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Abstract 

The dynamic and static behaviour of rot.or blades is mainly influenced by 
the coordinates of the shear center and the center of elasticity as well as 
the bending and shear stiffnesses. However, th~ distribution of the shear 
stresses due to transverse and torsional shear, the location of the shear 
center and the transverse deflection resulting from transverse shear are 
not easily found for beams with complicated cross section configurations. 
~he determination of these quantities depends on the solution of a two­
dimensional differential equation. 

This report shows a solution of this problem by means of finite elements. 
Special elements have been developed 1 the use of which permits the calcu­
lation of the warping function resulting from transverse and torsional shear. 
Thus the values of the cross section can be obtained. By using the finite 
element method, a simple usage is guaranteed for any cross section. The 
material can be homogeneous or inhomogeneous, isotropic or anisotropic. 

By comparing the results of this numerical approximation for cross sections 
with kn0wn exact solutions, it can be seen that convergence is guaranteed. 
The calculation for inhomogeneous cross sections shows an equivalent be­
haviour to a three-dimensional analysis. 
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1. Introduction 

To determine the dynamic and static properties of rotor blades it is 
necessary to know bending-, shear- and torsional stiffnesses, further the 
location of the elastic center and the shear center. Only in the case of 
very simply shaped cross sections, analytic solutions for the shear center, 
the transverse shear stress distributions and shear stiffnesses due to 
transverse load and torsion are known. 

In the case of complicated cross section configurations, for instance, com­
posite rotor blades, only approximate calculations or three-dimensional ide­
alizations in finite elements are available. A numerical solution, with the 
help of thre~imensionalfinite elements often needs too much effort. 
Characteristic values of cross sections, for instance shear stiffneSs and 
shear center, are in that case to be determined additionally. 

An analytical method for rotor blades which gives sufficiently good results 
and which can be performed with a minimum amount of work and calculation 
time is desired. 

2. The equations of transverse bending and torsion for homogeneous iso­
tropic beams 

For determining the stress distributions and characteristic cross section 
values of rotor bladest homogeneous, isotropic, cylindrical beams are con­
sidered first (see Figure 1) • 

The isotropic material shall show a linear stress-strain-behaviour (Hooke~s 
law) . The effects in the local region of the load introduction are omitted 
(St. Venant"s principle). Furthermore St. Venant"s assumptions [1]: 

() 

" 
a=T =0 

Y xy 
( 1) 

are assumed. These express that in the cross section neither transverse 
pressure nor inplane shear exists. By use of above assumptions, the boundary 
conditions can be summarized in one single term: 

T
2
x·cos(n,x) + 'zy·cos(n,y) = 0 (2) 

where 11 n" represents the normal of the cylindrical surface, expressing, 
that the resulting shear stress is tangentially directed to the boundary. 
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Figure 1 : Shear Loaded Beam 

The principle axes of inertia are represented by the x- and y-axis; the 
transverse load acts parallelly to the x-axis. 

Assuming a linear bending stress distribution oz in the longitudinal 
direction of the beam and in the shear direction x, one obtains: 

= -Q·(l-z) 

Jy 
• X 

Inserting equation (1) and (3) in the equilibrium conditions, yields: 

a, 
zx az- = o 

= 0 

3-r 
+~ 

ay 

(3) 

(4) 

The first two equations show that the transverse shear stresses L and 
T are independent of the z-axis. With the boundary equation (2)z~nd the 
czo~patibility requirements the solution of the differential equation (4) 
yields, see e.g. [1,2,3]: 

'zx = G·EH* y) 

'zy = G · 0·(l! + X) ;y 
-Q·(l-z) 

Jy 
• X 

Q ·[12: 
2.(1 +v). Jy ax 

Q a-~~.,......,,... • [.!X 
2·(1 +v). JY ay 

(5) 
+ \I•X·y] 

• 
~represents twist, ~ means the torsional function and X represents 
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the warping function. 

The function X= X (x,y) is in accordance to Poisson~s equation 6X = 2•x. 
The equations (5) are often expressed by the bending function x, which is 
a harmonic function (~X = 0). Thus follows: 

X = X + X• y'. 

