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1. Abstract 

The paper presents a consistent finite-element formulation, 

developed for the prediction of vibration in rotorjbody helicopter 

systems in forward flight, taking into account interactional rotorjbody 

loads and dynamic coupling. The rotor and the body are assumed to be 

elastic beams undergoing transverse, torsion and axial deflections. 

The coupled analysis is formulated retaining consistently nonlinear 

terms in the structural, inertial and aerodynamic analysis. Rotor 

excitation includes rotorjbody interactional loads in addition to the 

fuselage dynamic couplings. Effects of several parameters on vibratory 

hub loads and body vibration are investigated including blade 

stiffness, rotor/body clearance, hub location, fuselage stiffness and 

advance ratio. Significant influence of body upwash on rotor disk in 

causing vibratory hub shear is shown, which generally increases with 

smaller rotorjbody clearance. By tuning rotor and body natural modes, 

vibration levels can be substantially reduced. 
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2 Research Assistant; 

3 Lecturer, Faculty of Aerospace Engineering, Technion - Israel Institute of Technology 

4 Professor 
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2. Introduction 

Vibration in helicopters is a serious problem in helicopter design 

and operation. At this time, prediction techniques to determine 

vibration in a helicopter rotorjbody system are not reliable. 

currently, passive control devices, such as vibration absorbers and 

isolators are routinely used to reduce vibration at some selected 

critical points at a considerable weight penalty. Thus, there remains 

a need to design a helicopter with inherently low vibration. For this, 

it is essential to develop an analytical formulation which can reliably 

predict vibration of a rotorjbody system under different flight 

conditions. 

The highly nonsteady aerodynamic environment at the rotor disk 

cause substantial vibratory motion of inherently flexible rotor blades, 

and in turn, the oscillatory aerodynamic and inertial forces are 

transmitted to the airframe in the form of hub forces and moments. 

These in conjunction with rotorjbody interactional aerodynamic 

forces, are the primary sources of airframe vibration. 

The objective of this paper is to calculate the vibration response 

of a rotorjbody system in forward flight using a consistent finite 

element formulation in space and time, and including rotorjbody 

interactional aerodynamic effects. 

In the literature, there have been attempts to predict the 

vibration of a rotorjbody system with a variety of assumptions and 

solution methods (see recent reviews, Refs. [1] and [2]). For example, 

in References [ 3]- [ 6], impedance matching techniques were used to 

determine the vibration of a very idealized rigid fuselage, and with a 

simple rigid rotor model. In Refs. [7] and [8], consistent structural 
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couplings for a rotorjbody system were introduced for a rigid body, 

together with an elastic rotor. In Ref. [9], the body was assumed to 

be an elastic beam, but the rotor consisted of rigid blades. However, 

this work was restricted to hover flight and flap response only. 

Reference [10] presents a general purpose comprehensive rotorcraft 

aerodynamics and dynamics analysis called CAMRAD, which besides many 

other functions can also predict rotor/fuselage coupled behavior. 

Refs. [11] and [12] present a vibration analysis for coupled 

rotor/fuselage configurations, based on a model of an elastic 

fuselage. The aerodynamic load predictions were performed using a 

prescribed wake model, and a panel method was used for calculating the 

fuselage influence in forward flight. The formulation has been 

successfully used for predicting the proper trends in vibration levels 

as functions of the advance ratio. 

Existing analysis tools were combined in Ref. [13) where the C81 

dynamically coupled rotor/airframe analysis was used to develop rotor 

hub loads which were used as input to a NASTRAN finite element model of 

the AH-1G fuselage. Reference [14] models the aeromechanic problems 

associated with multirotor vehicles where two rotors are connected by a 

flexible support. 

The coupled dynamic response solution is usually based on "rotor/ 

body iterations" or on "fully coupled" approach. The differences 

between these methods were discussed in Ref. [15) where it was 

concluded that both methods are capable of predicting fully coupled 

behavior. 

