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Summary

The requirements for the computation of 2D unsteady 1ift within the
context of rotor airloads and performance calculation are shown to be
fulfilled by an indieial formulation. It is shown how the indicial
formulation may be expanded to provide a more general form of 1lift
transfer function which may be used to evaluate explicitly the response
to idealised forecing such as the frequency response and ramp motion.
Results from the application of recent developments in the computation
of unsteady transonic flow are used to define the indicial 1ift
funetion whieh is generalised in an appropriate form for rotor
applications and evaluated for idealised foreing. Further evaluation
and refinement is provided from comparisons with wind tunnel test data.

Numerical procedures are devised and evaluated in the context of the
gampling requirement for rotor caleculation. The final form evolved
minimises the sengitivity to sampling with the objective of economising
on computational demands. Finally, application of the methods evolved
is illustrated by comparisen with the results of a compressible, time
dependent Navier-Stokes calculation for an airfoil subject to an abrupt
ramp motion. This comparison highlights the importance of the
impulsive 1lift terms and the development of geparated flow, the

calculation of which may be superimposed on the formulation presented
here.

Introduction

The sequence used in most routine rotor airlcad caleculations comprises
computation of the local load at a series of radial stations on the
blade for a given azimuth followed by radial integration and
progressive stepping through the azimuth range., During this procedure
the conditions at any given radial station change rapidly through a
large angle of attack and Mach number range. Even when separation is
not encountered in these cycles there are significant time dependent
effects on the airfoil loading. Due to the combined influence of
cyelic plteh, blade elastic response and wake structure the local angle
of attack may vary in a quite arbitrary manner and any method used to
obtain the 1loading response must be formulated accordingly. The
sclutlon must be compatible with the sequential sampled form of
computation and, in view of the large number of calculations to be
repeated, simplicity of computation is at a premium. The indicial
formulation is appropriate to meet these requirements and has been in
use for some time, In this paper the unsteady 1ift calculation is
almost entirely concerned with attached (potential) flow but, at the
same time, it is formulated to provide a structure for the evaluation
of critical conditions for the onset of separated flow and the

subsequent required modifications to implement the consequences (see
reference 10).
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In the period since the indiecial formulation for unsteady lift was
introduced inte the rotor calculation (1975) there have been develop-
ments in boeth theory and computational procedures for caleculating
unsteady lift at transoniec speeds, for example, the application of the
LTRAN 2 code presented in reference 3, In spite of the absence of
impulsive loading, which is a2 consequence of the low frequency assump-
tions of LTRAN, the calculated linear and non-linear indicial response
and time stepping solutions for plunging motion provide a valuable
basis for refining and substantiating the approximations used in the
rotor formulation. The approximations which comprise the specification
of the indieial response in the form of exponential functions have
formed the basis for the derivation of the lift transfer function from
which explicit sclutions for the response to idealised forcing may be
obtained. These are compared to both the more exact solutions now
available and to wind %tunnel test results at transenic speeds and
enable the approximations to be modified and evaluated.

Another aspect of rotor unsteady 1lift computation comprises the
selection of appropriate numerical procedures to implement the indicial
response, Current methods are evaluated and shown to degrade as the
sampling interval is increased. Using the 1ift transfer function to
derive an alternative form of response equation, new numerical
algorithms have been obtained which are less sensitive and finally, a

pseudo half-step lead. is introduced which reduces the lag inherent in
sampled solutions,

Solutions of the Navier-Stokes equations are becoming feasible at great
computational expense., They are held out to be the salvation of the
aerodynamicist but for the forseeable future will still be subject to
compubtational limitations and confined to idealised and limited
applications. They are, however, of great potential value in assessing
the limitations and accuracy of less sophisticated theory. A
particular application, presented in reference 12, has been used to
compare with the indicial formulation developed in this report and
surprisingly close agreement has been demonstrated.

Derivation of the indieial 1ift funekions

Practical considerations for the implementing of indicial 1lift
functions suggest that they should be expressed in terms of exponential
functions of time. This enables the straightforward derivation of the
Laplace transform of the response and hence the lift transfer function.
It alsc facilitates a simple form of numerical solution for use with
arbitrary forecing using superposition of a sequence of step inputs.
Fortunately, the results of many different theoretical approaches to
the calculation of indieial 1ift response may be approximated to an
acceptable degree of accuracy in this manner. Most of the theories
that may be used for guidance, however, are subject to limitations in
their formulation and consequently it is convenient to make a
distinction between the circulatory and impulsive components of the
indicial 1ift response. The scaling normally adopted to generalise
time produces the parameter s = t.2¥/c which corresponds to the
relative distance travelled by the airfoil in terms of semi-chords.
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From the results presented in reference 1 for indicial response at
varying Maeh number it can be deduced that fug;her simplification may
be obtained by using the parameter s' =z s(1-M"). Thus the preferred
general form for the indieial 1ift response to pitching motion is given
by: _

