 80 displacement bases 

(𝑛) and 200 residual bases (𝑚), is employed to con-

duct a trim analysis for hovering flight across four dis-

tinct conditions. Based on the sampling shown in Fig. 

12, four trim targets 𝐶𝑇/𝜎 for verification are selected: 

Case 1: 𝐶𝑇/𝜎 = 0.02, Case 2: 𝐶𝑇/𝜎 = 0.06, Case 3: 

𝐶𝑇/𝜎 = 0.1, Case 4: 𝐶𝑇/𝜎 = 0.13 

Figure 13 compares the collective pitch angles ob-

tained from the hover-trim analysis across these var-

ious thrust conditions. The results from POD-GNAT-

GEBT show close correlation with those from the 

FOM, CAMRAD II, and DYMORE II, with POD-

GNAT-GEBT and FOM results being particularly well-

aligned. 

 

Figure 13: Collective pitch angle of each case calcu-

lated from trim analysis. 

 

A summary of the online computation times under 

various thrust conditions is presented in Table 2, 

along with the corresponding speed-up factors. Case 

1 achieved the highest speed-up factor of 1.91, while 

Case 3 showed the lowest speed-up factor of 1.69, 

indicating the least reduction in computational time ef-

ficiency. 

Table 2: Computational cost and speed-up factor of 
each case for trim analysis. 

 Case1 Case2 Case3 Case4 

 Time [s]    

FOM 27.30 9.33 16.31 38.17 

POD-GNAT-GEBT 14.00 5.30 9.67 20.18 

 Speed-up factor   

 1.95 1.76 1.69 1.89 

 

Figure 14 illustrates the time required for analysis 

based on the accumulated number of trim analyses. 

For POD-GNAT-GEBT, the offline stage takes 79 

seconds to establish the model. Notably, when the 

number of analyses reaches 8 or more, the time re-

quired for ROM analysis is less than that for FOM 

analysis. This trend indicates that the speed-up factor 

continues to improve with a greater number of itera-

tions in the trim analyses, demonstrating the en-

hanced computational efficiency of POD-GNAT-

GEBT. Consequently, POD-GNAT-GEBT proves to 

be both accurate and efficient for trim analysis appli-

cations. 

 

Figure 14: Comparison of FOM and POD-GNAT-

GEBT computational cost. 

 



5.3. Dynamic analysis 

For the extension to dynamic analysis, HART-II rotor 

blade is considered. The relevant information is sum-

marized in Table 3. 

Table 3: Hingeless rotor specifications. 

Parameter Value 

Radius 2 m 

Hub Offset 0.075 m 

Twist 
4.24°(0.44m) 

-2°(tip) 

Airfoil NACA 23012 

Rotor Speed 1041 RPM 

Number of Blades 4 

Precone angle 2.5° 

 

Cyclic loads are applied to the blade's flap, lag direc-

tion load, and pitching moment. The relevant loading 

condition is depicted in Fig. 15. 

 

Figure 15: Tip displacement of HART-II blade. 

To create the POD-GEBT model, dynamic analysis of 

FOM is performed for a total of 5 revolutions. Moreo-

ver, a snapshot matrix consisting of structural varia-

bles is obtained. 

Consequently, POD-GEBT is created considering 20 

permuted POD modes.  The same load conditions are 

applied to 10 revolutions, twice the 5 revolutions used 

to sample the model. Figure 16 compares the tip dis-

placements in the flap, lag, and twist between FOM 

and ROM. 

 

 

(a) Flap displacement of HART-II blade 

 

(b) Lag displacement of HART-II blade 

 

(c) Twist angle except initial twist of HART-II 

blade 

Figure 16: Comparison of tip displacement for dy-

namic analysis. 

 



Overall, the present ROM provides good agreement 

when compared to that by FOM. In the case of twist, 

the FOM showed a significant variation with respect 

to time, and it is confirmed that the ROM also followed 

appropriately. 

6. CONCLUSIONS 

In this study, a ROM is created by applying a POD-

based GNAT to mixed variational formulation based 

geometrically exact beam theory. First, POD-GNAT-

GEBT is applied to the aero-structure coupled analy-

sis for the hovering flight of a full-scale hingeless rotor 

blade. Comparison of the proposed POD-GNAT-

GEBT with the FOM, CAMRAD II, DYMORE II, and 

the experimental data confirmed the accurate predic-

tion of thrust, torque, and performance coefficients. 

Moreover, the computational efficiency improved sig-

nificantly, as evidenced by the speed-up factors rang-

ing from 1.69–1.91. For dynamic analysis, the per-

muted mode is used and confirmed the prediction 

ability for the unsampled time. Moreover, hyper re-

duction approach will be employed for improved effi-

ciency of the dynamic analysis. 
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