Most of the existing analyses except Ref. [16], neglect effects of 

rotor/body interactional aerodynamics in the estimation of body 

vibration. However, in Ref. [16] the elastic degrees of freedom were 
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restricted to flap only (i.e. no elastic lag and torsion motions were 

considered). The solution was based on harmonic representation of the 

time-dependent variables and modal analysis. In the present paper, the 

aerodynamic interactional effects on vibration are included by taking 

into account the fuselage induced velocity distribution over the rotor 

disk, and the analysis is developed based on nonlinear finite-element 

modeling of fully coupled elastic rotor and elastic fuselage in a 

trimmed level flight condition. 

3. Analysis 

3.1 Blade modeling 

The helicopter rotor is assumed to have Nb elastic blades. 

Each blade is assumed to be an elastic beam undergoing flap bending, 

lag bending, elastic twist and axial deflection. In the analysis, the 

blade is discretized into a number of beam elements. Each beam element 

consists of fifteen degrees of freedom. The finite element formulation 

is based on Hamilton's principle {Refs. [17] and [18]). The analysis 

is developed for a blade having pretwist, precone and chordwise offsets 

of blade center of gravity and aerodynamic center from the elastic 

axis. Aerodynamic loads are based on a quasisteady strip theory 

approximation. Noncirculatory loads are also included based on 

unsteady thin airfoil theory {Ref. [19]). For the steady induced 

inflow distribution on the rotor disk, the Drees linear inflow model 

{Ref. [20]), the White and Black linear model {Ref. [21]) and the 

Vortex Ring model {Ref. [22]) are used. 

Hub motion {velocity and acceleration) is included in deriving the 
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nonlinear blade equations of motion. Rotor-fuselage aerodynamic and 

dynamic coupling·are also included. 

The following assumptions have been made : 

1. The helicopter is assumed to be in a straight and level forward 

flight with a constant flight velocity. 

2. The blades are cantilevered to the hub. 

3. The blade feathering axis is preconed by a constant angle ep. 

4. The blades have a straight elastic axis. 

5. The blades may have distributed built in twist about the undeformed 

elastic axis. 

6. Each blade can bend in two mutually perpendicular directions normal 

to the elastic axis and can twist torsionally about the elastic axis. 

Moderate deflections are assumed resulting in small strain and finite 

rotations. 

7. During deformation, the blade cross - sections remain plane and 

normal to the elastic axis (Bernoulli-Euler hypothesis). 

8. Rotor loads are calculated by two - dimensional quasi steady 

aerodynamic loads. Compressibility and stall effects are neglected. 

9. The rotor angular velocity is assumed to be constant (0). 

10. The rotor shaft is assumed to be rigid. 

11. Control system flexibility and engine dynamics are neglected. 

3.2 Hub Loads 

The hub loads are obtained using a force summation method. Motion 

induced aerodynamic and inertial loads are integrated along the blade 

span to obtain blade loads at the root, and then summed over all the 

blades to obtain the rotor hub loads. 
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The calculation of the steady (zero harmonic) hub loads are 

required for trimming the helicopter. The higher harmonic (n>2) 

components are responsible for helicopter vibration. These consist of 

three hub forces, longitudinal lateral 

and vertical and three hub moments, 

( Fyh ) I 

rolling 

The pitching and yawing 

blade loads include six components of forces and moments at the blade 

root; radial chordwise and vertical 

(FzR) blade root shear forces, and the torsional 

( MxR ) I flapwise and lagwise ( MzR ) 

blade root moments in the undeformed blade frame. The expressions for 

motion-induced inertial and aerodynamic loads are described in detail 

in Refs. [ 8] and [ 2 3] . 

For the resultant blade loads, the hub-motion-induced inertial 

loads are added to the aerodynamic and other inertial loads : 

L = Lui + L,i + L/' = LA + L1 
+ L H 

M = M) + Mvf + Mwk = MA + M1 + MH (1) 

Using a force summation method, the nondimensional blade root loads 

in the undeformed blade frame are given as : 

FxR = f Lu dx 
0 

FyR = f LV dx 
0 

FzR = t Lw dx 
0 

MxR = t {Mu - wLv + vLw) dx (2) 
0 

MyR = t {Mv + wLu - (X + u)Lw) dx 
0 

MzR = f {Mw - wLu + (X + u)Lv) dx 
0 
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Transforming the blade root loads into the hub-fixed nonrotating 

frame and summing over Nb blades, one obtains the hub loads in the 

hub fixed nonrotating frame as follows : 