CLEs)= CLULM) & ﬁcls) + Q&Ils} @ + ,@q{s) g

where 'CL(M!
oc

1

1ift curve slope at the appropriate Mach number

g = step change in angle of attack (in radians) measured

at the 3/4 chord loca%tion

§ @ step change in non-dimensional piteh rate about the 3/4
chord = 6 c/V

gh(é) = girculatory component of the indicial 1lift response
- -bs_ , -bs
1 - Aie Aze
ﬂﬂ§) o impulsive component of the indieial 1ift response
- jLe~5/ﬂ
M

&2
v,
T

impulsive component of the indicial lift response to
pitch rate about 3/Uc
- 1 e-s/Tq

M
From the above formulation it is apparent that - the circulatory
component resulting from pitch rate is incorporated into the angle of
attack term via definition of angle of attack at the 3/4 chord
locatian, There are many sources from which guidance may be cobtained
in defining the most appropriate coefficients for the circulatory 1lift
which 1in general is the most significant component of the total
response, For a compressible fluid the &total initial response is
derived in reference 2 from acoustic considerations as an impulsive
force which decays rapidly. The initial variation is given by

CLii& 1-5 [1-M)
M M

dC, s4& [1-M] or c_!uCLz-‘:;"C[ 1 ]
Thus ds M | 2M ds M |[2M(1+M)

If we consider the total 1ift response to be composed of an
exponentially decaying impulsive lift ( CL; ) plus an increasing
circulatory 1ift (C ) then

dc, _dC dc
—L= =+ =l and from the above formulation
ds  ds ds
. STy 5 (a6, 6% Ab, %
ds’ M T ds
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Thus equating slopes at t = o (8" = o).

-4 & 1 = -4& + € &(ADb+ Ab,)
2 ) " o

M [2M{1+M T
T - LM (1eM) LT 1M 2V)
2+CL M1(1+M){A'bl+Alb2] where T1 TI(1 ). C
o

Thus, depending on the coefficients chosen to represent the circulatory
component of 1ift, the time constant for impulsive 1lift may be adjusted
to maintain the correct initial variation of 1ift. For pitching motion
about the 3/4 chord, reference 2 presents the derivation of the
indicial response (Ci,). The asympotic value is zero, the decay from
the initial value of -1/M 1s roughly exponential and approximately the
same as for the impulsive loading. The problem now remains of how to
Select the most appropriate coefficients to represent the circulatory
response through the Mach number range up to high subsonic speeds.

A systematic series of calculations have been performed at NASA Ames,
principally by W.F., Ballhaus and colleagues, using the LTRAN2 analysis
which comprises a solufion to the low frequency unsteady transeniec
small disturbance equation. A consequence of the low frequency
constraint is elimination of the impulsive loading which, fortuitously,
leaves the loading required to define the component that is labelled

here as "eirculatory", Thus the results of the LTRANZ2 program as-

presented in reference 3, may be used both as a theoretical source for

the indicial response function and as a means of evaluating its appli-
cation to more general motion.

Figure 1a has been copied as e I
closely as possible from . //gf::’d
reference 3 and presents the e
calculated indicial response for 06 //
the NACA 64A006 airfoil using the #is) !
LTRAN2 program. For comparison, 04 M/ M=0.8
the LTRANZ solution with the non 4 L sean tmomr ExACH
linearities SuppPGSSEd is ozt ) — - LIAANZ | LINEAR]
inecluded together with the /

==~ LTRANZ |NACA BtADDEL

'exact' solution for the linear 0 T m % 1 %
theory from reference 2. The a ° = b.2v/e

latter solution is not restricted

by the low frequency assumption

60

and consequently the time history
is initiated with the non =zero
(impulgive) force and serves to
illustrate the significance of

this term. ac, .

¥=072, =2
The solutions have  been o
normalised by the asymptotice ——— FIMIE DIFFERENCE SOLUTION OF EULER EOUATIDNS,
values of 1lift and it is apparent T R e e, (O ST
that not only the initial but 0 5 " : v vy " 3
also the asymptotic behaviour b) s

varies between the solutions.

FIG,). INDICIAL RESPONSE COMPARISONS
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From the two low frequency (LTRANZ2) solutions approximations

in the form assumed for the circulatory response have been obtained
thus:~-

a) sﬁcis'i = 1-03 e-0.11s - 0.7 9'0'855 for the linear solution

b) : Qt(§): 1- 0.3 & 2105 _ 03’{0535‘ for the non linear solution

The impulsive force time constants (TI') associated with the above
expressions may then be evaluated.

