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Abstract_

The paper presents analytical 'solutions to the problem of finding
the optimal 2/rev blade pltch control whlch minimizes the amplitude of
the second blade 1ift hermdnic for a glven hlnged rotor under a given
flight condition. It is shown that this minimum is zero, thus suppressing
the 2/rev hub axisl force for s two-bladed rotor. The analysis assumes
constant inflow ratio and blade 1ift slope, linear twist, and second her-
monic Flapping. Bumerical examples were carried out with parsmeters covering
the follow1ng renges: f£ = 0,.1-0.3, & = 0.06-0.10, 7 = 5-15, & = 6-10
deg. and xﬁ;j = 0,08-0.12. Results indicate that up to 50% reduction of
the peak-to—peak emplitude of total alternating blade 1ift (2P content
canceled, 3P content strongly reduced) can be obtained with less than 1.5
deg of 2/rev blade pitch amplitude, in agreement with experimental results.
The amplitude and phase angle of optimal 2/rev blade pitch increases, .
respeifively decresgses, with o Co7, . and A%?ﬁﬁr, while both decrease
with 6.

Notaticon

blade lift-curve slope
rotor coning angle

coefficient of cosnf in expression for

W

coefficient of cos7y in expression for
number of blades

coefficient of sinny in expression for @
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coefficient of sinny in expression for &
blade chord

rotor thrust coefficient, 77TLVRQLQR)Z
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rotor diameter

- performance index
dynaﬁic pressure
blade-element radius
rotor radius

“total alternsting blade 1ift
roter thrust
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Ty blade thrust at szimuth
23 induced velocity

Y forward flight speed

~ nondimensionel radial coordinate, v/R

rotor propulslve force

P coefficient of cos Ty in expression for Ay

np coefficient for smmy in expression for

iyp  amplitude of n-th harmonic blade 1ift

7.  peak-to-pesk smplitude of total alternsting blade 1ift t
& rotor-disk anglé of attack

- blade~element angle of attack
£ :blade flapplng angle

i " blade inertia number, gac R("/I
AZ, percentusl reduction of Ly, [(Z-Ze4)/7, ] 00, %
A phase angle of optimal 2frev blade pitch
X | inflow ra.tlo, (Vs'mecDF w) [ 2R

“ advance ratio, Veose, /2R

e rotor angular velocity

W blade azimuth angle

1% eir mass density

G rotor solidity, 6&</7R

& blade piteh angle

a, collective pitch angle
3y blade twist angle, posgitive when tip angle is smaller than root angle
&) s ﬁmplitude of optimal 2/rev blade pitch

‘. Introduction

The applicetion of & second harmoniec cyeclic piteh to the blades of o
hingrd rotor as a“mean to redistribute the loading over the disk and post-
pone the stelling of the retreating blade was firstly suggested snd ansl-
yzed by Stewart 0Ref.1). Early flight test resulies for 2P control of a two-
kladed teetering rotor were described in Ref.2, while more recent wind-
tunnel test results reported by McHugh and Shaw in Ref.3 show that 2/rev

lade pitech applied to & two-bladed hingeless rotor can suppress 2P shaft
usxial force.

In this paper, Stewart’s spproach of Ref.1 is extended in the optimi-
zation sensze and by including slso the blede twist effect, Analytical ex—
presgions for the optimal 2/rev piteh control regquired to null the 2P hub
sxial foree of & two-bladed hinged rotor are derived, allowing to discern

she influence of various parameters.A’ ccmparison with experimental results
is performed. :


http://perceni.uk

2. Review of Assumptions
The present analysis is based on the following assumptions:

Constent inflow ratio

Constant blade lift-curve slope

Linear blade twist

Untdpered blades with zerco flapping hinge offset
Neglection of reversed flow and tip losses
Second harmonic flapping

Heglection of powers of p and higher
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‘3. Rotor Dynamic Analysis

