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ABSTRACT

The expansicn of the ccaxial helicepter  manceuver
capabilities demanded the study of flight dynamics at the
medes with limited values of flight parameter and application
for this purpcse of the optimal control theory medern metheds.

The soluticn of most unclassic tasks, i.e.those whith
censtraints  is based on the Pontrjagin'maximum principle. To
soclve the helicopter optimizaticn centrel task, as an
unlinear cbject, the Krectovriteration methed - the methed
of improvemeni is selected.

Based cn the developped approaches and on the systeh
of mathematic models proposed by the author a package of
applied programs 1is created to selve a number of practical
tasks feor definition of the helicopter manceuver capabilities
at the medes with the flight parameters limiting value,
to examine complex flight mecdes and to provide for the
helicopter flight modes automation.

From a number of solved tasks the following are
examined : determination the effect of the desing coenstrains
upcn the helicopter heading turn angle in hover and
the ka =32 helicopter autcrotation landing task at

different. flight weights.
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I. INTRODUCTION

Exploration by traditional methods of mathematic and
half full scale medelling of flight dynamics does not permit
to solve the full range of problems ccnserving the helicepter
maneuverability especially when using the maximal capabi-
lities and the limit values of flight parameters. Such
situation dictated the necessity to use new methods and
particularly the methods of the optimal control theory.

When applied to the helicopter flight dynamics the

optimal contreol methods permit to sclve a whole range of
problems concerning

-determination of the helicopter maneuvering capabilities
in such meodes where the flight parameters ( speed,overload
et¢c.) reach their limit values which permits to evaluate the
helicopter capabilities depending upcen  variocus design
limitations at the initial design stage;

-investigation of complex flight medels in order to reduce
the volume of flight testing especially the testing connected
with a certain amount of risk like landing with engines
failed or autcrotation landings;

-automation of various helicopter flight medes.

II. FORMULATION OF THE HELICOPTER
CONTROL OPTIMIZATION TASK.

1. The methed selection

The modern optimal control theory 1s based on

Pontrjagin maximum and Bellman relitivity principles.
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The new prospects of solving existing nonlinear
preblems appeared upon the development at the 1870-ies by
Soviet scientists V.F.Krotov and V.I.Gurman of a theory based
on the general adequate conditions of optimality and of
iterative methods for solving optimal control problems - the
improvement methods.

The advantages of the method are its orientation on
the nonlinear models,practical absence of limitations on the
form of the right sides of the initial differential equations
system, a wide possibility of utilizing the engineering
knowledge on the object of control and the modes explored.

The investigations carried out by the author show
that it is also possible and suitable to use the improvement
method for the purpose of identifying the object mathematic
model. On this case one and the same method 1is used for
soiving the dual problem of control identification and
optimization which will provide for considerable gains at
practical application due to the continuity of the programmed
implementing of both the problem sides.

2. Mathemat ic model construction.

Modelling of the helicopter motion dynamics with the
full consideration of all its pecularities calls fer very
complex object descriptions due to a wide range of motion
parameters variations a notably larger number of helicopter
degrees of freedom as compared to a fixed wing aircraft.

It is most impertant to maximally simplify the medel
describing the object by getting rid of all complex depen-
dencies which are not relevant for solving the problem in
question. But on the other hand neglecting the important
dependencies may render the recomendations worked out in the

process of problem solving useless.
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3. Determination and implementaticn ¢f constraints.

The practical scluticn of a helicopter centrol
cptimization problem demands taking account of  varicus
constralnts on power , cverload , travel of contrels, speeds,
angles stc.

For implementaticn of censiraints a penalty functions
methcd 1s used which reduces the task to a sequence of
preblems on minimization of a certain auxilliary function
which <cincides with the initial functicn within the limits
of the constraints and sharply increases beyond these
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Here Z may dencte a centrol vector component as well

as a phase vector compcnent.

The difficulties in using the penalty functicns methed
for practical problem soluticns are most often connected with
unsuitable scaling. It is necessary to take intec account the
fact that state vector compenents may differ by a whole corder
of magnitude or more ¢ for example,the change of flight speed
is measured by values of 10..20 m/s and the change of reter
speed by ¢.1 1-s and so on J.

Keeping that in mind it is reccmmended toc nermalize
penalty functicon expcenential indices setting approximately

the maximal expected change of parameters,for example:

& Z-Zmax! a Zmax{ T -1

f(zl=p3 e = 3 e “

£

A penalty function coefficient centrel algorithm
(fig.l 3 1is develeped so that when the sclutien 1is far
frem the optimum at the begining of the sclution precess the
penalties are "soft",i.e. small « coefficients and large §
ccefficients and later the penalty gets "harder”by increasing

ceéfficients and decreasing 3 ccefficients (fig.&l.

