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Abstract

The low-fidelity generalized inverse solver is developed. It allows to control the pitching moment when the
original pressure distribution is corrected. The new hybrid method of aerodynamic design is stated. It uses the
generalized inverse solver as a geometry parameterizer along with the solvers of any fidelity to evaluate

the objective function

1. INTRODUCTION

It is known that the high-fidelity solvers used in
aerodynamic design are very expensive. So the
number of iterations has to be reduced to minimum.
For this purpose a successful choice of design
variables may play an important role. If the designer
knows where and how to change the researching
geometry of objects the optimization process may be
accelerated. The physical considerations help to
reduce the number of iterations that is important for
expensive 3-d and especially unsteady problems.

The numerical procedures of airfoil design and rotor
blade design have many common features.

The airfoil concept is commonly used for surface
generation of basic elements of aircraft such as wing,
blade, and control surfaces. It is clear that the better
airfoil performance the better lifting surface
performance. The well known approach for improving
airfoil performance is to solve an inverse problem with
a given pressure distribution along airfoil surface. But
for helicopter airfoils the applications based on
inverse problem are limited because of necessity of
several flow regimes monitoring simultaneously. So
such a way is questionable and not applicable in
classical statement. In this study one consider a well
posed inverse solver with additional containment
providing given pitching moment.

2. INVERSE PPOBLEM WITH MOMENT
CONSTRAINT

2.1. Statement

Let in the physical plane z there is an opened contour
with semi-infinite cut, flown around by an ideal fluid
flow. Let us set the distribution of the

pressure coefficient C, depending on the arc length s
counted from the trailing edge of the airfoil in the

clockwise direction. Taking into account that for
potential flows there is a one-to-one relationship
between pressure and velocity modulus u , the

velocity distribution can be considered given:u= fs()

. It is required to find the contour of the airfoil having a
given thickness of the trailing edge, the velocity
distribution along which is as close as possible to the
given one and at the same time having a given value

of the pitching moment at zero lift, Cmo . Such a

problem we‘ll name as generalized inverse problem
(GIP).

It is known that the solution of the direct problem of
the flow around an airfoil with a potential flow of an
incompressible fluid is found using a conformal
mapping of the outside of the airfoil contour in the z
plane to the outside of the circle in the ¢ plane. For
the convenience of considering the nonlinear case,
we add the inversion transformation ¢ ¢=1/ ' to this.

Following [1], we represent the derivative of the
mapping function in the form:

dz 1 =
1y —="7 - 2(1¢)

exp(  ¢GQ"), dg g
where 0 is the polar angle in the ¢ plane, € is the

opening angle of the trailing edge (the angle
between the tangents to the upper and lower

contours) of the airfoil expressed in fractions of Tt, ¢n

= +an ibn. In this case, the real and imaginary parts
of the logarithm of the derivative of the mapping
function can be written as follows:

ds N
Z - —(1 €)In2sinB/ 2
= ancosnB-bnsinnB, dO

n=0

In

n:0001
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W+ _[B BT+ (- :)] Zansinn9+bncosn6.
2 n=0
Here W is the angle of inclination of the tangent to

the airfoil surface. For potential flows, the velocity
modulus in the z plane is related to the velocity

modulus in the computational plane Cas follows:

H constraint to provide the given value of the pitching
moment at zero lift:

2
j|n/-/sin(ze)d9=—cm°
(6) 4

0

These integral relations, as well as the Lighthill

relations, do not allow modifying the target velocity
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ds —u(
0 (2) =
dBus()

Once the speed u( )0 is known, solution (2) is reduced
to quadratures:
s [¢]

(3) Iu sds( ) :Iu d()66

By integrating this relationship, we obtain the
dependences s( )0 , W( )0 and determine the
coordinates of the airfoil contour x( )0 un y( )0 :

4) x(6)= j L COS)0. y(6)=Id—esin(‘P)d0
o odsds °

0

It remains to find out what conditions the function ds

H =__ must satisfy in order for the solution to d©
exist, the airfoil obtained as had a given thickness of
the trailing edge, and its pitching moment at zero lift
had a given value. By integrating relation (1) and using
the theory of residues, we obtain the function H
constraints to provide the conservation of the velocity
at infinity and a given thickness of the trailing edge:

2z

[InHdo=0

0 ’

2
ijsin(a)de:
0 0,

2z
(5) j InHcos(6)dE = c,,
0 .