The investigation is carried out in tip-path plame axes in order to
allow for devistions from the mean tip-path plane dus “to the second har—
monic flapping motion. With R and AR being the components of the for-
ward velocity parallel and perpendicular to the mean tip-path plane;, res—
pectively, the veloeities at a blade slement are as follows:

— parallel to the mean tip-path plane and perpepdicul&r to the ﬁlade
Up = LR (x + pLsmy) {1)
- perpendicular to the mean tip-path plané and to the Dblade |
Up = AR - xRp - 2R Cosg (2)

The flapping angle expression includes terms ag far as the second
harmonic

R fﬁ w QL - Q2C05 ZYJ — {’?25'!.'}’! Zcr (3)

where the first hermonic terms are zero by definition of exes. Different~
iating, one has

B

.('}; 2, sm 2y - b, cos 2¢) (h)

3

2 ,
, Gy (az cos 2y + b, vin 2y} (5)

i

Hence, the velocity through the disk is given by
L4
Uf’ =.2R[4 - 2x (crzq\siﬂ 29 - bcosZy) - fcosy (a, ~ a, cos 2y ~ b, sin 2¢Y] (6}
The blade piteh setting at any azimuth position can be expressed as
g = %-%x‘m@cmy —&sme—f%WS@;—%smzw (ﬂ

The differential thrust acting on a blade element is

T,

The corresponding differential thrust moment with respect to the
flapping hinge is

1 Z 1 2
ui-joUqu:rcdr :ZﬁGCRUT(G+€f)dx (8)

QfMT'f’med@ :.%EOQCPZUTZ{G-.L—:;&)IC/DC (9)
T
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The blade thrust at any szimush position is obtained by integrating
-Eq.(8) in conmnctlon with Egs.{1}, (6), and {7) along the blade

T —-—pacRJ U- (r_h‘- chx =i?czcﬂzﬁj[§3(1+gﬁz)+é—

2z
,'Z HZ . - ;
e s ha g, oy - Sy e G0
where ’ ] )
X —3-—1’4¢-'?ib2f‘ _ﬁ JL _..ji_ (11)
g 7 (1 41‘);1 - 2‘@2 ~ T e 4 %z
2 1
Vo = 6 vl = Fpo < Fers gl)s K4 - L (12)
2‘ ”2_ - n -
Xop =~ ﬁ'é‘{ + 'ﬁ;}?j * J; B, """Zz'" (1+ 5 p A + 54 (13)
1 5 2 2 2 " -
Tao ~=EA 50308 - Fa T ()
X3p = £a, 4 7B +H e, (15)
Yap _:%Bfr iy A %{i Ex (1e)
4 z ’
s L '
K‘H’ e ,.[_"22 (17}
z . .
Top = "[;”; A ‘ (18

The thrust moment st any azimih position is obteined by integrating
Bq.{9) in conjunction with Eas.(1}, (6), end (T7) along the blade

2, A & A
ﬁf—;—ﬁu '“'*.""_PC'CR (éh(‘).f-a;’?);ctux SDO'C-QR 9?_{4‘?1}‘-) a .
U
@
- E e ) - K Fa e b+ cosg[-dar 3O A - B G - e
-—-g«azj f Sy {f—;af, + %,f? ““i;;{-@.; - ;(7 “;"/“‘Z)B? *’é{ﬁzqgé’{] * CosZng—&%

Z

P 2 !) ']’ £ - i 2y - _%
+ %&9«; -+ 'é{"B.; - ;f"-_- 7 'f;,)f};j - ..:MJ 4 n ,_uf[ /44 ?('1'4-/1— )32 'E‘"CIa 3
z

B L 5 Z
e sy (fa, e bn e ba) o onfd B - £8) + o (e Eh)

- R A
H S A (r-,f-ﬁz + %3"5—':{2) ;2 (19)

Assyming on arbiculsted rotor, the equl_ubrlum condition about the
flepping hinge (niglecting the welght moment) is