An independent solution for the non linear indiecial response has been
obtained from a finite difference solution of the adiabatic Euler
equations. This solution, presented in reference 4, iz not subject to
low frequency assumptions and may be compared with the expression
derived from the LTRANZ non 1linear solution with the approgriate
impulsive term added. The Euler solution was performed for a 2 step
change in angle for the NACA 64 A 410 airfoil at M = 0.72 and the
result is shown in figure 1(b)} along with the derived LTRANZ result.
The asymptotic value of 1ift for the Euler solution was not available
go the LTRANZ2 derived resultzfor the NACA 64A006 has been scaled to a
1ift curve slope of 27/ T1-M ; the ehang% of Mach number is accommo-
dated by the scaling of s where s' = 3(1-M"). With the impulsive term
included the correspondence between the two solutions is quite satis-

factory and provides support for the use of the form of generalisation
proposed.

The Lift Transfer Funetion

The calculation of unsteady 1lift may be further generalised by the
concept and use of a 1ift transfer function which expresses in
operational form the relationship between the 1ift response and the
foreing. Conventionally, the symbol 3 is used %o represent the Laplace
operation; to avoid confusion with the non-dimensional time scale s =
t. 2V¥/c it will be replaced by p Considering first the circulatory
lift, the Laplace transform of the indicial response function yields:

G tpl=¢ [1— AT - A,Ta.]
¢ @ [p 1+T,p  1+Typ

and Phe transform of the forcing (a step change in angle) is given by
oelp)= & . Thus the circulatory lift transfer function
C

(p! =CL 1 - A|T|p - ALT?.E = CL {1‘A;-Az) + A. + Ag
ELTT m Tel,p  1+T,p @ 1+Tp  1+Tp
oalp
When the initial value of the indicial response is zero then [1-A-A) =0

and the circulatory lift transfer function simplifies to

Ciofpdb = CL (LA ¢ _As
C @« | T+T, p 1+T.p

xlp)
It may be noted that alternative forms of the circulatory 1ift transfer

function may be derived from the indicial response time history but in
application the results are much the same.
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For the impulsive 1lift, the Laplace transform of the indicial response

is ¢ lpl= bt T and <(p)='/p as before. Thus the impulsive
M (1+T1p}

. . . : C.lpl = & Tip
lift transfer function ig given b =
g v dm Mt

Similarly the transfer function for pitech rate g = 8 c/V about the
3/4 chord may be derived as Cdpl= -1, Lo

alp) M {1+T,p)

Thus, for any foreing for which an explieit Laplace transform may be

derived the corresponding lift response may be evaluated in an explicit
form.

The ultimate objective of this line of development is to provide an
adequate numerical procedure for application to forcing of an entirely
arbitrary nature, To substantiate such a procedure requires a check
against experiment and/or more rigorous theory. Because it is
practical to produce experimental or theoretical results only for
idealised motion then it 1is useful to have a means of evaluating the
structure of the model independent of the numerical procedures.
Additionaly, since it is physically impossible to produce experimental
verification of indieial lift response, then such motion that may be
utilised experimentally or theoretically may be evaluated via the
transfer function and any discrepancies related back to the indicial
response function. For these reasons it is useful to develop explicit
solutions for idealised motion from the 1lift transfer function such as
the response to sinusoidal motion about an arbitrary piteh axis.

Frequency Response to Pitching Oscillations

For sustained pitching oscillation © = sin «t the Laplace transform of
the angle of attack defined at the 3/4 chord is:

clph= 1 }iﬁgll where B= x.c/2V and X = distance of the 3/4 chord
w + )

aft of the pitech axis, in semi chords.

gdpl = ¢ [1+Bp A+ _A,
Thus ic SL‘”L“P’/‘J TvTp Toip

state response 1is given by

for which the steady

¥2 Ya
C.[t) = A |1+ M) sinfwtes,) + A, 1+8°w] sinfwt+s,)
S T 1 ’ 2

T+T w

1+Tow
where ¢ - tan (Bw) - tan [T w)

The impulsive 1lift contribution is represented by

G lpl= 4Lp _(1+Bpl )
[ Mw {1+T,pi1+p/w’} for which the steady state response is
1/2
Ci it) = & T 1+ Bw' ] cos{wt « &}
I Mo 1T

where 4 - tan{Bw) - tan ( T,w)

For oscillatory pitching glpt = < {,jL__ }

wV 1+ p¥/ut
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2,

(pts-c Ty — P
Thus C‘-‘! P Mo (1+T,‘p)('|+pl/w"} and the steady state

: -

tl= ¢ KT 1 sinfwt~ ¢} where 4 = tan { Lw)
i MV (Te T ) !