By integrating the geometrical equations it is obtained regarding Hooke~s 
law and the equations (5) and (3): 

u = - 8·z·y +· + l . z> 
2 

V = 8· z· x: + E~J · 'J ·(1-z)·.x:·y= VT + VQ 
y 

z' ' 
-;:- J 
0 

w = 8· ·t Q - -:::--. [x:. ( J:z J:.•J 
y 

z> 
-) 
2 + X-]- b 2 · X: = WT - WB - w - b x: Q 2 

All terms of the displacement components u and v depending on (1-z) 
describe the influence of the cross section strains uQ , vQ due to the 
Poisson~s ratio v and bending stress crz. The expression 

Q 1 z' 
UB = --J- • [-.z 2 - -] 

E· y 2 6 

indicates the equation of the curved beam axis z. 
shear angle, respectively b2 • z the additional 
strain which is caused by transverse load. 

b 2 indicates the average 
deflection due to shear 

The term W 
__ Q_ 

B E·J 
y 

z2 3u8 
·x·(l·z- 2)= x·a,;- takes into account the slope of 

the cross section, whereas the term b2·x represents the angle of the cross 
section against the elastic line due to shear stress. 

The expression 
Q 

E.J. X 
y 

characterizes the cross section warping due to shear caused by transverse 
load. The transverse load Q must be independent of z and therefore 

awQ 

3Z = 0. 

This condition is satisfied because of X = X ( x, y) I X ( z). 

The term wT =E>· ~ represents the cross section warping due to torsion. The 
displacements ~and vT are derived from St. Venant's torsional theory. 

As a result of the expr~sions (5), the shear stresses due to 
load Q can be split up into a term which takes into account 
into one which is independent of warping. 
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The expressions: 

T o 
zx 

T o 
zy 

= 
-Q 

2•(1+V)•J y 

-Q 
2·(1+v)·J y 

do not include warping. 

The displacements uQ and vQ and the shear stresses Tzx and Tzy which 
can be derived from the displacements ~ and vQ are shown in Figure 2. 

For the solution of the equations (6) 
function ¢ and the warping function 
section shape. The functions ¢ and 

it is necessary to find 
- j( , which depend on 
X are only known for few 

the torsional 
the cross 
shapes. 

The average shear angle b 2 due to the shear load Q can be determined 
by taking the mean value of the cross section warping displacement wQ and 
the shear angle y 0 

• 
zx 

The unknown cross section warping functions resulting from the shear stresses 
are calculated by means of the finite-element-method [4]. 

A convenient method to determine the required force-displacement relations 
for finite elements is the principle of minimum potential energy. For this 
purpose the whole potential energy IT has to be ex~ressed by the unknown 
warping funktion ~ and the torsional function ~ • Here only non tor­
sional warping is considered, which means, that the transverse load acts on 
the shear center. In the expressions (6) 6 is considered to be zero. There­
fore only a polynomial function in x and y is chosen for the unknown 
warping function X . 

The potential energy ITa is described by the displacement u at the 
point z = 1. In determining this energy, the average shear angle b 2 must 
be known. b 2 is deduced by taking the average of the cross section warping 
wQ and the shear angle y o 

zx 

The average shear angle b 2 , which can also be expressed by the shear co­
efficient k , can be obtained from the following expression: 

dU 
dz 

represents the average shear angle of the 
caused by the displacement uQ. Thus 

cross section A which is 

u = 1. ! r u • dx· dv = 1. [)' _Q_. 
A Q • A E·J 

v 2 ·(1-z) · (x2 -y 2
) • dA 

respectively 

dU 1 
dz =A 

where 

A A y 
~-~--~----~ 

rr 
A 

_Q_ · Y..
2 

· ( -1 Hx2 -y 2 ) • dA 
E•J 
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¢ is an average cross section twist due to warping. 
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Figure 2: Quadrilateral Cross Sections: Cross Section Displacements and the 
Distribution of the Shear Stresses t o 1 o 
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From the expression dU dZ ~· ~ = f ( z) 

follows for k ( with: 