Ay® Ay is the thickness of the

Herecii= — —(1¢€), 2T
trailing edge referred to the airfoil chord. From the
Chaplygin - Blasius formula one obtain an additional

distribution in advance before solving the problem,

since it requires knowing the s( )0 dependency .
However, conditions (5), (6) have the advantage in
that they are applicable to the nonlinear case, and a
simple way to satisfy them is indicated below. For
this, as in [2], we define Hn in the following form:

@)

Here and below, the index m denotes a modified
function. We will seek a function Hm close to a given
function H in the sense of least squares that satisfies

integral relations (5), (6). Let us rewrite these relations
for the function g:

Hm =Hexpg .

ngﬁz—zflanﬁz—aOZJr
6, 0

6, 2z
Igcosedﬁz—j InHcos@d@=—(a, —c,, )&
0

Hl
o, 2
Igsinedﬁz—j InHsin@d@ =—b,
6, 0

4 27
(8) Jgsinzﬁdﬁz—fIanin29d¢9:_(b2 +%)”
° .

L}

It is seen that for the case when the function H , and
with it the target velocity u , is modified over the entire
surface of the airfoil, which corresponds to the range
0 < <O m2, there is an exact solution to the system
of equations exist :

g=— — —ao (a1 cu)cosB—bisinO-

Cmo

(9) — +(b2  )sin20.
4

This solution differs from the solution for the classical
inverse problem [2] by an additional last term on the
right-hand side of relation (9). Now, substituting (9)

!

into (7), one determineHm, and hence " m. Then, from
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relations (4), we find the coordinates of the desired
airfoil in a parametric form. In contrast to the direct
problem, in the inverse problem the angle of attack is
not known in advance, but is determined

r
from the relation o y= f( ). Here y= ___, ['min is the
rmin

velocity circulation along a part of the airfoil contour
from the trailing edge to the front stagnation point
along the lower surface of the airfoil, ' is the total
circulation:

BEI

r,,=[u6xe F=Tu(0)d€

0

For an incompressible fluid, the dependence of the
velocity on the angle of attack is known: u(

)9:—2[sin(6 o O+ +) sin ] O 1 o= -2 . After

performing the integration, we obtain the following
v

equation to determine a: tga=[77/2-1-ay]

This means that for the case of an incompressible
fluid, the solution to the GIP is obtained in
quadratures.

In the nonlinear case, the solution and the angle of
attack are obtained at the current iteration, which will
be discussed below. Of greatest interest is the
solution holding the pressure distribution of the
pressure distribution over the upper surface of the
airfoil, which determines the level of the maximum lift
coefficient Cimax . In this case, the modification is
performed along the low surface of the airfoil, and the
solution is not universal. Let's set the modification

<<
range as 1 2, denote
g-6,
gp:g, 0<@p<L2rx
2 . As in [2], we represent the

function g in the form of a finite Fourier series:

N

(10) g = dncosnd+ensinng.

n=0
At the ends of the modification interval, we impose the
smooth conjugation conditions: g(0)= g(2 )t= 0 ,g

(0)= g'(2 )1t= 0. The least squares method is reduced
to finding the minimum of the functional:

J£g2d9 +A,9(0)+ 4,g (0)+ ﬂB(JZ gsindé + b, )

6, A +

6
+4, [I gcos@d@ +(a, —c,,)/ 71+
2

6,
o Crovi_ .
+£5[Ig5|n29d9+(b2+ ] )]=min

6,

Solving the system of equations of 5-th order, we find
the modifying function g, and hence the functions Hnm

and me. Again, using formulas (4), we obtain a

solution to the GIP for an incompressible fluid. At the
same time, the target velocity distribution over the
upper surface of the airfoil is provided.