To evaluate the above contributions to the frequency response for

pitching oscillation about the 1/4 chord we may substitute X = 1, thus

B=zc/2V, k=wel2V and express the time constants in terms of the
primed values

Twe _k , hw = _k , s L__ Tw
thus BIT-M) b 1- M%) 1-M°

and Bw = k. The resultant frequency response is then obtained by
summing the various contributions to the in phase and quadrature
components,

Frequency response to plunge oscillation

The frequency response to plunge oscillation may be obtained in a
similar manner or by simplifying the pitch fregquency response by virtue

of the different boundary conditions at the 3/4 chord and absence of
the pitch rate term;

i.e. xlpl= 1 thus B=0 and C

L‘(‘H=O

Regponse to an idealised ramp

Just as a step input is physically unrealisable but nevertheless a
useful concept, so too is an ideal ramp which implies that for t < o
then & = o and for ¢ > o then @ has some constant finite value, For
O (t) = K then B(p) = Ka/P

and for piteh about an axis x forward of the 3/4 c then Kg= Kil+Xc/2V)

(p} - AT - AT
Thus CLC CL % F pl1+Tp) p(1+T,_p)]

which results in
17,
C it = G K, [z AT1- T AT - et z)]

now Kt - oc!t? thus the above equation may be re-expressed in the form
CLC(H z c'-u: [oc(tl -ACCE[ﬂ] = C‘_‘r.o:e(t) where q_m.m:gn may
be viewed as a lift deficiency; i.e.

t/'ﬂ -t/ T,
AO:E[H'K [AT“ )+ AT (1€ ,:l In this form the expression
may be used as the basis for a numerical form of solution.

Also G fpl= &K T Soog M) s LT (1-e T
M pli+Tp) { M

Due to piteh rate about the 3/4 chord. q:éc/\i

C (p) ==K, T. {t) = -K T,(1-e
L, LT S T
M plt+ T,p) CL

m”
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Response to a real ramp

It is possible to attempt ramp motion in experiment by means of an
actuator but obviously the initial value of & must be =zero. In
practice the resultant motion may be represented operationally as

8ipl = §1_____ where T_ represents the time constant
pli«Tpl for the mechanical hydraulic system

-1/ T
i.e, Blt)= Ke[t - Teli-e F)] . As before K“ = KB“"’ Rcl2v}

{p) = 5 K 1 - AT - ATy
Thus le’ : [E‘ pl1+T,p) ]

1 +Tpl
(T+ 1 p) pil+tap
- -t/T -t/ T
g Mt s O faelth- K AT ATeToe U HAT, ¢ ALY -ATeY - AT YR
LC tTl"Ts TL'TF TI'TF TL" Te
- -t/
CL(p) = 4 _[’&, T] . CL“') = LK Tl G - TFEUTF- Txe TI]
l M pll1+Tpli+Tip} I M T T,
-t/ Te -t/
’ =- - Tae
(p) = Ky Ty 1 . [t) =-KT, E . wel ]
CL‘L M pll+Tpl1+Tp! CLQ M Ty - Te

Application of explicit solutions

The above collection of explicit 1ift response functions may be used
for comparison with both theoretical and experimental results,
literally or as an aid for interpreting variation in possibly inconsis-
tent results. As an example and as an evalution of the approach, the
LTRANZ results for plunge motion may be examined. In addition to
generating the indicial response funetion for M = 0.8, reference 3
presents the results of a timewise integration solution for the 1lift
response to plunging motion using the linear form of the program. As
noted previously, the indicial response calculation may be utilised to
provide the coefficients for the corresponding derived circulatory lift
transfer function i.e. from g.ish=1-03 0115 g7 0855
Az the solution incorporates the®

low frequency assumption the LOW FREQUENCY APPROXIMATION
impulsive term should be excluded 1.0
from the comparison. The time-
wise integration solution is 0g |
presented in reference 3 in the AMPLITUDE
form of a frequency response; RaTIO 06 S5
i.e, amplitude and phase versus 1 ©
reduced frequency, and is
compared in figure 2 with the o
explicit solution for frequencY 02 G LINEAR TIME [NTEGRATION LTRANZ SOLUTEON IREF. 3
response derived from the “ | —— rneovency agsronsE caLtuLaTED FROM
transfer funection, Bearing in LIFT TRANSFER FURCTION
mind the limitation involved in 0
approximating the indiecial
response, the frequency response -20 4
derived from the circulatory lift i:ﬁé o
transfer function is in quite -0
good agreement with the results .
of the timewisze integration, -60 .

0 -05 -10 15 20

k=we/2Y

FIG. 2, PLUNGE FREQUENCY RESPONSE, M=0-8,
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In reference 3 the timewise

integration is used to evaluate

application of the indicial

solution but in a different 10 —;
manner; i.e. by using a super- =
position integral.