J G•A \) X f f X•WQ • dA. k = 
4•(1~V) 

(- -1) Q-"J Jy y A (7) 

k1 k2 

k 1 includes the average shear deformation of the non-warping component of 
the cross-section strain, see [5]. 
The shear stresses, which depend on warping, are included by the term k 2 . 
The shear coefficient k is found in another way in [6]. With expression 
(7) it is possible to determine the shear coefficient k, respectively the 
average shear angle b2 , by means of the warping function ~ , resPectively 
warping wQ (which is independent of z because ofT and T * f (z)). 
Thus the energy can be determined. zx zy 

The potential energy of the external loads amounts to 

where the average cross section displacement at the beam end (z=l) is ex-
pressed by: 

- 1 
U =A. If u(z=l)' dA. 

A 

Regarding the expressions (6) one obtains: 

= - Q 1' rra Q• ('E7'J- T + b2·1). 
y (8) 

Considering St. Venant~s assumptions (a = a = 'xy = 0) 
the deformation energy is obtained: 

X. y 

1 (a (9) rr. = -·Iff a• +· a T 2 + a T 2 ) .• d.V J.. 2 v. 33 z. ... yz 55 xz 

where: 

a = 1 1 
33 E f a = a = 'G 44 55 
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energy Finally, considering equation (8) and (9), the whole potential 
of an isotropic, cylindrical cantilever beam of the total length 
by a single load at its end, is obtained as: 

1 loaded 

1 = 2 ff < 
A 

y"-) l }2 

Q' 
jf:""JT • 

y 

+ G·l·{ 

Q 
Q • { E"=J l' .3 + 

l' x'· T + 
Q a; 

G ·l· {-- · [- -'-"' E·J ax 
v 
-. (x' 
2 

Q 
E-'J' 

y 
[- li 

ay 

y 

- V·X·y]} 2) • dA 

-1)- A 

(10) 

y 
(Jx 
Jy 2·( 1 +v) • J 2 • 

- y 
·rx·x·dAJ}. 

Inserting the warping function X (~espectively w ), expressed by a poly­
nomial function, in the term of the whole potentia~ energy (10) and inte­
grating over the whole area of a certain finite element with its subscript 
k, rrk is obtained as a portion of the ~hole potential energy 
Considering the partial derivative of IT to be zero, where ~ is 
differentiated with respect to the unknown deflection wQ· , the unknown 
load-warping-function is obtained: 1 

+ {c} {0}. 

[k] represents the element 
load vector due to warping. 
displacements wQ·· 

stiffness matrix. 
The warping vector 

represents the element 
includes the node 

J 
Joining the element matrices together, respectively the element load vectors 
to the total stiffness matrix, respectively to the total load vector, and 
solving the equation set, the node displacements wQj are obtained. With 
the chosen polynomial function of one finite element the warping deflection 
within this element is known. Finally, the shear coefficient k (see 
equation (7)) and the average shear angle b 2 is determined. Furthermore 
it is possible to calculate the deflections u, v, w (see equations (6)). 
By means of the known deflections and the material law the shear stresses 
T and T (see equations (5)) are computed. Under the requirement 
tfi~t a cros~ysection should be displaced without any torsion and by knowing 
the shear stresses resulting from transverse bending, the shear center 
coordinates can be obtained by means of the moment relations in the follo-
wing way: 

y = -
1 ·ff M Q 
X A 

x = -1 ·ff 
M Qy A 

(-x. T + Y· 1: )·dA zy zx 

(x ·1:' - y • T'. )·dA. zy zx 

are the shear stresses resulting from the loads 
Q t o, 

y and T 'zy result from the loads 
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For sol~ing the torsion problem, the total potential energy TI is calculated 
by using the terms depending on e of the equations (6) for u, v and w. 
The unknowntorsionalfunktion~ of a cross section is approximated by a poly­
nomial in analogy to the warping function X , see [7] . Apart from the 
element load vector, the same element stiffness matrix is obtained as by 
using the solution described in this paper. When the shear stresses tT 
and T T du~ to torsion have been determined, the torsional stiffness

2
x 

GIT c[K be calculated by: 

G·J 
T ff 

A 
(T T • x - T T • y) · dA. zy zx 

3. The characteristic cross section properties due to transverse bending 
and torsion for inhomogeneous, orthotropic rotor blades 

Rotor blades composed of fiber-reinforced materials are orthotropic struc­
tures in which the three symmetry axes are orthogonal to each other. 