Nb 
F.n1cosoj! - F.n1sin.p - f.nJcosoj!n· J}P Fxh = L ( ) 

n=l 
xR n yR n 

Nb 
F.n1sin.p + F.n1cos.p - F.n1sin.p • J} Fyh = L ( ) 

n=l 
xR n yR n zR n p 

Nb 
pnl • l3 + pnl F.m = L ( ) 

n=l 
xR p zR 

Nb 
M(n)cos.p - M(n)sin.p - M1n1cos.p • J} Mxh = L ( ) 

n=l 
xR n ~ n zR n p 

Nb 
M!nlsin.p + ftf.n1cos.p - ftf:nlsin.p • J} Myh = L ( ) 

n=l 
xR n yR n zR n p 

Nb 
ftf.nl • J} + H:_nl Mzh = L ( ) (3) 

n=l 
xR p zR 

where the superscript n denotes the blade number. 

The azimuth angle is : 

(4) 

Equation (3) may be described as a function of .P and therefore may 

be expressed in terms of Fourier series coefficients. For a tracked 

rotor, where blades are identical structurally and aerodynamically, 

these expressions contain integer multipliers of Nbjrev. 

harmonics only. 
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3.3 Fuselage Modeling 

3.3.1 Fuselage Equations of Motion 

The fuselage is represented by a flexible beam undergoing vertical 

bending deflection plus plunging and pitching rigid body degrees of 

freedom. 

The differential equation of motion for the fuselage can be written 

as 

tfz1 ) EI -2 
dl 

(5) 

where F,
1 

presents the force acting on the fuselage, including 

the hub transmitted force, aerodynamic and gravity forces. 

The fuselage is discretized into a number of beam elements. Each 

element consists of four degree of freedom. Natural vibration 

characteristics are calculated and these are used to obtain normal mode 

equations for the airframe. 

(6) 

. where 

(7) 

In the present paper, the first and second modes are the rigid body 

plunging and the rigid body pitching motion respectively while the 
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higher modes are elastic modes (three elastic modes have been 

considered). 

It is also assumed that the fuselage is excited by the 

Nbjrev. hub vertical force and hub pitching moment, plus 

interactional aerodynamic forces distributed along the length of the 

beam. It is assumed that the fuselage steady response is periodic in 

Nbirev. 

The hub reaction at may therefore 

be described by the nondimentional time (or azimuth angle) w : 

n 

ZhNJ = Zr(xh,wJ = 2: 4>1 (xhJq 1 NJ 
1=1 r r 

(8) 

n 

ZhNJ = Zr(xh,lfJJ = 2: 4>1 (xhN 1 (lfJJ 
1=1 r r 

Based on the above mentioned assumptions 

and their derivatives may be written as : 

qlj = q + q cos(jNbwJ + q sin(iNbwJ 
r 01 cu •u 

q lj = (jNbJ [- q sin(jNbwJ + q cos(iNbwJ J 
r clj slj 

(10) 

q lj = -(jNbJ2[ q cos(iNbwJ + q sin(iNbwJ J 
r c1J slj 

Solving the differential equation (6) yields 

qol = 
sol 

i=3,4 ... 
Ml vl2 

r r 

s 
qclj = 

clj 

Mlr[ v 2 -UNi] lr b 
i=1,2... (11) 

s 
q = •u 

•u Mlr[ v 2 - (iN i] lr b 
i=1,2 ... 
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Note that q = q = 0 as a result of trim considerations. Note 
01 02 

N 
= L <P, (I) q (t) 

1=1 I I 
(12) 

and using Eqs. (9)-(10), one gets the fuselage displacement, velocity 

and acceleration at any point. 

3.3.2 Fuselage Aerodynamic Model 

The fuselage aerodynamic model and its upwash effect on the main 

rotor is based on the model described in Ref. [24] 

The fuselage shapes are obtained by a distribution of discrete 

sources;sinks along its axis which, together with the freestream 

velocity, create bodies with two planes of symmetry. This method 

enables one describe a large family of helicopter-like shapes with a 

few sources and sinks. 