The coonsequences that variation . b8 o cbs
in the ‘indicial response impose Rolsl=1-03¢% 0e
on the frequency response may be )
evaluated via the explicit rela- 0 0o 0 80
tion., Based on the above example la) INDICIAL FUNCTION {M:0-8)
two aspects are illustrated in

figure 3 where variation in the 10

initial and asymptotic behaviour >
is quantified by modifying the =

time constants b, and b, from the AMP TR
baseline values of 0.8§ and 0,11 5 b
respectively. Modifying b, from - :g
0.85 to 0,65 shows the sensiti- — .08 -

vity of phase at relatively high 0
(at M = 0.8) reduced fregquency to

small changes in the initial PRASE T
response., Conversely, modifying -
b, from 0.11 to 0.08 (asymptotic
behaviour) primarily affects the 9 il 02
amplitude response at low
frequency. It will be shown that
the experimental variations in (bl PLUNGE FREQUENCY RESPONSE
frequency respouse may he related
back in a similar manner to imply
required modifications in the
assumed indieial response and
hence the 1lift transfer funetion.

FIG. 3, SENSITIVITY TO INDICIAL LIFT FUNCTION

Experimental data are available from many sources and for various
dynamic modes of motion which comprise pitech os¢illation, plunge
oscillation and ramp motion. Ramp results for a range of Mach numbers
are available from one source only; the plunge osecillation results in
the available literature ftend to support theory but are limited in
extent and exhibit more scatter than desirable particularly with regard
to phase angle, Pitch oscillation tests are more numerous and on that
account provide the best likelihood for a meaningful evaluation of
theory. To put the results for different airfoils and from different
wind tunnels on a common basis the amplitude response for normal force
has been expressed as an amplitude ratio by normalising with respect to

21/ i~  in accordance with linear theory. For piteh oscillation
about the 1/4 chord, figure 4 presents test results through a range of
Mach number at a reduced frequency k=wc/2V of 0.,2.
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From the nonlinear LTRANZ results the

Al s 1- 0367 F

The corresponding
oscillatory response is
included in figure 4 and
exhibits a phase lag signifi-
cantly in excess of the test
values. - Addition of the full
impulsive component results in
improved phase matching at low
Mach number but not at high
subsonic Mach number.
Attenuating the impulsive
loadjng term by the factor
{1-M°) produces a much more
consistent trend in the
variation of phase angle by
comparison with experiment.
Amplitude ratio is much 1less
sensitive to the impulsive
term at this reduced
frequency. Although the
impulsive term will become
more 1mportant at higher
reduced frequencies, at
M = 0.8 a reduced frequency of
0.2 ig already high for rotary
wing applications and at a
lower Mach number the medifi-
cation becomes prodressively
less significant,

deduced

- 07 e
was obtained for the low frequency or

53¢

circul
1.9
o3
o8 RAT!O
0.7

23]

13 -

PHASE
- DEG.

indicial

AMPLITUDE

response function

atory response.

k=02

TEST
ALRFOIL 2}
© NACA BLAD1D
O NACA 0012 MOD
o
o

Rl

NACA DQ06
NACA 0012

amnm

o]
——

THEGRY
CIRCULATORY ONLY

CIRCULATORY « IMPULSIVE 2 v
CIRCULATORY « IMPULSIVE » [1- M€}
MAGNUS (REF,9}

EIG, &

OSCILLATORY DATA

02 04 06 [1]:]
MACH NUMBER

COMPAR{SON

The significance of the frends illustrated by this example are
considered sufficient to justify application of the attenuation to the
impulsive loading derived from piston theory.

Also shown in the comparison of figure 4 is the theoretical result
obtained by Magnus (reference 9) for the NACA 64A010 airfoil from a

finite difference solution of the unsteady Euler equations.

The quasi

steady value of 1lift curve slope obtained in ref. 9 is considerably in
excess of the linearised value and has been used to normalise the

amplitude gf CN at k = 0.2.
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Some peossible improvement in
the <coefficients of the
¢irculatory indicial 1lift
response function is suggested
by the experimental results.
The highest test Mach number
avallable for attached flow
and a range of frequency is
M = 0.8 from reference 5 (NACA
644010 airfoil). Some results
are shown in figure 5 together
with data for M = 0.5. A mod-
ification of the coefficient
b1. representing the
asymptotic behaviour, from
0.10 to C.14% produces a small
but significant improvement
all round; the modified
impulsive response was
included in the calculations.