The longitudinal axis z of the blade is considered to be an orthotropic 
direction. Normally, both orthotropic axes in the cross section plane do not 
coincide with the cross section axes x and y. This special symmetry 
model corresponds to a monoclinic crista! [8]. The above mentioned kind 
of material anisotropy, however, is the most significant case in technical 
applications. In order to demonstrate the computation of these properties 
a cantilever beam composed of orthotropic material is considered. 

To begin with, Hooke~s law in its generalized form is stated again: 

{E} [a] {o} 

For monoclinic bodies the relation between stress and strain is given in the 
following form: 

f: all a12 al3 0 0 als 0 
X X 

e: a a 0 0 a 0 
y 4 4 4 3 2 6 y 

e: a 0 0 a 0 
z 3 3 3 6 • z 

= 
Yyz a a 0 T •• • 5 yz 

y xz as 5 0 ' symmetric xz 

Yxy a ' 6 5 xy 

A significant feature of the equations (11) is the coupling of stress and 
strain by the terms a

16
, a

26 
and a

36
. 
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Regarding expression (11) it follows: 

{
Yyz} = [ a., a, 5] {Tyz} 
Yxz a~5 ass ~xz 

( 12) 

In order to-obtain the relation 

{a} = -1 
[al • {s} = [Al· { d 

the compliance matrix [a] has to be inverted. Its structure is the same as 
in the matrix [a]. Therefore the coefficients A

44
, A 

5
, A

55 
of the appli­

cated material stiffness matrix can be found by solving tfie set of equa­
tions (12). 

Now it follows: 

If some materials of the inhomogeneous beam possess different Poisson~s 
ratios, there will be a mutual crosssectional restraint of each layer during 
the cross section deformation. Hence, St. Venant;s assumptions (1) are no 
longer valid. 

If such a three-dimensional problem shall be reduced to a two-dimensional 
one, the dependence of all displacements and stresses on the beam;s lon­
gitudinal axis z must be known. For instance, if St. Venant#s assump­
tions are still valid, the displacements u, v and w are given, excepting 
the unknown cross section warping. As a result of the conditions outlined 
above, a solution by means of the warping function X is proposed and 
this solution shall be described now. 

First of all, the cross section shall consist of "n" homogeneous partial 
areas, then one obtains for the displacements [5]: 

rn 
u -

v rn .-

rn 
w = 

with 

. m 

n 
E 

m=1 

n 

:n~1 

m 
a13 

Q 1 m 
m ...m • [2(b23 

E ·J 
z: y 

Q ·[- b 2x;·X·Y•(l-z) 
Ef' . .f!l z y 

Q -m £.) l . [- X - x·(l· z -.,..,.."'t ._o'll 2 ):; ·o.J z y 

m 
.m a23 

-

m 

l 2 
+ 2" z 

• X
2

• (1-z) l 

b
2

.x 

z 3 

rl 

m m a36 0 13 = 0
23 = = m m b36 = und ·m a33 

a33 a33 
m Ez a33 
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The subscript 
cross section 

"m11 is related to the homogeneous partial area 
A is subdivided into "n" partial areas Am. 

m, where the 

The moments of inertia rm of 
the principle axis ofinertia 
center. This.point is defined 

each homogeneous partial area are related to 
y , which has its origin in the elastic 

as follows: 

n 
Em·xm·Am n E E Em·Xm·Am 

m=1 z s m=1 z s X n I ys s 
E Em. m n Em. Am A E m=1 z m=1 z 

This law results from the force equilibrium of all normal bending stresses 
in direction of z 

JJ 
A 

a dA = o z 

After shifting the Cartesian coordinate system parallelly into the elastic 
center, the unknown principle axes x, y yield: 

In the relations for x , y und a a linear stress distribution in each 
homogeneous partial se~tion 8is assumed. Possible mutual deformation re­
straints are neglected. 