For a nonlinear problem, when the velocity u( )8 in the
computational plane in equation (2) is not known, as
in [2], we will solve the GIP by the method of
successive approximations.

Assuming the function s( ) to be known at the k -th
iteration, we solve the direct problem for the full

potential equations (FPE) and find the velocity ux( )0 .
dsk*t  uk( )8
Equation (2) will take the form: =

dO us()
By integrating it, we find the next intermediate
approximation sk+1, solve the system of equations and
determine gx. We find the following approximation that
satisfies conditions (8):

dsiciz Clsk+1expgk. And so on until the d© d©

W—ﬂ?{ <& is reached,

convergence criterion
d Bd

where & is a small parameter. During iterations when
solving the direct problem, it is not the value of the
angle of attack that is set, but the value of the

___, and

[ parameter y=
the angle of attack is
['min determined in the process of
solving from the KuttaZhukovsky condition.

2.2. Application

Consider the application of GIP to the design of
helicopter airfoils. In the aerodynamic design of
helicopter airfoils, the restrictions are usually
imposed on the airfoils Cmo value. For the sake of
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clarity, let's assume that it is necessary to change
Cmo value towards the pitch up.

This increase of Cmo for helicopter airfoils is usually
achieved changing angular tab position upward. This,
in turn, leads to a decrease in the values of Cimax. In
our case, the GIP is solved holding the pressure
distribution over the upper surface. Since, in the first
approximation, the target C. is also preserved

(exactly for M« = 0), one should expect that Cimax Of
the modified and original airfoils will be close.

Consider NACA-23012 airfoil with the trailing edge tab
installed along its chord. Target pressure distribution
is calculated by the direct FPE method at near Cimax
flow condition: M. =0.4, C.=1.4. The GIP problem is
solved provided that the original airfoil Cmo is
increased by 0.01. Let us designate the airfoils as
follows: obtained as a result of the GIP solution -
N230m, original airfoil - N230, original airfoil with tab
deflected by 2 degrees upwards - N230up.

Figure. 1 shows the C, distributions and contours of

the airfoils.
T
7C5 1 — N230
4 N230m

Figure 1. Airfoils contours and pressure distributions.
M. =04, C.=1.4

The coefficients of the pitching moment Cnmo and

maximum lift Cimax Of the airfoils were calculated using
the CFD RANS solver. Compared with the original

airfoil, the following increments were obtained: ACmo
=0.0119, ACimax=-0.0048 for the

N230m airfoil and ACmo= 0.0088, ACimax=-0.021 for
the N230up airfoil. The calculated data confirm the
above stated advantage of the N230m airfoil obtained
as a result of the GIP solution over the N230up airfoll
obtained as a result of the upward deflection of the
tab. Thus GIP method allows for modifying the lower
surface of the airfoil, which makes it possible to

increase the pitching moment of the airfoil without a
noticeable decrease in its maximum lifting capacity.
This allows the method to be used in aerodynamic
design of airfoils, in particular for helicopter blades.

3. COMBINED AERODYNAMIC DESIGN METHOD

The problem of aerodynamic design of helicopter
airfoils is multi-criteria one, since it is necessary to
provide favorable airfoil performance for at least
three main flow conditions. The attractiveness of
aerodynamic design of airfoils by the method of
solving the inverse problem is due to the fact that, in
contrast to methods using a direct solver and
enumeration of numerous iterations in the GIP
method, the type of target distribution is set by the
user based on physical considerations. However,
when the target pressure distribution is achieved in
one design flow conditions, there is no control over
the performance in other basic flow conditions,
therefore, to implement such control, it is necessary
to involve a direct solver. We use the following
considerations to define such a procedure. On the
upper contour of the airfoil, three regions (along arc
length s) can be conditionally distinguished, shown in
Figure 2, which have the great effect on the values of

the main integral criteria: maximum lift coefficient CL

. . - K
max , Maximum aerodynamic efficiency ~ nax €qual to

lift to drag ratio (L D/ )max and drag near divergence

Mach number My, .
—1

—
—+3

- .CP*

S <K< Sy

Figure 2. C, distributions and three main regions and

flow coditions:

1- Mo =0.4, CLzCLmax, 2'Moo =0.6, CL20.6,
3-Mw *Mppw , CL=0. Cp+- Critical value
Analysis of the numerical and experimental data

shows that, with near fixed pressure distributions in
Page 4 of 9

Presented at 46th European Rotorcraft Forum, Moscow, Russia, 9-11 September, 2020

This work is licensed under the Creative Commons Attribution International License (CC BY). Copyright © 2020 by author(s).



the diffuser part of the airfoil, the CL max Value is mainly

defined by the size and shape of the nose pressure
peak. Therefore, near the leading edge of the airfoil,

there is a local region s11 < <s s2; that determines the

magnitude of the pressure peak and the character of
flow deceleration in the supersonic flow region, which

has a decisive effect on the CL max Value. In the

adjacent region s1; < <s 8, in the vicinity of the Kiax
flow condition a supersonic zone is formed, which has
a decisive effect on the magnitude of the wave drag.
Suppose that a suitable local correction of C, can be
used for reducing the wave drag. If the flow in this
region is mainly subsonic, the drag value is
determined by the value of the frictional drag, and the
correction must be selected from another
considerations. An extended region si3 < <s §23 that
follows the second region, in which a shock is formed
at transonic flow conditions, in which the correction
must be selected in such a way as to slow down the
growth rate of the wave drag. Numerical experiments
were carried out and show that:

the value of the maximum lift of the airfoil can,
generally, be increased without a noticeable reducing
of the other two criteria due to a local change in the
pressure coefficient in the vicinity of its peak; the value
of the maximum aerodynamic quality of the airfoil can,
generally speaking, be increased without a noticeable
deterioration reducing of the other two criteria due to
a suitable change in the pressure coefficient in the
supersonic zone; the wave drag of the airfoil can,
generally , be increased without a noticeable
deterioration reducing of the other two criteria due to
a suitable change in the pressure coefficient in the
supersonic zone.

Of course these statements are valid if the airfoil
shape is not completely optimized according to the
considered criteria and are clear from the physical
considerations. The problem consists in finding the
boundaries of regions and suitable choice of C, in
these regions.

Thus the combined aerodynamic design method is
based on the following considerations: the method for
solving the GIP allows in the near vicinity of the
original airfoil contour to form a family of airfoil
contours having a fixed C,,o value and differing locally
by C, distributions; the method for solving the direct
problem allows to determine the airfoils
performances, and the optimizer to choose the
optimal airfoil contour. Scheme of design is presented
in Figure 3

Design
arailgt\e/rizer Vanables
# Cpi(x)
.
3-d
Geometry v
I OPTIMIZER
SOLVER
Black box

Figure 3. Scheme of design

The approach considered is applicable to the solvers
of any fidelity (3-d, unsteady). The only limitation is
airfoil based geometry, for example blade and wing
surface. The purpose of the present study was to
clarify the applicability of this mathematical model to
successive improvements of integral aerodynamic
criteria for helicopter airfoils. Based on the method of
solving of GIP, the procedure is developed for
pressure distribution control on typical flow conditions
for successive improvements of helicopter airfoil
performances. The design procedure consists of three
successive optimization cycles at the main flow
conditions around helicopter airfoils, each of which
consists in finding the optimum of the objective

funCtIOH G X]( ) = }\lj (CLmaxO _C XLmax( ))+}\2j (KmaxO_K Xmax( )) +}\3J
(Coo=Cooo( )X, j=1,2,3.

Here X'is the vector, the components of which are arc
abscissas of the control points, and the boundary
points themselves and the pressure coefficients at
these points, Subscript 0 denotes target values, Cq -
drag coefficient near M. flow condition, N ; is the
number of control points. The weight functions A are
set in such a way as to satisfy the aerodynamic
constraints with sufficient accuracy. The number of

design parameters in j -th cycle is equal to N ;+ 2
because the location of the boundary points is not
known in advance. Since the arc abscissas of the first
and last control points were design variables, in the
process of solving such a range was automatically
set, in which the correction did not lead to a reducing
of the remaining integral criteria. In this case, in each
of the optimization cycles, by choosing the
appropriate weight functions (established in the
numerical experiment), the levels of two of the main
criteria were fixed, and the third was optimized.

