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Abstract 

The paper presents analytical-solutions to the problem of finding 
the optimal 2/rev blade pitch control.which minimizes the amplitude of 
the second blade lift hB:rnionic ford 'given' hinged rot"r under a given 
flight condition. It is shown that this minimum is zero, thus suppressing 
the 2/rev hub axial force for a two-bladed rotor. The analysis assumes 
constant inflow ratio and blade lift slope, linear twist, and second har­
monic flapping. Numerical examples were carried out with parameters covering 
the following ranges: f"= 0.1-0.3, Cr(ff = 0.06-0.10, 4= 5-15, -.9 1 = 6-10 
deg. and Xjcp'tr = 0. 08-0. 12. Results indicate that up to 50% reduction of 
the peak-to-peak amplitude of total alternating blade lift (2P content 
canceled, 3P content strongly reduced) can be obtained with less than 1.5 
deg of 2/rev blade pitch amplitude, in agreement with experimental results. 
The amplitude and phase angle of optimal 2/rev blade pitch increases,· 
r?spectively decreases, with f, Crfo, 0 , and X!<fd 2

!7', while both decrease 
nth e1. 

Notation 

blade lift-curve slope 

ro-tor coning ang1~ 

ccefficient o:f cos Tl'f in expression 

coefficient of cos '"I' in expression 

number of blades 

coefficient of sinnl" ln expression 

coefficient of sin"'/' in expression 

blade chord 

rotor thrust coefficient, 
:• 

rotor diameter 

J performance index 

9 dynamic pressure 

r blade-element radius 

R rotor radius 

t tctal alternating'blade lift 

T rotor thrust 

for (3 
:for f)-

for p 
for e-

t)"M1NERVA11 -Fellowship Visiting Scientist, on leave from the Mechanical 
Engineering Department, Ben Gurion University, Beer Sheva, Israel. 
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Tr blade thrust at azimuth 

·lY induced velocity 

\; forward flight speed 

nondimensional radial coordinate, r/R 
'.{ 
(' 

x,.,p 
Y.,p 

rotor propulsive force .. 
coefficient of cos nr 
coefficient for sin 71l.f 

in expression for 

in expression for 

Z,.,p amplitude of n-th harmonic blade lift 

y 

Lt; peak-to-peak amplitude of total alternating blade lift t 
m» rotor-disk angle of attack 

q~ blade-element angle of attack 

f' .. blade· flapping angle 

' ;\ 

· ·blade in~r.tia number, fa. c R 'f I I 
percentu~ reduction of Zt:, [(Z"- Ztotfj/Zt] •foo, 

phase angie of optimal 2/rev blade pitch 

inflow ratio, ( V ,,-, o< ~ - v) /.12R 

li. advance ratio, Vcas o<D /-'21< 
I 

~ rotor_angular velocity 

r blade azimuth angle 

f' air mass density 

G rotor solidity, be /5/R 

blade pitch angle 

collective pitch angle 

% 

blade twist angle, positive when tip angle is smaller than root angle 

amplitude of optimal 2/rev blade pitch 

Introduction 

The application of a second harmonic cyclic pitch to the blades of a 
hingrd rotor as a•mean to redistribute the J.oading over the disk and post­
pone the stalling of the retreating blade was firstly suggested and anal­
yzed by Stewart ~ef.1). Early flight test results for 2P control of a two­
bladed teetering rotor were described in Ref.2, while more recent wind­
tunnel test results reported by McHugh and Shaw in Ref .3 show that 2/rev 
:,lade pitch applied to a two-bladed hingeless rotor can suppress 2P shaft 
rcxial force. 

In this paper, Stewart's approach of Ref.1 is extended in the optimi­
zation sense and by including also the blade twist effect. Analj~ical ex­
]_:r,·essions for the optimal 2/rev pitch control required to null the 2P hub 
o:d.al force of a two-bladed hinged rotor .are derived, allowing to discern 
:·,he influence of various parameters.A'"com:parison with experimental results 
is performed. 
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2. Review of Assumptions 

The present analysis is based on the following assumptions: 

(1) Constant inflow ratio 
(2) Constant blade lift-curve slope 
(3) Linear blade twist 
( 4) Untapered blades with zero flapping hinge offset 
(5) Neglection of reversed flow and tip losses 
(6) Second harmonic flapping 4 (7) Neglection of powers off and higher 