A wind tunnel rig capable of
producing ramp motion has been
constructed at the Airecraft
Research Asgociation.
Increase of piteh angle at
varying rate is produced by an
electro-hydraulic actuator;
the buildup in rate cccupies a
short periecd and ecan be
modellad in reproducing the
motion ftime history. The
results of some test on the
NACA 0012 are shown in figure
6 for M = 0.61, 0.71 and 0.76;
the nominal rates are 8¢/2V =
L0068, .0059 and . 0054
respectively. For comparison,
the quasi static 1ift curve
slope and the calculated
response are shown using

fuds) = 1- 03 s _ggads

07
and the modified impulsive
term. Apparent in the test
results but not included in
these c¢alculations are the
effacts of flow separation,

THEORY .
—— Bisls 1.03% . 97338

—— Pis)s1-p3etegratc
<

TESTIREE, 51
M RHN«ID

Coas 25

005 10

a 06 125

-10
PHASE

-20

=30

£1G, 5 FREQUENCY RESPONSE COMPARISON

~ — STATIC |'SLOPE!} |
12 | © TEST y
—— THEQRY / Kooy

F16. 6. RAMP DATA - COMPARISON

One of the objectives behind the work presented in this paper has been
to provide a basis for the assessment of the effectzs of flow

separation. To accomplish

this requires the ability to

model with some degree of certainty the characteristics of dynamic
behaviour appropriate to the attached flow condition and to project
them intoc the range where flow separation is ocecuring experimentally.
This aspect 13 pursued in reference 10,
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10.

Application of the indieial formulation %o arbitrary motion in the
manner oubtlined above requires not only that the mathematical aspects
of superposition are valid but also that the physical aspects of the
implied 1linearity can be Justified. The latter problem has been
addressed in a series of experiments conducted at NASA by Davis and
Malcolm (reference 11) which substantiate linearity even for super-
critical flow as long as the flow remains attached.

Numerical Methods

The indicial formulation for unsteady lift response and the associated
numerical wmethods have been chosen to meet the requirements of the
helicopter rotor loads and structural response calculation. No
constraint is placed on the formulation of the structural response or
the variation of inflow and non repeatable values may be accomodated,
i.e. successive revoluticns of the rotor may exhibit different response
and encounter a modified wake configuration. For a given step change
in angle of attack (ec ) the indicial response for circulatory 1ift in
the time domain is 5Hﬁ?n by
C

CLC‘t)= ¢ thus the product oc. g (t) may be
viewed as an equivalent angle of attack oclt) i il.e.

wfth=oc(1 - A,e-“T'- A;e-“Tz }
Thus it} is composed of the instantaneous value of « minus Lwo
exponentially decaying terms. Initially, the sum of the decrements
equals ¢« . In any subsequent period they decay by a constant amount.

This 13 also true when further step inputs are introduced, thus a
numerical algorithm may be constructed to solve for a sampled systenm,
i,e. ‘

Wy, = Wy = Xpy= Yy

- AL/T,
where Xn= K 8 +A loe-oc, )
Yn = Yn-l e AtiT * A'L( Cp- a:n-I)
] -
where T o= bt 2vic] LI [bat1- %) 2vic|

It is significant that in the above formulation all the prior history
of the circulatory lift decrement is contained within the two terms Xn
and ¥n. In the particular case where the indieial 1ift function may be
expressed in terms of exponential functions, Duhamel's integral for the

superpogition of successive increments in indicial 1ift reduces to this
simple form.

-4/T,

For a single step input, the impulsive 1lift CLJ* I = ﬁ- €
For the sampled system of a series of step inputs CLI:KIJ{ In
where 1, = IMe'A“T‘l + loc, -}
Similarly, for the pitch rate term
CL]: —"ML Q. where Q. =0Q_ gt T, (9.= Qo)
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To evaluate the implementation of the abova algorithms, together with
subsequent  developments, the numerical solutions for sampled forcing
have heen compared to exact (continuous) solutions for oscillatory
motion through a range of frequencies and toe ramp motion of increasing
rate. In order to illustrate the sensitivity to sampling rate in a

simplified though representative form an idealised forcing in the form
of a doublet may be used; i.e.

- 1,0 2 f '
clth= 2334 [ttt-n] sin{2nt} wheret= t/ T,and

T.. is a characteristic time used to
control the timescale; for 0
t>1, @ltl=0 . The resulting time
history is illustrated in figure 7

@ = 2330 L0118 et
fet | T, 2v:15

7, <
1] °
and demonstrates features of Dboth o 0<r<1
ramp and oscillatory foreing. For RAD,
the current application the doublet 0

is scaled to occupy a time period
equivalent to 15 seml chord lengths

of travel (s). Together with the -0s
amplitude of 1 radian used the
impulsive forces produced are v
similar in magnhitude to the ¢ircula- M : 10 s >0
tory values at the Mach number of .t

0.3. The indicial funetion for
circulatory 1lift used 1in the
examples shown is

ﬂcls'} = 1- 03088 _ 07 &85
linear theory.