2
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fig.2 The effect of the expcnential index « and scale

ccefficien |3 value on the penalty functien f°,

4.Selection of initial approximation.

The improvement method as all iterative methods
assumes the selection of initial approximaticn control which
may be obtained from severai sources:

L. the contreol may be determined on the basis of the data on
flying a similar mode by the helicepter in questicn during
flight testing;

. the results of mathematic and scale medelling may be used;

3. 1n the absence of the above mentioned data analcgues data
cn scme cther helicopter may be used;

4. in a general «case 1nitial approximaticn control may by
set quantitatively under physical considerations on the
basis of engilnesering experience.

All the sources menticned abcove may be quite
succesfully utilized. It should be pointed out that the more
complex the task is and the more nonlinear:ties and
censtralints are there,the mere important the selection of the

initial approximaticn beccmes.
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I77. SEQUENTIAL CONTROL IMPEROVEMENT METHGD
L. Method descripticn.

Suppose that there exists a differential equations system
describing the system being examined:

X = fCt,x,u,x € RN u e’ (1)
whith initial conditions: X (tnl=Kn,and the first approximation
is set which is an aggregation of phase trajectery XI(t),
centrol pregram Uf¢t) and process termination time tn®

mt o= XPCe), URCeD, tald,
The task 1is as follows : from D scluticns of
system (1) such a second approximation m*te D shall be found
so that the functiocnal

1

&
I = FC XCtn})+J £9dt,

tn
diminishes its value: I(mty < 1emtd,

The improvement procedure according tc the method
presented may constitute a procedure of second crder or of a
simpler first order when it coincides with the known prccedu~
re of gradient descent in the functional space.

In the process of sclving the heliccpter centrel
optimization problems some medification of the imprcvement
method were developed with the aim of expanding its
capablilities. One of the medifications prcposes  the
State-in-space discretization supplemented by the cperaticns
of analysis and search for optimal discretizaticn steps which
is relevant for solving the problems with nonlinear right
sides of the equations system describing the motion of
centrel chject.

To solve the identification problem ancther
modificaticn was developed - a2 methed for dynamic system
unkncewn ccnstants determination upen a run ¢f egperiments
which permils to correct the mathematical medel to make it
correspend to the contrel object.
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¢. Improvement. procedure,

The improvement prcocedure censists of the following
steps:

L. By integrating the initial system(l2 in the interval from
t, to tk at  U=Uf (L) we get the aggregation of first
approximation phase  trajectories - a "support " mF

mt=(XTC), Ut bl ),

At this "suppert" we calculate and memorize the value

of the functional: ' femty.

2. New we determine : tkII =1, +6t, ,where
. - I I, .
étk = K, Sign [ Ftk - H (t,J 1

by this for the first corder methods:
H=uyw'f - %, (¢'f - vecter preduct of y and fJ.

3. We determine an auxilliary veclter function y (L) as
1

a sclution of deffirential equations system ¥ = - {—§§—) ,
which 1S 1ntegrated from right to left at the 1Lnitial
conditions: p (4, %) = - L= ¢t * xfct, Ty

k

In the precess of integraticn we calculate
sequentially the vector derivatives (on each of the contrel
vecter cemponentsi:

- EH I _ i - Q - t d _,_'-ﬁfc
HU = L—EU'—) =y fU fur o=y L—O-U—} kaU—}d
and determine the control correcticn 6U,which may be uniferm

all cver the"support™ dU = -K, Tg%T ,as well as preperticnal

to the derivative value Hu : gU = - Ku“T%%Thax ;

4. We determine the control parameters vecter of seccnd
approximation U'T=U'+6U and replace the initial approximation
on contrel by this vecter. By integrating the initial system
at the new seccnd approximation contrel we cbtain the second
"suppert”: mti=(XPECL), UFRCL, L T
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At each ‘suppert" the functicnal is calculated and

compared with the preceeding cne. At the decrease of the
functiconal the calculation is continued with the vector

compenents  ¢f the control gdain coefficient KU preserved cor
increased. At the increase c¢f the functicnal which certifies
to passing the minimum point, the preximity conditicn of
neighbouring approx:imaticns centrel is checked. The solution
is consildered reached when the neighbouring approximations
functicnal values as well as the control values coincide with

the required degree of accuracy.
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IV PRACTICAL APPLICATIONS

L. Pecularities of the methed application.

Cn the process of the methed practical applicaticn scme
additicnal developments appeared Lo be necessary and the mest
impertant of them were developing a series of meticn models and
the penalty method ccefficients contrel algorithm as described
abcve. Twe mcre preblems also required settling - the necessity
tc check the found extremum fer the absclutness and to find
the optimal relationship of the control vector components.