·3. Rotor Dynamic Analysis 

The investigation is carried out in tip-path plane axes in order to 
allow for deviations from the mean tip-path plane due·to the second har­
monic flapping .motion. With f-.rLl< and ,\J2R being the components of the for­
ward velocity parallel and perpendicular to the mean tip-path plane; res-· 
pectively, the velocities at a blade element are as follows: 

- parallel to the mean tip-path plane and perpendicular to the blade 

Uy = fl-R (x + f"- ''"<f) ( 1) 

- perpendicular to the mean tip-path plan~ and to the blade 

(2) 

The flapping angle expression includes terms as far as the second 
harmonic 

(3) 

where the first harmonic terms are zero by definition of axes. Different­
iating, one has 

(! = 2Jl. ( QZ S1'n 2'f - bz Cos 2'f) 

•• 2 e = tr.12 { a2 cos zr +- bz .,·, zr) 
J 

Hence, the v.elocity through the disk is given by 

(4) 

(5) 

U - J2R[A- 2x ("z<ln 2'f - b2 cos 2'f) - f cos'/' (a, - o2 ~os 2'f - h2 sin 2'f)] (6) 
f' ' ') 

The blade pitch setting at any azimuth position can be expressed as 

e - 1'70 - ~X -· A1 ~OS 'f - 131 sin 'f - A2 c:os 2r - ~sin 2'1' (1) 

The differential thrust acting on a blade element is 

1 2. 1 2 u (8) 
dTy, =yf>UroClr cc/r = z-po.cRUr (ff+ uP)cl:x: 

T 
The corresponding differential thrust moment with respect to the 

flapping hinge is 

(9) 



The blade thrust at any azimuth posJ~-cwn is obtained by integrating 
·Eq. (8) in conjunction with gqs. (1), (6), Rnd (7) along the blade 

1 1
1 

2 ij . 1 2 3 [0 3 Z I Ty = :;r.f"'c R J. u, (u +- ~; )dx = 2 f"' cJ2 R -f (f + 2 f-) + f 
z 2 ~· . 

- f! (1 + !L2 ) -{,lie_ B 1~ -f!_ !I +- J!;_ b t~ L(XnP cos nr +- ~p >innp J] 
' I L Lj 't 2. tr· 2. 

where 

Xzp 

Yzp 

x3P 

Y,P 

x'tP 

y,,p 

n~1 

( 10) 

( 11) 

( 12) 

(13) 

( 14) 

(15) 

( 16) 

( 17) 

( 18) 

The th:n; .. r;t moment, at any azimr.th poc;ition is obtained by integrating 
Eq.(9) in conJunction with Eqs.(1), (6), and (7) along the blade 

, z (
1 

z u . 1 n'-R'r { 1 ( f z A 
Nr'f = ~ f C< c R . u, (a + u:).:c <;c ~ Tf'OC4C eo "f 1 + Y/'-) +- 3 

0 

e, !J z r, ~ ;,z 1<2. {- 1( 1 ')A I<B .fj - -(1+ -u)- !c/) -i -,4 .,c -•- b + CN<U- T 11--2 M. 1- f;- ., - Qo 
• fi ' 6 ! - 3 1 d 2. t1 z. •I t I J ~ 

z 
~ {t ; :~/J !31 j- -!fllz - #- b2] + cos zr ff!: e. 

Assuming em ar':d.e:ulrrt:.cfl rotrr!J the equilibrium condition about the 
flapping hinge (nhglectil1&; the we:::ght moment) is 

Nr; - !1CF - !'], = 0 r • 

( 19) 

(20) 

where the centri:fugo.l and i!"ertin. force moments are t'b,,:=I.fl~ 
respectively. In no:1dirnen;::ional ?or'!ll and substituting for f 
Eqs. ( l~) and ( 5 :l, tl'.e e~u' li uriw. con<l.ition becomes 

an~ l'fi ~ 1 f' , 
and f from 

(21) 

Compari1cg the equt<ticus ( < 9) anil ( 21) and equating the corresponding 
coefficients, t:1e 'following ec1•1:--:tions 2,r13 obta.!.ned 

(22) 

(23) 



(24) 

(g5) 

(26) 

( 27) 

(28) 

From Eq. (28) and (23) one obtains the evaluation of the first ha.funonic 
of control 