FlG 7 DOUBLET
which corresponds to the classical

The objective in developing the numerical algorithm iz to minimise the
number of samples required to produce an acceptable degree of accuracy
when compared to an exaet solution. In this discussion the number of
samples is related to the value &' = 1 or 3 = 15; i,e. a sampling N =
10 corresponds to intervals of As = 1.5; Using the algorithms
derived above (labelled for convenience as "step" algorithm) the
consequences of reducing the sampling are shown in figure 8. For the
eirculatory 1ift the reduction in sampling produces an artificial lag
in the response which can approach 1 time step for the transient and
tends to 1/2 time step for sustained harmonic foreing. However, the
amplitude of the response is not severely degraded. For the impulsive
1ift component, reduction of sampling results in severe degradation of

the amplitude of the response which would be unacceptable in the sample
shown for N = 20,

Having established transfer functions for the circulatory and impulsive
lift it is possible to derive the response to a change in < which
varies linearly within the sampling period. This corresponds (up to
the end of the interval) to the response to an idealised ramp as
derived earlier. Thus, based on the relations

CLC“)=CL e lth, oglth=cclt) - Accg(t} and
o

- -t /T,
Accylt] = K&E\‘Tl(he ”Tl) NN AT ,z]] then for a sampled
,
SyStem Ka;“ = (Ocﬁ = O:n-q, { At and ACEGn= A‘T‘ (K“ﬂ" K.’“ ] o« A,_T;( K‘n - K-;_n’

. SAHIT r Lk ST
where Kln = K'n—t e L {K,;“ - Ku:n-\, ' Kln = e +

( K":n“ Ko:n-\
-1
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c s 4 TylKe - Ky )
Similarly we may derive the impulsive lift LIa ]ﬁl fam B

' ' -AH Ty
where K1n = th—‘ e M (K’S-. - Kin-\}
- - ! t r "AtJ'Tq' + -
also CE.an 7 —r.l:i-qr lK"n K'in ) where K'f,n = K‘Ln—|e (K‘in K%n—l)
and = ¢ {8,- énql
AR X

Labelling the above as 'ramp' algorithms the results are compared with
the ‘'step' algorithm for a sampling of N = 10 in figure 9. For
circulatory 1lift the results have deteriorated, a phase lead has been
substituted for a (somewhat smallsr) 2ag. The impulsive load time
history is improved significantly, the amplitude is now correct at the
eXxpense of some phase shift,

The above evaluation suggests that it would be beneficial to use the
'step' algorithm to caleculate the circulatory 1lift and the 'ramp!'
algorithm to calculate impulsive lift, The advantage of doing this is
avoidance of significant amplitude error but nevertheless a phase lag
remains which it would be desirable to eliminate. One method to reduce
the lag incurred by finite sampling is to introduce a step or half step
lead in the forcing function. However, for arbitrary foreing, this
requires an extrapolation of o based on the prior samples and for
sparse sampling the procedure may introduce some large overshoot
errors. All the algorithms incorporate a deficiency term in one form
or another which is allowed to decay exponentially at each pass and is
updated by addition of the new increment in forcing; i.e, from the
'step' algorithm for circulatory response:
X, = Xn_le—mw' v Al -a )

If the decay over the next increment in time is anticipated, the second
term on the right hand side of the equation would alsc be factored by

o AU Thus an effecgive half step lead may be introduced by
factoring the term by @'AtIZ

_ -AtI2T,
i.e. Xop = X, ® At/T, + Ajloe, - o) eA

The above method for introducing a half step lead does not involve any
prediction of the forcing over the next sampling period and avoids the
consequent error, Thus a ‘'hybrid' series of algorithms may be
constructed to incorporate the best features of those s0 far derived
and yet minimise the phase lags involved.

For cireulatory 1ift en= ®n = Xn = ¥n

SR ARI2T,
X = X__ e + Afec, - e
where AT -AtI2T,
Y =Y e e Adea -, e
Mive nipe G = AT (K- K
For impulsive lift Ly ‘ﬁL LN
¥ ' ~AUTT ~At/I2Ty
where K, = K; e kg = Kt

and for pitch rate about the 3/4 chord CLan= '%ﬁ{ Ko Kgn)

L SAH2T
wiere k! . k' &Y, | K- Ka.) @ 1

) LS Y
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Implementation of these 'hybrid'!' algorithms is illustrated in figure
10. For circulateory lift, at the previously usged sampling of ¥ = 10

there is negligible error. When the sampling rate is halved again (N =

5) the error is still small. For the impulsive loading, at N = 10
there is a small lag which increases slightly for N = 5. For most
practical cases the proportion of impulsive 1lift will be very wuch
smaller and, overall, it may be anticipated that the above Thybrid!
algorithms will be adequate for application to rotary wing
calculations.