The fuselage shape is determined by the case of an isolated 

fuselage at a zero yaw angle. The stream function 'i!r due to a 

uniform freestream velocity V in the x direction and the 

distri~ution of n discrete sources 6 1 at point ~ along 

the fuselage axis can be formulated in the x-z plane as: 

t/Jr = (13) 

where () and () represent nondimensionalizations by the disk 

radius R and respectively. 
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The fuselage reaction in terms of its upwash due to the rotor 

downwash is derived by distributing additional sources over the 

fuselage surface (see also Ref. (16]). 

3.4 Solution Procedure 

The present solution is based on a coupled analysis where trim 

parameters and rotor fuselage response parameters are calculated from a 

coupled set of equations. 

To start the process, an uncoupled vehicle trim sol uti on is 

calculated. This uncoupled trim solution is needed as an initial guess 

for the complete coupled trim and response analysis (Ref. (25]). In 

the present paper, the propulsive trim is used. Hub loads are 

calculated using a, force summation method (see section 3. 2) • 

The finite element method in time is used to determine periodic 

deflections for the fuselage and the blade. The time period of one 

rotor revolution is discretized into a number of time elements. To 

reduce computation time, blade finite element equations in the 

space-domain are transformed into the modal domain using the coupled 

natural modes. 

The complete coupled solution is calculated using a nonlinear 

solver (IMSL-ZSPOW, Ref. (26]). The key simplification achieved by 

using this method is the ability of being able to put all structural 

nonlinear terms, all aerodynamic forces and the coupling terms to the 

right hand side of the fully coupled set of equations in their explicit 

form. The analytical effort is therefore drastically minimized. The 

method enables the user to include additional nonlinear aerodynamic or 

structural terms of the equation with no extra effort. 
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3.4.1 Finite Element Method In Time Procedure 

The finite element formulation is based on Hamilton's principle in 

weak form which may be formulated as : 

(14) 

where 6ll,6T and 6W are the variation of strain 

energy, kinetic energy and the virtual work done by external forces. 

Substitution of suitable expressions for 6ll,6T and 6W 

in Hamil ton's principle would result in the equations of motion. 

Detailed expressions for 6ll,6T have been derived in Ref.[B] 

and [ 18). 

From Hamil ton's principle Eq. ( 14) , the following integral 

expression is obtained (see Ref. [27]) 

(15) 

The associated matrices ' i.e., the global mass M, 

damping C, stiffness K and force vector F in the space domain, 

contain periodic terms. For convenience, all the nonlinear terms are 

put in the force vector. Integrating this equation by part and 

rearranging, gives the following equation in the reduced form 

(16) 
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where : 

y =en 

(17) 

and the ,P
1 

and Wr represent the initial and final state of time, 

and B is a boundary term. For the periodic response solution, one 

may choose : 

(18) 

where T is the nondimentional time period of one rotor revolution 

(i.e.,2n). Thus, the right hand side of Eq. (16) vanishes. Thus, 

(19) 

For N. time elements, Eq. (19) may be written in a discretized 

form as : 

( 2 0) 

where the ,P
1 

and w,., represent lower and upper time limits 

for the illi time element. 

To reduce computation time, quantities in the space domain are 

transformed into the modal domain using the coupled natural vibration 

characteristics. Eq. (20) may be written as 
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(21) 

The periodic boundary conditions are enforced for rotor steady 

response as : 

X [1[1 = 0) = X [1[1 = T = 211) 
I F (22) 

3.4.2 Coupled Rotor Fuselage 

The fuselage equation (6) and rotor equation (21) are coupled. 

There are two approaches to formulate the couplings : 

a). Complete coupled Formulation : 

In this case, all the linear terms of the rotor and fuselage 

equations are transferred from the right hand side to the left hand 

side. 