NT‘I’ - M =M =0 (20)
where the centrifugsl and inertia force mcments are r@Ferz/s and Mz ’1[5 s
regpectively. In noadimenzicnal form and subsiitubing for I and f" from
Ege.{L} and (5}, the emuiliuvriw. condition becomes

["'.,?f/(/-%‘rj(;;: ﬁvz:ﬁ?!f‘;% = (2./3:”‘) {IQO + 3(22 %2?] .-:" 3%’2 SMZ?’) (21)

Comparing the eguaticns {9) and {21) and equating the corresponding
coefficients, the following eguations are obtalned

z P 5 .
(4+ﬁ)§0 ._?h‘r?'.;_ ??‘Lz);}‘f N j B ‘g -7&‘4 - -"-—Qa - -g; (22)

wn = (23)



‘-32;/,(,&9 ——;F/J,&,, +i)'z-ﬁ£ —z-;( "-:'L)B * —{ %‘ g, = (24)
—%26,, %—»%9_&7 f—-% -E';-(»ff-fx—);} -w%wct? f——%‘=o (25)
faEng, - e F Lk -0 @
A can be eliminated. from Egs. (2 } and (24). From Eq.(22) the value-of
A is
_ ; 2 s 2.
A= 3[—7':(4+iu7)&0 L e Epye, + B, - F 4, = = Eo, 1 (2D

Substituting in Eq.{24)
'éicf ('7“9[12)‘99“%( fL)& ‘f,, 7’“‘—,“]31 “ 5 (1- 16/“JA
e Fa, - A (1+EpD b = (28)

From Eg.(28) and (23) one obtains the evaluation of the first harmonic
of control

- ~ 9 _Z‘
Bd _%(47_%9#2)6‘0 ( fe )42.
L i 2 7+a b
TS ?&(4—1# ) 27
~"*1“‘“—“gr“5 *%?I%;f%*?w&—p% | (30)

Substituting the above velues in Egs.(25) and (26), respectively,

EEE Tk 1.3 TANE) F*zf‘ "
_..-E 4«_‘%-#2_ / 2 ‘7"( )

2

L g .2
O TR S e o

7*15”— 6, _ _ 6/ 7 2 ) ! A 2
—‘(H«'L?— 2?’_?52«" *(44-3;};} 5-’2+4+i {56 ]u)a (32)

Equa.tlons (31) and (32} yield the second harmonic flapplng coefficients
a, and b, as linear functions of 4, , 8, , 8,; s % , and ¥, . Dividing out
fractions and Ileglectlng powers oi‘ % and higher (this will be consistently
‘done in all subseguent calculations without special mention), the following
expressions are obteined after some lengthy manipulations

+ (31)

@, = TG A, - Csz + 3t g, (33)
by = Ay B+ GY ¢ G (3)
where
¢, = zx (1~ 44) | (35) -
- sk (- 3 - o
- 10a I (31)
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L= Ry @ + K8, ' (38)

A

& = ?%u‘(f__zﬁzj (39)
G = kRya, + R (40}
&=F(rgp) w Ll-£42) (33-
k =——-#-[m (w-—w g (1] (1)

_3& (1- érﬁ"}“ | (43)
3“‘%[75(4“63}&)"%‘(“"}#2)] | (k)

5—2
ke =gtz 0 (1= 5 1) (5)

Substituting Eqs.(33) and (34) into Bgs.(30) and {29), respectively,
‘the first harmonic of control takes the form ) '

Ay = A+ GB + G+, ’ (46)
B, = Sty + b8+ cu6, 1, | (h7)

where
= (1~ 41D, (48)
o = (1~ LG~ 2) | (k9)
Go=-F-4pG | (50)
o = = F (1= $p) (v 22) | (51)
Cu = %i("" '1%/@ - F (14 ’Tgsil"z) Cz | | 52)
Co = F (1+ Bp*) e, (53)
Cp = F O T H (1 F e o
Dy = (1 B e - Tptye, + B (1 8 o, (55)