' !l 2.) 12- 2./:( ( 1 +- 8 t:_ b 
+ r{t-ff-2) ao -- T 1 _ 1,.,_.. 2 (29) 

' 
11 lr- f- 13 4- a+z fl a () 

- '"'1 = 3 1+V 2 + T 1+1t<-"- 0 3 1+ ±f""- 2. 30 
··; 

Substituting the above values in Eqs.(25) and (26), respectively, 

!Z.. z. 't-2 
+- .. I" {- f + ..f_"-z)IJ f ( 5" 3 "\~ /-'- . (1 (31) 

fO ( 1 _: i f"z.) 2 1 1 + 1-i f'- ,_ JG - fif") 0 + o(1 ~4f'-) 0 

:J_,_ (- 0<-tf..'t: 2-
1 ( 1 +- 15 l.l-) G b __ !__ 1 - wf + >-f'-)13. + _ __f-:__ (y_ _.!.. '-la (32) 
2 1+ tr~ a2 + y 2. - 't- 1 + ±r'- '2. 1+ff"- ?iG af'J 0 

Equations (~1) and (32) yield the second harmonic flapping coefficients 
a._ and b2 as linear functions of A,_ , 132 , fJ1 , qo , and -9-0 • Dividing out 
fractions and nes;,:tecting powers of' f''r and higher (this will be consistently 

·done in all subse'quent calculations without special mention), the following 
expressions are obtained after some lengthy manipulations 

where 

1 ~ 2. 
c1 = 24 ( 1 -Tf) 

Cz = zfL1 ( 1 - J f-2) 
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(34) 

(35) .. 
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(37) 



where 

(38) 

(39) 

( 4o) 

( 411-

(42) 

(43) 

(44) 

(45) 

and (29), respectively, 

(46) 

(47) 

c7 = ¥ ( 1- ff-2 )c1 (48) 

c6 =-¥ (1- ff)(c:~.- z) (49) 

C9 =- ¥ (1- ff 2
) C3 (50)" 

'C:,0 = --¥ (1- tf2
) (c" + Zct.) (51) 

c« = if (1- 1~f~) - 3f ( 1-1- -~ f"-) Cz . (52) 

C12 = T ( 1 +- fl f ~) C1 (53) 

c13 = ---'!f(1- ~fz)- -?j'-(1+ :J fz)c, (54) 

~ 13 2 i1 11 • 12H (55) c1.,_ =- 3 (1-1--osf<)C(; +i;--(7·-yfz)e. +y(Hffz)a. 

The averag~ rotor thrust is found by integreting Eq,(10) around the 
azimuth · "' s2" ') . 1 2 , [1 3 2 1 2 ), 

T = z:rr Tr d'f' = ypo. bcfl R 3 ( 1+ Tf )17. - tt (1 +f )et + 2 
0 

- f B1 1- f IJ2 -r- f b2 ] (56 ) 

or, in nondimensional form and by substituting Eqs.(27), (34), and (!~7) 

zc 2 2 2 1 2 {}. 3 6';: = ./ts(c2 H)Az -~c1 ~ +-(tc,-+ 2o)e1 + tG<'6 -if(t-3l) + ;· (57) 

Equation (10) can be now rewritten in nondimensional form as follows 

(58) 

where 
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" t ('f) = L (X nP cos nr + ~-1' st?, ?'l'f) 
n-1 

·is the total alternating blade lift· and C-r. = "'t lf'JrR
2

(.121t/ • 
't' 

3. The Optimization Problem 

(59) 

· The parameter optim_ization problem to be solved can be formulated ._'. 
as follows: for a given hinged rotor under a given flight condition·, find 
the second harmonic pitch control .42 and B.a which minimizes the square of 
the the second·harmonic blade lift amplitude, while keeping the rotor 
thrust at a prescribed value. That is, for given f- , 0 , -61 ,·tatid ). 
(i.e. , X/<Jd'rr , see Section 5) , find A-2 and B2 which minimize the perform­
ance index 

2. 

:r = zz., 
by yielding a prescribed C,./6' value. Then, show that 7 = 0 

tn/71 

(60) 

Upon substitution of Eqs.(33), (34), (46), and (47), Eqs.(13) and 
'(14) become 

v •. 
1z - c19 Az + C'2o·lJ_., + c_.,1 {J1 + ,C' 22. 

where.t~e coefficients ~5 7C22 expressed as functions of the basic 
coeffl.Cl.ents c1 -'- c6 are . 