(23) 

In this approach one can get direct evaluation of the eigenvalues 

and eigenvectors of the system. However, this way suffers from 

inflexibility in changing any of the terms. It requires linearization 

of the force terms which lead to additional assumptions and 

approximations. It is also expected to create a large system of 

equations which has to be solved simultaneously. 

b). Explicit Coupled Formulation 
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The second approach is based on an advanced technique for solving 

nonlinear sets- of equations. The rotor/body coupled system of 

equations are formulated in the following explicit form : 

Rotor : 

Fuselage : 

(24) 

Here the rotor/fuselage coupling terms lie on the right hand side 

with external forces. Therefor the right hand terms are function of 

the rotor as well as fuselage motion. Rotor and fuselage equations are 

solved iteratively. 

First the solution starts with some assumed vector (q}, and 
R 

tilen it is updated internally in the nonlinear solver routine to get 

the desired {qR) and {qr} vectors. 

represents a fully coupled system. 

The converged solution 

The main advantage of this kind of solution is the flexibility in 

changing the fuselage modeling. One doesn't has to make any further 

assumptions in the ordering of force terms. 

It is possible to identify the coupling terms in the forcing 

expression. However, direct evaluation of the coupled system 

eigenvalues and eigenvectors has to be done only by frequency sweep in 

this case. 

In the present paper, the second approach is adopted and 

implemented by a nonlinear solver which is based on variation of 

Newton's method (see Ref. [26]). 
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4. Results and Discussion 

For numerical results, a typical 4-blade soft inplane hingeless 

rotor is selected as a baseline configuration. It consists of Lock 

number y=5. 5, solidity ratio o=0.07, 

cl R=O. 055, zero precone and zero pretwist. 

blade aspect ratio 

The chordwise offset 

of blade center of gravity, aerodynamic center, and tensile axis from 

the elastic axis and are assumed to be 

zero. The fuselage center of gravity 1 ies on the shaft axis 

and is located at a distance of 0.3R 

below the rotor hub center. The fuselage drag coefficient in terms of 

flat plate area ( f/11R
2

) is taken as 0.01. The airfoil 

characteristics used For the 

baseline configuration, the structural properties of the blade and the 

fuselage are assumed uniform and given in table 1. The analysis is 

carried out at an advance ratio ~=0.3. 

Table 1 - Baseline Properties 

R 0 t 0 r • • 

EI 1m n2R4 
y 0 0.01000 

£I lm 02R4 
z 0 0.02680 

GJ!m 02R4 
0 

0.00615 

kAIR 0.0290 

km/R 0.0132 

km/R 0.0247 

The first flap, lag, and torsion frequencies are 1.13/rev., 0.70/rev., 
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and 4.47/rev., respectively. 

Fuselage 

0.01000 

The first three elastic natural frequencies are: 1.61/rev., 4.44/rev., 

8. 71jrev. 

A parametric study has been carried out for this baseline 

configuration. In the following ex~mples, the coupled rotor/fuselage 

vibration is presented by the Nbjrev. vertical hub force 

amplitude (is nondimensionalized with respect to m0 Q2R2
). 

For the analysis, the blade is discretized into six beam elements 

of equal length, and each beam element consists of 15 nodal degrees of 

freedom. For the periodic steady response of the rotor, one cycle of 

time is discretized into six time elements and each time element is 

discretized by a fifth order Lagrange polynomial distribution along the 

azimuth. For response calculations, six rotating natural modes which 

respectively represent three flap, two lag and one torsion mode were 

used. 

Figure 1 shows the baseline rotorjbody configuration and Figure 2 

shows the finite element discretization. Figure 3 presents the steady 

tip response obtained using the coupled trim analysis for a thrust 

level C7 jcr of . 07. Lag and torsion responses primarily consist 

of 1jrev. variation, whereas flap bending response involves 2jrev. 

variation. The fuselage effect can be easily seen in the variation 

between the line presenting the response with no fuselage upwash and 

the other lines that include the fuselage upwash. The response results 

52 - 17 



with no fuselage upwash however includes in it noncirculatory terms). 

For this case the effect of the dynamic coupling (without aerodynamic 

interference) was also explored. Its effect on blade response was seen 

to be small. As expected, noncirculatory aerodynamic forces are 

important for torsional response. Figure 4 shows the fuselage response 

in terms of g's (the acceleration ~ normalized by the 

gravity acceleration) at different azimuth locations. Since it is a 

four blade rotor, the results in the other three quadrants, i.e. 90° 

to 3 6 0° are identical. Note that Z1 represents the 

resultant vibration amplitude in terms of 'g' acceleration. From the 

figure, one can find the vibration level at different stations. 