For any energy consideration the product of force multiplied by the dis­
placement has to be taken. Therefore to determine both the average cross 
section displacement u and the cross section warping ¢ 1 one must know 
all shear and longitudinal stiffnesses of each partial (homogeneous) area. 
We have: 

1 n r m m m m Gm u = • J, UQ·Ass' dA Ass = 
Am Am 

~ zx n m2 1 Am 
E ·ss· 

m=l 

1 n 
JJ lC·wo·tn • dAm ~ = E 

n Em· .T' m=l Am z 
E z y m=l 
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With that it follows: 

b2 
1 Q 1 n f_jm AS~. (b 1m3. x' = n 2' l: 
Am 'Am n tn . .fll. E E m=l 

m=l 55 m=l z y 

1 n !! kfl-x-~dAm 
Efl . .fll l: n m=l lll z Q 

E z y A 
m=l 

and 
n 

k = 
1: A~ms. Am 

, ="-=..:.1_""-~"'---02• 
Q 

n 
In case of inhomogeneity the term E 

m=1 
A;

5 
Am has to be taken into account 

for the calculation of the shear coefficient. 

The potential energy of all external forces becomes: 

1T 
a 

with 

= Q • l--::n--'-::m:----::-m 
E A55 ·A 

m=l 

n 
l: 

m=1 

Q 1' 
3' 

;} !! 
~ :n 

m=1 A 

(A -' A y' +2•A ·Y ·Y +A __ .y')·dV 
3 J • =.. z .,. :.. 4 • yz '+ s "iZ XZ ::. :~ XZ 

respectively 

1!. 
~ 

= i·fff 
'1 

(a,,·c' +a z :O.ll. 
- ' ~yz 

+ 2. a . , . 1: + a . T ' ) • dV "s yz xz 5 5 xz 

and with reference to the conditions outlined above the expression of the 
whole potential energy with regard to non-torsional transverse bending 
yields: 
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rr = 1 Q 1' n _m = 2 '(.....,..n___....__) •. - • 1: f f J:; • 

I: Efl, .TU 3 m•t Aln z 
m=t z y 

rn 
b36 

+ T'x .. ]'+ 

- Q. {.....,..n _1:......,... __ 

I: Asm~· Am 
m=l ..J 

1 n rn 
·-· E r. . 2m=1· 55 

( n 
I: 

m=l 

[- h + ay . 

. [- ii ay 

Q )'·[- h 
grr. Jil ax 

z y 

Q 1 3 n m rn 
n _rn ..rn • -3 • E ff A--·dA + 
E .o; ·.; m=l Am :::>:::> 

m=l z y 

n 
E 

m=l 
tn._rn 

z y 

rn 
b36 

+ -·x•] 
2 

!! ff - Ern dA' m ] ' 
1.. x··x· · i 

m=l Am z 

With th'is expression the unknown force-deformation relation 
can be set up (see chapter 2) . 

4. Element stiffness matrices and element load vectors 

The purpose of this chapter is to deduce the element stiffness matrices and 
element vectors of three element types. The approximate quality of the 
solution shall be discussed. 

We shall consider a triangular element with a linear warping displace­
ment function and an isoparametric triangular, respectively quadrila­
teral element with a second order respectively third order parabola 
(see Figure 3) . 
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3 
3 

6 
s 

1 2 1 

Figure 3: Triangular element and isoparametric triangular and quadri­
lateral element 

Thus, the coefficients 
element load vector c. 

of both the element stiffness matrix kij and the 
for the triangle with 3 nodes are: 