=- ; (t "-J.f-2
) c3 

=- ~ (1-ff._)c,_ +­
) 

Thus, the-performance index becomes 

(61) 

(62) 

(63) 
·~; 

(64) 

(65) 

(66) 

(67) 

(68) 

(69) 

(70) 

' .. 2 z 
:;: -,.(9,. A-2 + c,GlJ2. + c,?q1 + ~18) + (- ~6A2. -t- Cf582 +~A+ <2~) (7l) 

The sufficient conditions for a minimum are 

leading to 

(!]' 
~=0 

2 2 
( c15 + c,G) A2 + (c,,.c,7 - r::,6c,1)fJ1 + r::,,.c,8 - c,. c22 = 0 

z 2. 
(c1,. + e,.) lJ2 1- ·(c,.c17 ~ c,5"c21)e1 

+ <;,c,8 +- c,,.c22 = o 
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(fZ"J 
;'f;f" 

both being satisfied. 

> 0 (75) 

Furthermore, by evaluating the optimal values of A-2 and "82 from '• 
Eqs.(73)'imd (74), respe~t~vely, 

where 

e, = c1,. c{8 + Cr:r c2,_ 

and re~lacing them into the performa.nce index (71), one gets 

;:r tn/n = 0 

(76) 

(77} 

(78) 

(79). 

(8o) 

(81) 

(82) 

(83) 

which proves that by applying the optimal blade pitch control (76)-(77)' 
the second harmonic of the alternating blade lift is reduced to zero, 
.thus cancelling the 2/rev hub axial force of a two-bladed hinged rotor.· 

Expressing e,.,. e~ as functicns of <'1 + c6 and putting into evidence 
. a.

0 
and ~. , Eqs. (76) and (77) car. be re•n+tten as 
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(85) 

(86) 

(87) 

{88) 

(89) 

(90) 

(91) 

·. (92) 



4. Evaluation of Coning and Collective Pitch Angles 

Coning angle and collective pitch can be now determined from inflow 
ratio equation ( 27) and rotor thrust equation (57) , where A and C,.io have 
prescribed values. Replacing a2. , 731 , 112 , and .Y, with their expressions 
(33), (47), (84), and (85), respectively, Eqs.(27) and (57) are brought 

·after some lengthy manipulat.ions to the following simple fo!7'1 · , • 

·where 

>. • 

d1 Qu + dz 8-o = c/3 

d'f- a 0 +· d 0 60 = dr:; 

d1 
2 z 

= 0(1+Zf) 

clz = 1 ( 5' ') --z;: 1-'§r 

d3 
1 1 2 = - T C 1 - z f ) fJ1 

dy. 3 
"' If 

d!l 
1 "-] = --(f-3f 2't •. 

C/(; 
1 . zc, 

= --ff + 61'i:' 2o 1 

+ .l 
3 

Then, solving for a, and -170 yields :finally 

a =- L (1 + 3
' u2)e: - .:£_ (1-5:u?-) 1 + M (1-·.i_u2)_:1:_ 

o · 160 G 1 1 lr-8 2.1 t\ tf. 181 6t<-

f]0 =it: (1--:i:f'-)fJ-1- i (1+1lJ). + 6(1 +[f-zy i-:.. 

(93) 

(94) 

(95) 

(96) 

(97) 

(98) 

(99) 

( 100) 

( 101) 

( 102) 

Substituting now the above expressions of~ and ff0 into Eqs.(84) 
and (85), the optimal second harmonic pitch control takes the final form 

where 
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( 111) 

and 

( 112) 
.•. 

respectively. 

5. NUlllerical Examples and·Dis"cussion of Results 

In order to gain an appreciation of the parameter influence, several 
nUlllerical appl"ications have been carried out with data covering the fol­
J..owing ranges: f'- = 0.1-0.3, C,jo = 0.06-0.10,(' = 5-15, 61 = 6-10 deg, and· 
X/Cfct'o = 0.08-0.12. The connection between )<. , which•actually appears in 

. the formulas, and X!qct'fr is established as follows: assuming small o(J) , 

one has ''" ~» ;;;; olp , Cos c(_p;;; 1 , f ~ V /.m< , and X= TcrlJ , then · . 