Solving practical preblems is shown for twe medels
describing the helicopter metion. Both of " them belong to
the series of mecdels presented in Table I. Cne of them 1s the
simplest linear model and ancther 1is o¢ne of the most
cemplicated nenlinear models.

Simpie medel problem selution.

The task 1is set tc determine the effect of the
design constraints upen the helicopter heading turn angle in
hover with fixing the heading angle at the end of the turn.
The influence of the design parameters manifest itself in
limiting the maximum turn rate and the control power availiable

(centrol travel availiable)d.

The motion equations describing the helicopter motion

in this mecde have the following form:
dAw

=AY Aw + B2 pp
y y "y

TEL

dhe. = L. (U-ap ), where
Ap - the change of the heading ccntrel actuater pesition;
U - dispacement of pedals transfermed to the dimentional

representaticn cf the actuater;

M, - helicopter relative damping;
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ﬁy¢ - relative yaw contrcl power;
T ~ time constant of the actuatory
MW, M% T - const.
¥ y
In the precess of turn the constraints con turn rate awy,
centrel travel Ap and actuator movement speed Ap were implied;
at the last mement the value of the turn rate Wy is limited:

A |« Ap 5 188 L < Ap 1 Wyl ¢ Wy
Wy (b 21 = Wy, = O

The parameter optimized is the heading angle (maximum
heading angle shculd be availiable).
The mathematic model for cptimization prcblem sclving has

the following form:

f1 =-5%-%=A11 X2 + Atz Xz
ra = -2 =
f3=%:{—=*A3X3+A3U

with limiting phase and control compcnents:

RIS T STRRS I b ST IR ST
and limiting the final parameter value:
PGl = Xs

m
So accerding to the task set we get the value of the

unpenaltied functional equal to :
E 3 - ol
I - X‘Ltk}.
Implementation of all abcve listed constaints in the

ferm of penalties brings us to the follewing form of the
penalted functicnal :

I =F (L) + “ £°dt.
k Tk t

n

[
1
O



where the terminal side implies both the unpenaltied

functicnal and the turn rate constaints at the moment of the
precess termination:
Cho ) o= = g dzCt D+(l-gi3 (X (L, 2~ 2
Fk\ v q L 2+l-qi, (:Ltk X;k =,

m
and the lntegral side implies all the constraints of the

current parameters (bcth control and phase coordinates::
) [« (U=U D a (~Um-U37
f = (l-q | ) e ! T+ g * +

- -l

o (KXo =Xy 2 o (K& ~Xi)]
+ 32|l e = M +eo 2 " +

o (AsU-AsXs-Ka ) o (X - AaU+AaXa)
v e ° m + e 3 m

Expcnential character of the penalty functicn 1s adepted
for mere stringent censtraints and squire character as less
stringent is adopted feor limiting the turn rate at the mement
of the process termination. '

The dependences show that even a small number of
censtraints lead Lo a quite  complicated expressicn of
the minimized functicnal.

The check of the extremum for absolutness is decne by cne
cf the simplest engineering methods 1.e. sclutions cbtained
for centrels with  different  initial  appreximaticn  are
cempared (fig.3),since the problem is relativery linear the

coenvergence 1s ensured by a rough enough setting ¢f the

initial appreximation control.
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fig. 2 The change of mcution and control parameters in the

process of making a heading turn in hover.
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The resulting dependences of the maximum heading turn
angle 1n the functicn cof the time availliable at different

constraints con speed and control power were obtained (f1g.4).
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fig. 4

2. PDerfiniticn of a helicopter autcorotaticon landing performanc.

The model used tc¢ sclive the control optimization problem
in case ¢f an autcrctation landing sheuld imply ail the
specific features of a helicopter as cobjiect of centrel when
the meticn parameters change in a wide range ¢f flight speed
(beth herizental and verticall, pitch angle ect.variation
which necessitates the use <¢f a nen-linear helicopler
meticn medel.

Due to the aercdynamic symmetry cof the c¢caxial design
heliccpter the metion of which is examined here,the heliccpter
side metion at an autorctation landing may ke neglected.
It simplifies the task setting but the medel remalns
substantially nonlinear.

Meticn equaticns. Designations adopted:

G - helicopter flilying weight ;
Jz - lengitudinal mement of the heliccpter inertia;
Jp - pclar mement of rotors inertia
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Va , Vs - speed vector compenents in a coerdlnate system
connected with the roters shaft,
&, Wz ~ pitch angle and pitch rate;

YHB,XHB,MzHB - lift ferce , longitudinal force and

longitudinal mement of the rotors;

Vo Xy Megg - 1ift forse , longitudinal force and
longitudinal moment of the airframe;

Mk - rotors torque;

Pay - rotors locking angle;

© - rotors collective pitch angle;

g - resultant force vecter deviation at

lengitudinal control.