J 
m m , 

X> + A 2•X • Y + A 5 5 • Y ] 
32 14-5. 32 23 23 

m 
+ As s' Y 2 3 · Y 3 1 l 

k =-1-·[Am·X•X +Am·(X•Y +X 32 'Y12)+Asms.y12.y23] 
1 1 4-a " " 2 1 1 2 • s 21 21 

k3 3 

and 

= T 

c~ T 

c 3 = T 

Am· 2 ·X • y +· A m. y 2· ] 
11-5 13 31 55 31 

{(x2.y3- x3.y2)· X·a + Jk, y + Jk. y 21 xy x32 

{ (x ·V - X Y, ) . x·a + y 3l. Jk + X Jk 
J • 1 1 ·y 1 3 xy 

- A •X • R A (y 3 1 .R + X . s ) - A y 31. s } •• l 3 "5 1 3 5 s 

-{(x.y -x·y ).x.a+y .Jk+x .Jk 
1 2 2 1 12 y 21 xy 

-A,_. x21'R - A,s· (y12·R + x2l.s) -Ass' Y12·S} 
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where for the abbrevations: 

= X -X. 
i J 

= y. - y. 
~ J 

m 

R bm Jk b 3 6 ~k = + -2-· "' 2 3 xy y 

s = .l . (b m Jk - b m. Jk) 
2 l 3 y 2 3 X 

Em 
T = 

Q z 
n :<a 
E ~-Jm 

m=1 z y 

The terms of the warping cj , which depend on R and S and therefore, 
with regard to the material coefficients b 13, b23 and b36' contain the 
Poisson#s ratios V31 and V32 , from the internal energy ITf. There­
fore this warping term is obtained exclusively· by the cross section 
strains ~ , vQ , which vary in z-direction. At the cross section edge 
the boundary conditions are fullfilled and hence, the shear stresses and 
the shear angles are zero in the normal direction to the cross section 
edge. Thus, the cylinder surface slope due to a varying cross section de­
flection in z-direction is regarded. (For information about element load 
vectors in case of torsion see [7,8]). 

The coefficients in case of an isoparametric triangular and quadrilateral 
element are as follows: 

- !! 
a 

c· = 
Q 

3 n 
~ . .rn E 

m=l z y 

+ 
Q 

,! 
~-.rn E m=l z y 

aN. 
~ ax-· 

aN. 
____;r_ + 
ay 

aN. 
......:..2. 
ax 

aN. -d) + 

i = 1,2, .... 6 

j = 1,2, .... 6 

f! E ~ x · N . det CJJ · d ;; · d !l + z ~ a 

aNi 
·!!{-·(­ax 

a 
Am· R) 

45 

aNi 
+ -,-(-ay 

( 3) 

( 8) 

·det [JJ · di; · dn j = 1,2, ... 6 (8) 

where it means: 

X = 
6 ( 8) 

E 
j = 1 

N. • X. 
J J ' 

y = 

= bm •X•Y 
2 3 

bm 
3 6 

+ -2-. x.2' 

5 1 (bm m = 2 . l 3 • x• + b 2 3 • y• ) 
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O,'t 

1 e./el"t)e.nt: a.c.I"''s.s th~ width of f:.h~ cross .secHon 
\ l I I 

8K~\ § 't-1< (1el.l 

I .. .,.P 
~ 

r ' 1$1KI 
I I l! \ 

Z'l- }( (11el.) I )t 4 
\ 

(SoJ.) § 1:Z k 

i 
I 

:J 

0,2 
h lx A"-., 

2.1 I< (12 

Diagram 1: Rectangular cross section (h/b=3/1), isotropic, subdivision in­
to quadrilateral elements: relative deviation of warping wQ 
(y=b/2) in relation to the analytical solution (reference value: 

WQ exact) 
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Diagram 2: Rectangular cross section (h/b=3/1), isotropic, subdivision into 
quadrilateral and triangular elements, relative deviation of the 
shear coefficient k in relation to the analytical solution 
(reference value: kexact>· 
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N. are form functions, det [J] is the 
J~,n represent the field coordinates. 

determinant of JACOBI'S matrix 

For detailed explanation of these coefficients see [5). The coefficients 
kij and cij are, of course, also valid in case of an isotropic, homogeneous 
cross sect1on. This kind of cross section is a special case of an ortho­
tropic, inhomogeneous cross section. 