Comparison with a Navier Stokes solution

In reference 12 a compressible, time dependent Navier-Stokes
calculation procedure is applied to ramp motion of an NACA 0012 air-
foil., The initial angle of 6° increases to a final angle of 19° in a
period of time equivalent to 0,63 chord length of airfoil travel and is
held constant thereafter.,. The freestream Mach number is 0.147 and the
Reynolds number equals 107, From the pressure distributions presantad
for successive time intervals a time history of C, has been constructed
and is shown in figure 11. During the initial s@gge of airfoil motion
extremely large values of €, are generated by the impulsive components
of the loading which is digtributed more or less uniformly along the
chord. At the cessation of motion the impulsive loading decays rapidly
and the circulatory loading completes its buildup. Viscous effects
become significant and separation begins immediately due to the large
angle of attack and C,, which exceeds the sustainable steady state value
of about 1,2. Leading edge suction decays and at a time T =tV/c of
about 2.5 a perturbation in the pressure distribution may be assoziated
with the presence of a leading edge vortex. Subseguent pressure
distributions indicate convection of the pressure perturbation

downstream and by the last sample at T= L2 it is nearing the trailing
edge.

The value of C,, does not decline significantly towards the end of the

period which indicates that although extensive flow separation exists
the vortex 1ift is still present.

The above detailed calculations are somewhat unique in the published
literature and provide ancther opportunity for evaluation of the
indicial methods under development. For the comparison, the evolved
circulatory indiecial 1lift function . -hs --53¢

has been uied in eonjunction Flsi=1-03e -07e

with the corresponding impulsive force time constant. As a baseline,
an inviseid solution was generated; i.e. no allowance for flow
separation and a value of Ci e =2 ™ . The result which is shown in
figure 11 exhibits an asymptotic wvalue of lift which is too high but
the initial (mainly impulsive) loading is matched remarkably closely.
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FIG 1t COMPARISON WITH NAVIER-STOKES SOLUTIGN

In reference 10 a method i3 presented which enables the onset and
progress of flow separation to be modelled for time dependent 1ift in a
manner compatible with an indiecial formulation. Critical values of thse
pressure and the progression of gross trailing edge separation are
modelled using first order lags involving the time constants T, and T

which are expressed in terms of semi chord lengths of alrfoil travel.
The relationship between the additional loading (pressure) and trailing
edge separatlon under steady conditions is obtained from test data (in
this case from reference 13) and the onset of leading edge separation
from inviscid ealculations of the peak velocities and gradient in the
leading edge region. 1In this case a critical C, (static) for leading
edge separation of 1.5 was deduced (allowing forrthe reduced lift curve

slope of 0.1g/deg) which is greater than that achieved statiecally (1.2)
at R.N. = 107,

The consequence of ineluding the flow separation {(viscous) model is
illustrated in figure 11, predominantly affecting the later stages of
circulatory 1ift, Using values of T and T. of 1.7 and 2, respective-
ly, the model predicts a rapid growth of deparation at around T = 2.5
but the total 1lift is not immediately affected due to the build up of
vortex 1ift which ceases, however, at T = 4,5. The only exception to
the good agreement between the indieial and Navier-3tokes solution
oceurs at T = 0.73, just after cessation of the motion where an
extremely rapld and complex change in the chordwise distribution of
loading is taking place. An additional point at T = 0.63, not included
in reference 12, was obtained from a pressure distribution subsequently

provided by the author and emphasises the rapid changes occuring at
this time.
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Conclusions

Rotor load calculations require a versatile method for evaluating the
unzteady lift response to angle of attack forecing which may vary in a
discontinucus or almost arbitrary manner. AL the same time the local
freestream Mach number is varying rapidly. The indicial formulation is
appropriate to meet these requirements and has been in use for several
years. The continued development of more refined analyses for ungteady
transonic flow, their application to idealised motion and availability
of wind tunnel test data, again, for idealised motion, has provided an
opportunity to assess and refine the indicial formulation.

From tThe theoretical solution for the indicial response to a step
change in angle of attack it is possible to produce an approximate and
generalised indicial lift function. From the generalised indicial 1ift
function it 1is possible to derive an even more general transfer
function relating unsteady 1lift response to angle of attack and this
may be used to derive explicit expressions for the idealised foreing
used in experimental and theoretical studies, for example, the
frequency response %o harmonic foreing.

Using the above approach, use of the generalised indicial 1ift function

nas been validated and refined. Comparison with both theory and test
is favourable.

Application to rotor calculations requires numerical procedures that do
not impose undue limitations on the sampling interval for azimuthal
stepping. This is for economy in computation. The unsteady 1lift
transfer function has been used to derive improvements in the current

numerical procedures which have been evaluated for sensitivity to
sampling.

The analysis and procedures developed above have been applied for
compariscn with a compressible, time dependent, Navier-Stokes solution
for an extremely abrupt idealised ramp and hold motion. The indieial
solution has been extended to include the separation effects which are

present in this case and, again, the resulting comparison is favour-
able.
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