The airfoil contour is determined from the solution of
the inverse problem, and the main integral
aerodynamic characteristics included in the objective
function are calculated using a direct solver. The
problem was solved in two versions based on solvers
of different fidelity levels viscid-invicid, VISTRAN [3]
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and CFD RANS [4]. This was done in order to define
the possibility of the lower fidelity solver for use in
conjunction with the higher fidelity solver. In the first
optimization cycle, the target C; max is not known in
advance; therefore, when solving the inverse

problem, we set CL near CL max Of original airfoil. The

original airfoil is N230m airfoil, which was obtained in
the previous paragraph from the NACA23012 airfoil
by modifying its lower surface to increase the value of
the pitching moment. In this case, the target
distributions of the pressure coefficient are obtained
from the distribution of the pressure -coefficient
obtained from the solution of the direct problem at C,.
= 1.4 with subsequent modification in the vicinity of the

nose peak at s11 < <s $21.

Figure 4 shows the original (N230m) and optimal
(from the point of view of two different solvers)
distributions of the pressure coefficient in the vicinity
of the peak, depending on the arc length, obtained
from the inverse problem solution
during optimization.

4

34

0.48 0.5 0.52 0.54 0.56

Figure 4: |- original (N230m) airfoil, optimal airfoils
(airfoil 2): 1l - CFD, Il - VIS. M»=0.4, C;=1.4

As expected, the optimal distributions in the correction
range are close to Cp+ level. On the next figures, the
data for the optimal airfoils obtained on the basis of
solvers of different fidelity levels are indicated by
Roman numerals: 1l - CFD solver, Ill - VISTRAN
solver. For better clarity, discrete data is connected
with lines.

1.1

—CFD
° VIS

AC e

Lmax_|

1.05

1
1 1] mn
Airfoil index

Figure 5: |- original (N230m) airfoil, optimal airfoils
(Airfoil 2): 1l - CFD, Ill - VIS

Figure 5 shows a graph-diagram, which compares

é GLmax

the values of , the relative increase in the

CLmax_I maximum lift of the optimal

(from the point of view of different solvers) airfoils,
calculated by different solvers in comparison with the
original airfoil. Results obtained using VISTRAN
solver do not match quantitatively or qualitatively with
the high fidelity solver result. However, the CFD
calculation shows that both solvers allow following
correctly the direction of the search for the optimum
and therefore can be used to speed up the
optimization procedure.

The relative increase in the lift coefficient was: 5% -
airfoil 1l (CFD), 3.5% - airfoil lll (VIS), which can be
considered as a significant result of aerodynamic
design. Slightly ahead of events, it should be noted
that in reality even greater growth was achieved,
Figure 6, but in order to obtain it, the K .. value
constraint was weakened. In this case both solvers
give the same result

1.1
ACLrnax
CLmax_I
1.05

—CFD
© CFD (Kmax weakened)
1 f
| [} 1]

1 2 3
Airfoil index -
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Figure 6: | — original airfoil, optimal airfoils: I
- CFD, lll - VIS

The results obtained at the first optimization cycle
confirm that the new method allows increasing
maximum lift of the airfoil at a given value of the
pitching moment coefficient at zero lift.

It is known that, for helicopter-type airfoils K. value
is achieved at 0.6<C, <0.7, therefore, at the second
stage of the optimization process, when solving the
inverse problem, for definiteness, we set C;, = 0.65.

The target distributions of the pressure coefficient are
obtained from the distributions of the pressure
coefficient obtained from the solutions of direct
problems for airfoil 2 (NACA230m+) with subsequent

modification in the interval s;» < <s s . The [ max

values achieved during the first optimization cycle
(different for different solvers) are set as constraints,

. . C
along with constraints on ~ 4 near = 4 value.