For testing the element quality, a homogeneous rectangular cross section 
with a known analytical solution shall be considered. The cross section 
shall be subdivided into a number of square elements which are composed of 
triangular elements with three nodes (The idealizations are shown in Dia­
gram 1). It can be shown that the approximate value of the warping calcu­
lated with help of the finite element analysis, convergates to the true 
value. 

The convergence behaviour of the shear coefficient k is shown in Dia­
gram 2i k also takes into account cross section warping (see equation 7). 
In addition to this, there are also considered some subdivisions of the 
cross section into triangular and quadrilateral elements with six, re­
spectively eight nodes. These elements have higher order deflection terms 
for warping than the element with four nodes. It is obviously recognizable 
that with isoparametric elements essentially better results can be ob­
tained. Apart from this, it is also possible to have a very good approxi­
mation in some special points (optimum stress points), see [10,11]. 

5. Comparison of calculated results of a three-dimensionally and a two­
dimensionally idealized inhomogeneous, orthotropic beam 

The quality of the "warping elements" is checked by comparing them with a 
three-dimensionally idealized cantilever beam. The FE-idealization of the 
cross-section is shown in Figure 4. The idealization of the beam in three­
dimensional elements is shown in Figure 5. 

The idealization of the beam in three-dimensional elements needs more 
effort than the idealization in two-dimensional "warping elements". For 
this example, the calculation time.relation between three- and two-dimen­
sional types of elements is 506 sec/5 sec. 

In Figure 6 the stress distribution in z-direction is shown. It can be seen, 
that the disturbance of the stresses due to the load introduction is res­
tricted to a small area. The shear stresses calculated with the two-dimen­
sional 11 Warping elements" coincide with those calculated with three-dimen­
sional elements [5]. It can be stated, that for helicopter main rotor blades 
an idealization in "warping elements" gives sufficient results to dimen­
sion the blade. However for dimensioning tail rotor blades an analysis which 
includes three-dimensional elements may be necessary. Such an idealization 
for the BOlOS tail rotor is shown in Figure 8. 
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Figure 4: FE-idealization of an inhomogeneous rectangular cross section 

dimensions: h = 
b 
l 

•o mm 
20 mm 
200 mrn 

Figure 5: Element idealization of an inhomogeneous, anisotropic cantilever 
beam by means of three-dimensional elements (1512 elements, 1980 
nodes) 

In this case the disturbance of the shear stresses due to the load intro­
duction cannot be neglected. 
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Figure 7: Tail-rotor of the BOlOS helicopter 

Figure 8: Idealization of the tail-rotor in three-dimensional elements 
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6. Analysis of rotor blade cross sections 

For the helicopters BOlOS and BK117, main and tail rotors were analyzed. 
These blades have inhomogeneous cross sections composed of anisotropic 
materials. A cross section of the BOlOS main rotor is shown in Figure 9. 

lead 
weight! 

titanium 
unidi­

rectional 

GFC: + 45° foam 

profil chord: l 
profil thick-
ness: 6 

Figure 9: Cross section of the BOlOS main rotor blade 

270 mm 

12 % 

The rotor blade is mainly composed of E-glass unidirectional fibers and 
~ 45°-fabrics and of Conticell C60 foam. The unidirectional layers react 
both bending moments and centrifugal force which acts on the mass center 
whereas the ~ 45°-fabrics form a stiff closed shell for transfering the 
torsional moments. The foam supports the glass fiber fabrics and prevents 
the cross section from beeing deformed. The protection against erosion 
consists of a titanium strap. By using a lead weight the mass center can 
be shifted cordally. 

The dynamic and static behaviour is mainly influenced by the coordinates 
of the shear center and the center of elasticity. Other important features 
are: 

mass center 

main axes 

bending stiffnesses 

torsional stiffness 

longitudinal stiffness 
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shear stiffnesses 

distribution of the shear stresses due to torsion and 
shear forces 

The bending Stiffnesses as well as the main axes of anisotropic cross 
sections will not be discussed here. The analysis for calculating the shear 
center and shear stiffnesses were discribed in detail in the preceding chapters. 
~here is the possibility to calculate shear center by means of the shear 
~tresses resulting from torsion or by means of the shear stresses resulting 
from transverse bending. This fact is used to control the results given by 
transverse shear or torsion. 