The averagé rotor thrust is found by 1ntegr&ting Eg,(10) around the
‘azimuth

l-,- 25 by X
T dy = 2}30(5::_61}? [3 (-’7+sz)§9 -"- 1’+/u)ei + o
-£8 4—£§2+7§-{92j (56)
or, in nondimsnsional form and by substituting Eqs (27), (34), and (4T)
zc “ aa,
o #—(C +4) Ay — 1,:5013 +(#—c + }6 + 4?5 2’"1’ ) + (57)
Equation (10} can be now rewritten in nondimensional form as follows )
26Cr, 2% .
=—F = =L + Ty (58)
where '



tp) = L (Xpoany + Ypsinmp) | (59)
is the total alternating blade Lift'and CT‘f’ =Ty /_,o.?FRZCQ@z .

3. The Optimizetion Problem

The parameter optlmn.za.tlon problem to be solved can be formulated .
as follows: for a given hinged rotor under a given flight condltlon, fmd
the second harmonic pitch control 4, and B which minimizes the square of
the the second harmonic blade 1ift amplitude, while keeping the rotor
thrust at a prescribed value. That is, for givem A , T s O ,and A
L {ie., X/gd’é" » see Section 5), find A4, and B, which minimize the perform-
ance index

z 2 2
J= 2, = X, + Y, _ (60)

2F A

by yielding e prescribed (.4 velue. Then, show that .Zn ',ﬂ-_-o .

Upon substitution of Egs. (33) {34), (46), and (%7), Eqs.(13) and
"(14) vecome ‘

Xg = Gyt + B + o8 + oy (61)
2 = S Ay QB + 0y F O - (62)

where the coefficients C'ia' = Chp expresged as functions of the basic
~coefficients C < G are

.
. Sz g
G = =R EpTe, (64)
6
G “."-‘5'(4-5#2)%* ??5(’ 244) (&)
2 . .
Co =7 (1~ 2 %) % ""'éi (”’”m/“ 16 +‘£ ('f+z/“?‘)a (66)
Ceg = ~ Cs5 (67)
2 : 2
G == F (1 - 31 g . | (69)
o= -3 20+ £ (g 0
Thus, the‘.np'erformance index becomes
. 2 2
F =(Gs Ay + g8y + Gty + ) o+ (= Cuh, + CuBl, + Coyfy + Gg) (1)
The sufficient conditions for s minimum sre
oJ R . 2
i =0 7O -
leading to
2 : )
(ciy + e ) Ay + (sl ~ CCar) By # CpCpy = CpgCpp = 0 - (73)
z 2 '
(Gs + Ce) B, +(Chulpp + CsCaq)8, + Gl + CrsCzzg = 0 (7h)
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and

2 2 2 2
g;i - ;BZ = Cp + Cg ¥ O (75)

both "being satisfied,

L
-

: Furthnrmore by evgluatibg the optimal values of ;4 and Bz i:’r;om‘
 Bgs.(73) &nd 71&}, respectively, _ :
f@&gﬁ@§w@ *; | (76
B, =% (-6~ %) -
where o
& = Cr ) ’ (78}
C2 - C’!é“cﬂ;? ™ S Czg - {79)’
€ = Syl ™ S Coz - {80}
€, = GGy + Cpploy (81)
€ = g G * 5 Coz o ' (82)
and replacing them into the performence index (T1), one gets ‘
Sonin = 0 . o (83)

which proves thet by epplying the optimsl blade pitch control (76)-(TT),

the second harmonic of the alternating blade 1if% is reduced to zero,
Athus cancelling the 2/rev hub axisl force of a two-bladed hinged robor. .