Figure 7 shows the original, (airfoil 2) and optimal
(from the point of view of different solvers)
distributions of the pressure coefficient in the
correction zone, depending on the arc length,
obtained from the GIP solution when optimizing the
Kax value. As expected, optimal distributions allows
establishing the correction range leading to a
weakening of the shock wave (in this case, to its
practical disappearance).

0.56 0.58 0.6
N

0.52 0.54

Figure 7:1- original (airfoil 2) airfoil, optimal airfoils
(airfoil 3): 1l - CFD, Ill - VIS, M.=0.6, C,=0.65

1.2

MK inax
Kmaxﬁl o
11
—CFD
° VIS

Airfoil index

Figure 8: I- original (airfoil 2) airfoil, optimal airfoils
(airfoil 3): 1l - CFD, Ill - VIS

Figure 8 shows a graph-diagram that compares the
values of the relative gain of the maximum

max

aerodynamic

efficiency of the optimal (from

max_|

the point of view of different solvers) airfoils,
calculated by different solvers, and the original airfoil.
Again the results obtained using VISTRAN solver
does not match quantitatively or qualitatively with the
high fidelity solver result. However, the CFD
calculation shows that both solvers allow following
correctly the direction of the search for the optimum
and therefore can be used to speed up the

The increase in the lift coefficient was: 15% - airfoil Ill
(CFD), 12% - airfoil IV (VIS), which can be considered
as a significant result of aerodynamic design.

At the third step, when solving the inverse problems,
as the initial distribution of the pressure coefficient, we
use the distribution obtained from solving direct
problems at M. < My, for the airfoils obtained at the
second step. The target distributions of the pressure
coefficient are obtained by modifying the initial

distributions in the interval s;3 < <s s23 in order to
weaken the shock waves at the conditions near A,,.

Figure 9 shows the airfoils contours and performances
calculated by the CFD RANS solver. The calculations
confirm the effectiveness of the proposed procedure
for aerodynamic design, which is based on physical
considerations that allow improving the main
performances by properly adjusting the pressure
coefficient distributions. The figure shows that
generally with three optimization cycles, it was
possible to significantly improve all three main integral
criteria with holding pitching moment value at zero lift.
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b1 ﬁ
0.08 1 — original ‘
— - optim L
0.8 - i =
0.03 - ===l
y —o
0.4
002§ 05 1 /
0 . . .
5 s 0 5 10 1598 59
-0.07 - o
C 60 d0_4
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Figure 9: a- airfoils contours; b- C.( ) , M« =0.4;

c- CL/CD(CL ), Mo =0.6; d- CL(CD) , M%=0.8

The combined method is, of course, a local
optimization method. It allows to vary the main airfoil
performances with the changing the geometry in a
small neighborhood of the original profile. In contrast
to the direct optimization method, it uses the design
variables based on physical considerations. This
allows adopting the optimization process in the
direction necessary for the user and significantly
reduces the number of iterations required to achieve
the optimum.

CONCLUSION

The application is given of the concept of the GIP for
helicopter airfoil design. The improving variations of
pressure distributions for NACA series airfoil are
considered: the increase of the zero lift pitching
moment without noticeable loss of airfoil maximum
lift and lift to drag ratio at middle Mach number; the
increase of airfoil maximum lift at low Mach number
without noticeable changing of other

integral criteria;

the increase of lift to drag ratio at middle Mach number
without noticeable changing other integral

criteria;

the interactive decrease of wave drag at high Mach
number without noticeable changing other integral
criteria.

Thus it was established that mathematical model
based on the concept of GIP and simple physical
considerations allows modifying pressure
distributions successively for improving helicopter
airfoils performances.

Instead of a set of blade sections geometry
parameters [5-11] may be considered section local C,
design parameters that allow changing a vector of
aerodynamic performance in needed direction based
on physical considerations. In preliminary blade
design stage the geometry of blade sections may be
corrected with some dozens iterations. The technique
considered is suitable for design using solvers of any
fidelity.
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