C.,-jo = [TjpJrR"{.l2R)
2
](pV"'/2)(2R./'" =¥-- (11 3 ) 

X/'fd~ T<X.:p JrO<JJ 
wherefrom 

2 

o(li = ~ .£?1:-JI 
'(114) 

and by using the rotor-disk angle of attack expression 

O(li 
>. +-

c, 
=y 2fV {'-+ ;\,_ 

'One gets for ). << f 
,\ c7 _ -w/ JX~d'cr) Cr 

= f ri._p Zj<-2f ;;, r T/6"J 

( 115) 

( 116) 

The results are plotted on Figures 1-9. Figure 1 shows the effect 
of optimal 2/rev blade pitch on the harmonic components of alternating 
blade lift: 11;' content remains unchanged, 2P content is reduced to zero 
(as predicted analytically), 3P content is strongly reduced, while 4P 
content is somewhat increased. This results in a substantial flattening 
of the total. alternating blade lift variation around the azimuth, as it 
can b<: seen by compe:ring the pealr-to-pea.k amplitudes Z t; and Zt: t in 
Figure 2. As.indicated by Figure 3, the percentual reduction of lhe peak­
to-peak amplitud~' t1Zt~ (Zt-Zt.,,l'f)/Zt:·foo increases with?- andCn6'"' and dec­
reases with 61• reaching values of 50% for f ~ 0.3. As expected on phys­
ical grounds, Figures 4-8 show that the optimal 2/rev blade pitch amp­
litude increaseJ -with f' , Cr/lf, if, and Xfjct'ir (i.e., with aerodynamic 
loading), and decreases with e1 (bla.de tWlst has a favourable effect), 
while not exceeding 1 • 5 deg foe· the given range of parameters. For the 
same range, Figure 9 indicates that the optimal phase angle decreases 
with /< , Crfl[, and f (and e.lso '"ith ~ and Xf:ydiS-) not represented), while 
remaining essentially below 15 deg in absolute value. This shows that 

., 

the 2/rev pitch amplitude is dominated by A.z, 'Chus explaining the linear 
variation of &2p with Cr/0! ~, anJ x;~dir in Figures 5, 7, and 8, respectively, 
as predicted by Eg_. ( 103). 

In order to checlt the va.lidity of the present appJ:"oach, a compari­
son with experiment was sought. Since no tesi~ data pertaining to a two­
bladed hinged rotor erere available, the comparison was done using the 
wind-tunnel test results of McHugh and Shaw (Ref .3) which were obtained 
on a hingeless rotor. Accordingly, the comps.J·ative values listed in 
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Table 1 should be regarded rather as an order-of4Ragnitude check ensuring 
. that no gross errors have oc.cured during the lengthy manipulations required 

by the present analysis. 

Table 1. Comparison ~rith wind-tunnel test results of a hingeless rotor 
( U" 12.4, t1,"' 9 deg) 

.•. 

Flight condition 

r- = 0.5 ' C7jfi= o.o66, 
2 

Xf'fci'S 

f = 0.3. Cr/5 = 0.122, X/<Jc!'& 
.Jtt) 

!'- = 0. 5 · Cr/ff = 0.063 Xf1ct'b-

= o. 13 

= 0. 10 

= -0.05 

2/rev pitch amplitude required to 
null 2/rev shaft axial force, deg 

Wind-tunnel tests 
I(Ref.3, hingeless 

rotor) 

o.6o 

1 • 80 t) 

o.Bo 

Present method 
(hinged rotor) 

0.77 

1. 63 

1.25 

t) test result obtained by extrapolation 
tt) value somewhat high for the assumption of ~egligi·ble r 4 

6. Concluding Remarks 

Analytical expressions for the optimal 2/rev blade pitch required 
to reduce to zero the 2P hub axial force of a two-bladed hinged rotor 
are presented in•.a form allowing to discern the influence of various 
par~eters. The 2/rev pitch amplituile requirements increase with f. , 
Cr/ff , q , and Xf:{dfr , and decrease with Of> while not exceeding 1 • 5 
~eg for rotor characteristics and flight conditions in the usual range. 
Up to 50% reduction of the peak-to-peak amplitude of total alternating 
blade lift is obtained at~= 0.3. Charts for rapid estimation of the 
optimal 2/rev pitch amplitude and phase angle are provided. A compari­
son with wind-tunnel test results of a hingeless rotor is performed 
as an order-of-magnitude check of ~che formulas. 
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