Expressing €+ ¢ as Tuncticns of &+ ¢ and putiing into evidence

a, snd 9, , Bqs.{70) and (‘;f?") car be rewritten as

. 4. i H V
Ay = W [m (il 6 - S L)% — & (f‘;ﬁ%] ()

where82 B @*{f ’Ef} {HE%{%@A}% €5 {?i’é?j}'ac - Q’y(f‘:ﬁ’)@;j

f ) - 4!(«2 e | (86)

€2 (f6 ) = [—L_&—}C:T - iﬁfij?fff’ﬂ) - MQCB .' {87)
e s (o) i,,_[w(_’;".";-é * “-i--"‘“]{'?(’g"’!) * [~§~{g... ] i) - _”?‘;{'_Lﬁf?}?jc’ (88}

€5 (o) “["{%’&”’*’ + 45 (o s (2g ~1) - w—ﬁ-*——,fz ¢ (89)
gemw~deww~mw%ﬁ —wﬁ%@%g o (90)

el (ko) = [~ 51 - & (-] ~ o5k ) O
e o) = [ 45 -6 ~ O] = F (R 0 " {92)

8-43



4. Bvaluation of Coning and Collective Pitch Angles

Coning angle and collective pitch can be now determined from inflow
ratic eqiation (27) and rotor thrust equation {(57), where A and (/5 have
prescribed values. Replacing «, , B., s 45, and B, with their expressions
(33}, (b7}, (84), and (85), respectively, Egs. (2?‘) and (57) are trought
-after some lengthy manipulations to the following simple form

dya, + 6, = o | (93)
d,a, + dp6, = g (9h)
‘where
2
df = ? (4-1'- 2{-1-2) . ] (95)
oG = =7 (=5 ~(96)
oy =—~-;—(1-%/u2)&4 + “a)L (97)
dy = % o (98)
oy = =g (1734 | (99)
i z¢e :
O =-26 + 5= (100)
Then, solving for @, and 8, yields finally
T 3 3 4 2. G
a, =~ 7e5 (1+ &0, ~ T5 (-39 h + F =5yt (o)
. .
= 2 (1-4p08 -5 (1+4p)A + 6 (14 31) 5% (102)

Substituting now the above expressions of Q, and €, into Egs.(8h)
and (85), the optimal second harmonic pitch control takes the final form

Ay = o)t ) ) T)) T (103)
B, = m.(upe * me(g) A ?naqt,wg% * (10b)

where ‘ ’ ‘
my (1)) = ?ji. “e, 4 E;g -’;f/f) 363({ i 2)] 09
™, () = & [ (-5 + 2 (144 - (106)
™5 (o) =—é;[ Z e (1~ 481“2) - €e, (1+: Zu5] | (t07)
melpop) =&+ G (1 E) - ?’ (-] o s
me (o)) ~—-~é[~3f—,—§f(4 RS “J(f ] | | (109)
o (o) = 2 [~ 255 (1= 7] = €2 (10 3] | - (o)

Equations (103) and (10k) show that A; and B, vary linearly with 6,,
A > and G-/ , and noniinesriy with [‘L and 7" . The amplitude and phase
angle of the optimsl 2/rev pitch control- ‘are given by’

9~h3
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G =\ 45 ¢ B (111)

and

a¢ = 7Lcm %) ‘ C (112)

_respectively.

5. Numericzl Examples and” Dlscusﬁion of Besults

. In order to gain &n apprec1&$1on of the parameter 1nf1uence, seversal
- numerical applications have been carried out with data covering the fol~
lowing ranges: g = 0.1~0.3, Cpff = 0,06~0.10, " = 5-15, §, = 6~10 deg, and-
Xﬁgd%? = 0,08~0.12, The connection bebween A s whlch~actually appears in
" the formules, and Xﬁr#%'is established as follows: assuming small db s