Of much importance is the calculation of the torsional and shear stiffnesses. 
Usually the chordwise shear stiffness is more important than the flapwise, 
because of the influence on the dynamic behaviour of the rotor. 

To discribe the calculation of the shear stresses due to torsion and trans­
verse bending is the main purpose of this paper. The shear stresses are 
fundamental for the correct design of rotor blades, especially if bearing­
less rotors with torsional elastic elements are used. The idealized cross 
§ection is shown in Figure 10 with the position of the elastic, shear and 
mass center. 

shear center 

j 

~ 
ilL I I. 

' 

elastic center 

/ 

\ x ... chordwJ:.se dl.rection 
y·· flapwise direction 

Figure 10: Rotor blade cross section: idealization in triangular and 
quadrilateral elements 

In Figure 11 and 12 the warping due to transverse load in flapwise and 
chordwise direction is shown. 

The stress distribution due to transverse load in flapwise direction is 
shown in Figure 13 to 16. The maximum shear stress occurs in the flap­
wise direction in the+ 45° fabric, see Figure 13. 
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Figure ll! 

Figure 12: 

/ 
/~ 

'--

Rotor blade cross section: warping 
chordwise direction 

'' 

X 

w, 
0 ll1 0.2 03 Cmml 

Q')(•10 k.N 

wQ due to shear load in 

X 

9y • 10 kN 

Rotor blade cross section: 
flapwise direction 

warping wQ due to shear load in 

The maximum stress normal to the flapwise direction is about 20 % lower, 
see Figure 15. This stress also occurs in the+ 45° layer. The maximum 
shear stresses of the unidirectional material are much lower, but are of 
major importance because of the low interlaminar shear strength. 

The calculated shear stresses differ essentially from those calculated by 
the simple beam theory. 
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Figure 13: 

Figure 14: 

i 
t Q~ r,.Y 

0 10 20 30 ·'rlJ 50 Nlmm' 

Qy•10kN 

Rotor blade cross section: stress distribution T in the 
GFC + 45° fabric due to transverse load in flapwi~¥ direction 

0 jQ 20 30 <tO 50 

Rotor blade cross section: stress distribution 1 in the 
GFC unidirectional laminate and in the foam due zy to trans­
verse load in flapwise direction. 
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""' 0 10 ?0 30 'HJ 50 N(mm' 
a

1
=10.kN 
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Figure 15: 

Figure 16: 

I ":t 
'['?X 

!"lX > Q 
U 10 ZO 30 '*0 50 .V/mm1 

a1 ·1o kN 

Rotor blade cross section: stress distribution T 
GFC + 45° fabric due to transverse load in flapwl~~ 

in the 
direction 

0 iO ZO 30 'tO SO /'1/mmz 

Rotor blade cross section: stress distribution 
GFC unidirectional laminate and in the foam due 
verse load in flapwise direction 
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7. Summary 

Shear stress distribution and shear stiffness of transverse loaded cylindri­
cal beams of any cross section shape are dete1~ined by means of the Finite­
Element-Meth?d· For calculating warping resulting from transverse load, 
special two-dimensional elements were developed. If the warping of any 
cross section is known, shear stress distribution and some cross section 
properties, as shear stiffnesses and shear center, can be calculated. The most 
important point,howeve~ is that these values can be obtained for any cross 
section by means of a two-dimensional analysis and therefore the whole 
stn.tcture has to be considered. 

As a result of the given method it is possible to calculate the stress 
distribution even for complicated cross sections. The material can be 
homogeneous or inhomogeneous, isotropic or orthotropic. 

Because only small amounts of work effort is necessary, the method can be 
used in early design stage. For conical structures more cross sections 
have to be considered. The validity of the given theory is limited to 
small conus angles. 
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