Figures 5 to 15 present the parametric studies to show the 

influence of of the major parameters on the body vibration. Note that 

for a given hub location, there is direct correlation between the 

4/rev. hub transmitted force and the 4/rev. acceleration amplitude. 

Consequently, in the following examples results are represented in 

terms of the 4/rev. hub force. 

Figure 5 shows the rotorjbody clearance effect. It can be seen 

that the interactional effect becomes larger as the clearance between 

rotor and body becomes smaller. Clearly, the normalized hub force 

increases sharply due to a large increase in upwash on the rotor disk 

as the rotor/body clearance decreases. The change in the controls 

setting due to this effect can be seen in Figure 6. There is a small 

effect of rotor/fuselage clearance on ~,e~,and vehicle 

attitude and </l ) • 
s 

However, is more affected. 

In fig. 7 the sensitivity of the longitudinal hub location on the 

fuselage vibratory response is investigated. In this case, the 4/rev. 

vertical hub force and the acceleration at body nose (point 1) are 
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presented. Since the hub location is changed, there is no direct 

correlation between hub force and acceleration at a body station. The 

reason for that is explained in Figure 8 where it can be seen that the 

dominant mode in the fuselage bending and acceleration moves from the 

4th (anti-symmetric) mode to the 3rd (symmetric) mode as the hub 

location point moves towards the center of the fuselage (.9R line). 

This trend is a result of the uniform distribution of the fuselage 

properties. The vibration level at body nose becomes smaller as the 

hub location is moved away from the nose until it reaches 40% of body 

length then it starts increasing. It is interesting to note that the 

vertical hub force is minimum when hub located about 25% of body length 

from nose. 

In Figures 9 - 12 the characteristics of the fuselage upwash are 

studied. Figure 9 shows a sharp monotonic upwash increase as the rotor 

fuselage clearance decreases at a representative point on the rotor 

disk at 1)1=180° and x=O. 8. Figure 10 presents the Fourier 

coefficients of the upwash at this point. It shows a large 1jrev. 

component of the upwash, this explains the reason for change in cyclic 

pitch ek as rotorjbody clearance changes (Figure 6). The 

magnitude of harmonics in upwash decrease with higher harmonics. The 

purpose of Figure 11 is to show the relative magnitude of upwash 

harmonics in terms of steady value. In this figure the normalized 

Fourier coefficients for rotor/fuselage clearances h/R=0.2 and h/R=0.5 

are presented. Note that the curves are normalized differently. It is 

interesting to note that relative magnitude of lower harmonics is 

higher for larger rotorjbody clearance whereas it is larger for higher 

harmonics for smaller clearance. Later on this phenomenon will explain 

the cause of higher harmonic excitation for cases where the rotor and 
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the body clearance becomes smaller. Figure 12 shows the values of the 

fuselage upwash·at various radial locations on the rotor disk. There 

is an upwash on the fore and a downwash on the aft parts of the rotor 

disk due to body influence. For outboard part of the blade (r/R>.4) 

the upwash peak is felt at ~=180°. Also, the maximum upwash occurs 

about 70% radial position. 

Figure 13 shows the effect of the advance ratio ~ on the hub 

force. 

rotor 

It is presented for two cases. 

(h/R~oo), and therefore there is 

Case I represents an isolated 

no upwash on the disk. In 

case II, the h/R is 0.3, and there is an upwash field on the disk. It 

increases oscillatory hub forces. As expected, for both cases, an 

increase in the 4/rev. hub forces occurs as ~ grows. 

In Figure 14 the 4/rev. vertical hub force presented with changing 

rotor stiffness and for different rotor fuselage clearances. As the 

clearance decreases, sharp peaks start appearing in the 4/rev. hub 

force, for h/R values below 0.3. These sharp peaks occur for values of 

rotor stiffness where the natural rotor frequencies, mainly the second 

flap, are excited by the fuselage upwash higher harmonics (the 3/rev. 

and 4jrev. - see Figures. 10 and 11) and due to nonlinear effects in 

the system. For stiffer rotors, increasing rotorjbody clearance 

deteriorates vibratory hub force, whereas for softer rotors larger 

clearance helps to reduce vertical hub force. 