one has Sind, S o, , WA, /ml//.ava, and Xu?'qf , then

Cr/6  [T/odr (RR)'] (ev72) ZR)" (113)
_ Xfga®s Toty s dﬁ B
wherefrom
(/390 ) " (114
;é— —'L"—(cr 5 (114)
and by using the rotor—disk,angle of attack expreasion
o) =+ Cr (115)

t 2yt e N

Sne gets for A <<fb ' o

& .. _,_2_3_1’3231_? Ry 3

A= 3g G o (116)
~The results ere plotted on Figures 1-9. Figure 1 shows the effect
of optimel 2/rev blede pitch on the harmonic components of alternating
blade 1ift: 1P content remsins unchanged, 2P content is reduced to zero
(as predicted analytically), 3P content is strongly reduced, while bP
content is gomewhst inecreased. ‘This results in a substantisl flattening
of the totalualternating blade 1ift variation around the azimuth, ss it
cen be seen by compering the pesk~to-peak amplitudes Z, and Zg,, in -
Figure 2. As zndlcaﬁed by Flgure 3. the percentual reductlon of @%e pesk~
- to-peak auplitudg AZ,=(Z-Zy¢ W)/ M0 incresses with ft and G and dee-~
reases with I s reech*ng valaes of 50% for ft 0.3. As expected on phys-—
ieal grounds, Figures k-8 show that the optimal 2/rev blade pitch amp~
litude increases with £ , &6, 7, and 4 a% (i.e., with aerodynamic
loading), and decreases with @ (blade twist has a favourable effect),
vhile not execeeding 1.5 deg for the given rsnge of parsmeters, For the
same range, Figure 9 indicates that the opltimasl phase angle decreases
with g , G/, and 7 (and elso vith & and Xiot J not represented), while
remaining essentially below 15 deg in absolute value. This shows that.
the 2/rev pitch amplitude is dominated by ﬁ thus explaining the linear
variation of &y, with GA% 4 b. and &@d%? in Flgures 5, T, and 8, respectively,
a8 predicted by Tg.(103). '

"%

In order to check ihe V&ildity of the present approach a comparl-
son with experlment was sought. Since no test data pertaining to s two-
bladed hinged rotor were available, the comparison was done using the
wind—tunnel test results of McHugh and Shaw {Ref.3) which were obtained
on a hingeless rotor. Accordingly, the compsrative values listed in

10-03



Table 1 should be regarded rather as an order-of-megnitude check ensuring
. that no gross errors have oceuwred during the lengbhy menipulstions reguired
by the present anelysis.

‘TPable 1. Comparison with wind~tunnel test resulls of & hingeless rotor
(3":: 72.}-}5 %?Qdeg}

2/rev pitch amplitude required to
null 2/rev shaft axial force, deg

Flight condition Wind~tunnel tests Present method
a ‘(Ref.3, hingeless (hinged rotor)
wotor)
= 0.3, Cf= 0.066, X/qdl5 = 0.13 0.60 0.t
[ = 0.3, Crf6 = 0,122, Xfgd& = 0.10 .80™) 1.63
)
f = 0.5 &ff = 0.063 x/c;dé“ = ~0.0% 0.80 _ 1,25

+)} test result obtgined by extrapolation
++) value somewhat high for the assumption of negllglble fL

6. Concluding Remarks

Analytical expressions for the optimal 2/rev blade pitch required
to reduce to zero the 2P hub axisl forcee of & two~biaded hinged rotor
are presented in a form sllowing to discern the influence of varipus
parameters. The 2/rev pitch amplitude reguirements increase w1th./£ s
Cr/6 sy . end ng? , and decresse with &, while not exceeding 1.5
deg for rotor characteristics and flight conditions in the usual range.
Up to 50% reduction of the pesk-to-pesk amplitude of total slternating
blade lift is obbtained at A= 0,3, Charts for rapid estimation of the
optimal 2/rev pitch smplitude and phase angle are provide& A compsri~
gon with wind-tunnel test results of a hingeless rotor is verformed
as an order-of-megnitude check of the Tormumlas.
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