Motion equations in a general form:

dv; |
~SHe - VyWe = E(K 4K ) - g sin(e —p) = K
AL 4 ekl = Y Y ) —g cos(e mp) = T
dt X Wz a7 nn g P3 '
dWz _ 1 ’ o

il CM;HB + M‘nn D] = Mz ;
dA% |y .
_Qég_ = Vx sin(® - ps) + Vy cos(é- @3);
aw _ 1
= T %

Rotors forces and meoments coefficients are defined
on the basis of Glauert-Lokk theory and the werks of
[.P. Bratukhin, M. L.Mil, R P.Pein, B.N.Juriev. The inductive
speed value 1s determined with consideration tc  its

singularities 1n the area of low horizontal and high
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vertical speeds (accoerding to Pel

cerrespendence of  t

he

roters  thrus

n, for examplel . The

. ceoefficient and the

inductive spesed value is established by sclving a nenlinear

equaticn of the 4th order relating these values.

When determining the torque its prefile compenent is set

according to nonlinear dependencies precalculated with the

heip of a special rotors performan

ce calculation program.

The same program is used Lo define the rotor maximal Lift

constraints implied by the medel.

At practical applicaticn cf this medel its identification

was carried out upen the results of a protctype helicopter

flight testing run in the mcdes nearing the mode examined.

The main censtaints. The task of ¢ ontrol coptimization in

case of an autorctatieon  landing

the character of the

collective pitch control

answers

iongitudinal

change at the moment of landing.

consists of determining

control and the rotors

changes which most  completely

the requirements to helicopter metion parameters

The following current parameters should be constrained :

contrecl travel;

pitch angle;

maximum rotors lifting ability ;

rotors speed changes.

At the final
constrained:

- forward speed;

moment the following parameters are

- flight altitude (H=0 at the mcment of landing);

- pitch angle at landing;

- pltch rate.

The parameter

to

be optimized

is the vertical speed

at the mement of landing (its absclute value sheculd be mini-

mized J.
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Presenting the <constraints 1n the form  of  pehalty
functicns 1n a way similar te that used in the previeons
example,we get the follcowing reorm of a tuncticnal te be
minimized:

N

R R i e .
I = QKiLth+i+ q’ ELI BiLthuk, R A

¥ - - . v -y
"k a (Z1-2i ) a (ol =L ]
+(1~q] j 71[ e * e L
I1=1

tn

where: N - number of parameter constralnts at the last mement
cf tLime Ly o N=4
X1 - mecticn parameters,constralned in t=tk ;
M - number ©of current mcticn and control parameters
constraints; M=S5 ;
Z1 -~ mcticnh and centrel parameters ceonstrained in the

precess ¢of the mede realization,

Since  the numbker of constraints and consequently of
penalty function ceefficlents 1s great the applicatien
ot the penalty methoed ceefficients contrel algerithms
described abcve (II.32 1s of a particular impcortance rer
this task.

At the presented example of solving a preblem the
dependence of the ccllective pitch angle change,as an initial
approximaticn contrel,1s simplified only qualitatlively
retlecting the character of the control defined upen the
results of a pretetype flight testing and the leongitudinal
contrel is retained constant. As shown on rig.8,the optimal
centrel in difference to the initial appreximaticn centrel
enakbles the helicepter to make a landing with a forward
speed neot  exceeding 5Q.. .60 kmh,vertical speed not

exceading ¢ mss and a pitch angle of lv - 14°,
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vertical
speed,

relative pitch

collective pitch

angle, desg.

rotors resultant
force slope
angle, deg.

After performing a set of calculaticns, the

recommendat ions were developed to carry cut the helicopter

flight testing in the mode in question and in  particular

the

effectt of the helicopter flying weight upon its

vertical speed of landing was determined.
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CONCLUSION

The experlence rained , permits toc express a hepe that
cptimal coentrol theory methods will become as traditional
as cther existing mathematic methed for the helicocpter flight
dynamics study.

In comparison to the itraditicnal mathematical
medelling techniques demanding a large scope of
intermediate resulis analysis,the applicaticn of the optimal
control methed permitied to reduce,due Lo autcmaticn, the
time of calculation by 1-2 orders of magnitude,

The sclution of the helicopter flight dynamics task
by the optimal control methods permit to identify and to
utilize mere effectively the existing reserves and to

quarantee that all the existing constraints are observed.
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