In Figure 15 the effect of the fuselage stiffness on oscillatory 

hub force is presented. The sharp peak of hub force occurs when the 

fourth natural body mode and second flap mode coincide with 4/rev. The 

magnitude of vibratory force changes with changing body stiffness. 

This shows that by tuning the body natural modes, vibration response 

can be controlled. 
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S. Conclusions 

A consistent finite element formulation capable of predicting the 

vibration of rotorjbody systems in forward flight has been presented. 

Both the rotor and the fuselage models are fully elastic and 

aerodynamic interaction are also included. Parametric investigation of 

the influence of the critical system's parameters has been carried out. 

The model is based on a unique method of solution employing 

nonlinear numerical solver which enables the inclusion of any nonlinear 

terms with minimal analytic effort. 

The results show a considerable effect of the fuselage (both 

aerodynamic and dynamic) on the coupled vibratory response. While the 

most important parameters appear to be the rotor/fuselage clearance and 

the fuselage stiffness. In particular, it is shown that as the 

rotor/body clearance is reduced, the vibratory hub loads dramatically 

increase, which also requires significant changes in trim. In 

addition , the influence of the advance ratio appears to contribute 

significantly to vibration. As expected, rotor and fuselage 

stiffnesses play an important role as well. The results present 

critical combination of the rotor and fuselage stiffnesses which should 

be avoided in order to keep low vibration level. 
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List Of Symbols 

a Blade lift curve slope 

A Rotor disk area 

B Boundary term 

e Blade chord 

ed Blade section drag coefficient 

e1 Blade section lift coefficient 

e Blade section moment coefficient about aerodynamic center mK 

c Damping matrix 

er Thrust coefficient 

ew Weight coefficient 

em Rolling moment coefficient 
X 

em Pitching moment coefficient 
y 

0 Aerodynamic drag per unit of blade length 

OR Aerodynamic radial drag per unit of blade length 

eA Chordwise offset of tensile axis from the elastic axis 

(positive forward) 

~ Chordwise offset of blade e.g. from elastic axis 

(positive forward) 

~ Chordwise offset of aerodynamic center from elastic axis 

(positive forward) 

E Young's Modulus 

E~ Blade flap bending stiffness 

Elz Blade lag bending stiffness 

f Equivalent flat-plate drag area of helicopter 

F Global force vector 

g Gravity acceleration 
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F Global force vector 

g Gravity acceleration 

G Shear Modulus 

GJ Blade torsional stiffness 

h Vertical distance of hub center from the helicopter e.g. 

H Longitudinal drag force on the rotor in flight condition 

H(~) Shape function 

I Identity matrix 

K Global stiffness matrix 

M Global mass matrix 

m0 Reference mass per unit length 

N Shape function for time element 

Nb Number of blades 

N. Number of time elements 

p Normal mode coordinates 

0 State variables of load vector 

q Blade global coordinates 

R Rotor blade radius 

T Time period of one rotor revolution (2n) 

T Coordinate transformation matrix, Thrust 

V Vehicle forward velocity 

W Helicopter weight 

X state variable of normal mode coordinates 

Y state variable of blade response 

~ Blade section angle of attack 

~. Longitudinal tilt of shaft 

~ Blade precone angle 

a Solidity ratio, NbcjnR 
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~ Free vibration eigenvectors 

~ Lateral tilt of shaft .... 
~ Modal transformation matrix 

~ Azimuth angle, Qt 

975 Collective pitch angle at 75% blade span 

91c Lateral cyclic pitch angle 

91• Longitudinal cyclic pitch angle 

91w Blade linear elastic twist 

h Rotor inflow ratio 

Q Rotor speed 

w Free vibration rotating frequency 

y Lock Number 

~ Advance ratio 

Superscripts and subscripts 

ac Aerodynamic center 

A related to aerodynamic force 

h Related to hub 

f Related to fuselage 

p Per rev. 

R Related to rotor 
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