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SUMMARY

The problems of structural dynamics, blade unsteady aerodynamic forces, sta-
bility and forced vibrations of the coupled rotor-fuselage structure are dilscussed.
The paper shows the peculiarities of the basic calculation methods developed at
ONERA in cooperation with the AEROSPATIALE. Some of these methods have been
derived from the formulations used by the fixed wing specialists.

RESUME

la discussion porte sur les problimes de dynamique de la structure, d'adrody-
namique instationnaire des pales, de stabilité et de reponse forcie de 1'ensemble
couplé fuselage-rotor. Le texte montre les particularités des méthodes de calecul
de base développées 4 L'ONERA en coopédration avec l'Aérosgpatiale. Certaines de
ces méthodes ont &té déduites des formulations utilisées par les spécialistes de
1'aile fixe.

INTRODUCTION

The fixed wing f£lutter phenomenon has long motivated researches in the fields
of Structural Dynamics, Unsteady Aerodynamics and Stability Analysis. This activi-
ty resulted in the Development {(up to operational stage) of many computational
and experimental technics : computation of structures by finite elements (in view
of modelizing the structure by its normal modes), calculation of coupled unsteady
aerodynamic forces based on the linear lifting surface theory, ground and flight
vibration testing and flutter model wind-tunnel testing. Other methods, such as,
for imstance, the methods of caleculation based on the resolution of the small
transonic distubance equation are still in the process of development.

Except for the difficulties specific to transonic flow, or to the presence
of dry friction in the structure, the linear methods are satisfactory for a wide
range of applications to ajrplanes, but they cannot be applied directly to heli-
copters because the generation of 1ift and thrust by rotating blades is a formi-
dable source of complexity to the aerodynamic and structural dynamics problems
(presence of periodic coefficients in the Lagrangian equations, structural non
linearities due to flap and pitch large amplitude oscillations, aerodynamic non
linearities due to transonic flow on the advancing blade and to unsteady stall
on the retreating blade).

Consequently, the manufacturers and research organizations had to develop
methods suitable for rotary wing ailrcraft.

In France this task is performed mainly by ONERA, in cooperation with the
AEROSPATIALE. Among the methods which were proposed, some are specific to rotary
wing, others have been derived from methods used for the fixed wing flutter ana-
lysis. Whenever possible, this last procedure was preferred even when the fixed
wing methods had to be deeply modified in order to cope with the difficulties
peculiar to helicopters.

The various aspects of that research are discussed in the paper.

1. STRUCTURAL DYNAMICS

Different approaches have been used in order to develop the mathematical
model which is needed by the dynamics specialists to predict helicopters insta-
bilities and forced vibration, as, for instance, [1] and [2].



1.1 Modal representation

In this chapter it is shown that the modal representation, which 1s extensi-
vely used by the specialists of fixed wing aircraft aeroelasticity, can be applied
also to helicopters.

The modelization used for the fixed wing aircraft is based on the linear
theory and is valid for the investigation of small amplitude vibrations. The
gtructure deflections due to external loads are approximated by a2 superposition
of a finite number of normal mode shapes of the conservative structure :

N
r(Ph) =I§|C2:(P) 9,8 LY

where
r (P, t) is the deflection vector at the point P of the structure
CP(P) the spatial vector field describing the k th mode shape

(t) the generalized coordinate associated to mode k.

The intermal dissipation forces, which are small compared to inertial and
elastic forces, are generally approximated by viscous forces and the Lagrangian
equations which govern the response to dynamic loads may be writtem as :

[k1(3) + [8]1(3) + [¥](2) = (Q) (2)

where

{u] 1is the diagonal matrix of generalized masses

{v] the diagonal matrix of generalized stiffnesses

[B] the symmetric matrix of generalized dissipation coefficients

(Q) the column of external generalized forces,

The matrix [8] is often taken as diagonal, as well as [u] and [y]. This
approximation, which is justified for weakly dissipative structures, makes the
system of equations diagonal, so that each generalized coordinate is determined
by a separate equation and responds like a single degree of freedom system with
low damping. The selectivity of the response in the frequency domain, which
results from the low damping, allows one to investigate the aercelastic problems
in limited ranges of frequency, with a relatively small number of degrees of
freedom. This peculiarity of the modal representation simplifies the analysis and
makes the interpretation of the results easgier.

Another advantage lies on the fact that the modal characteristics which
enter Into the dynamic model, i.e. the mode shapes and generalized masses, stif-
fnesses and dissipatfon coefficients, can be determined experimentally by a
ground vibration test . They can also be predicted by structural calculations
(finite element method), except for the dissipation coefficients Wthh are usually
evaluated empirically.

But the reason why the modal representation is so easy to apply in the
case of the fixed wing aircraft, is that the motion of the structure is limited
to small amplitude vibrations superimposed to a uniform translation.



1.2 Application to the coupled rotor-fuselage

If a part of the structure performs a non uniform motion at finite veloci-
ty, as it is the case for helicopter blades, the structural dynamic analysis
is much more complex. The helicopter with blades rotating at constant speed may
be assimulated to a set of two coupled substructures : one performing small
amplitude vibrations in a fixed frame (fuselage and hub), the other ome performing
small movements in a rotating frame (rotor).

In order to modelize the full helicopter structure by a discrete system, the
small deflections can be defined as functions of a set of fuselage generalized
coordinates, Q. (t), and a set of blade generalized coordinates, Ska. (e}, Sy ()

where o,B... stand for blade o, blade B... Then the Lagrangian equations can be
derived from the kinetic and potential emergies, or from a direct application of
the theorem of virtual works. As a consequence of the assumption of small moticns,
the generalized coordinates Gps Sy »c-- 2TE considered as first order small

quantities and the Lagrangian equations are linearized.

But the linearized Lagrangian equations are determined by the development
up to the second order of the kinetic and potential energies as functions of
the generalized coordinates ; and this development depends on the second order
approximation of certain blade deflections. For instance iff2is the rotor veloci-
ty, r the radial coordinate of a point P of the undeformed rotor and u the radial
deflection, the term S2%(r+u)2 has a major contribution to the rotating blade
kinetic energy. Since r and 2 are finite quantities, the evaluation of the second
order approximation of the product £2ru necessitates the development of the
deflection u itself up to the second order : - g
wf-s )= 2 s 4 4 I 28 sy
kas k= % kP as3s Kt
ke k 2
The representation of the deflections by a linear superposition of prescribed
spatial fields, which is used for the fixed wing (formula (1)) gives, only the
first order term (J2_ %:\: sk) which 1s obviously not sufficient in this case.
k
But this approximation can be canpleted by a separate evaluation of the second
order terms based on appropriate kinematic assumptions.

For instance, if the blade lies in the plane of the rotor, the second order
radial deflection results from the first order bending deflection as shown in
fig. (1). If we assume that the length of the neutral fiber is not modified by
the bending deflection, we see that the first order bending w (r,t) induces a
second order radial displacement given by :

r 2
a(5b) =-% [ (32)dx
(+] -]

and if the bending deflection is approximated by a superposition of functions
W {(r) by the formula

w(nt) = 2; Wk(r)sk(':)

we have r
- Wi dWh 4
u(rt) --é k,Zﬂ.-l §_€k -Efds sk(l-)sen')

This term is particularly important since it defines the virtual displacement
of the centrifugal force and determines the centrifugal stiffening effect which
makes the blade natural bending and flapping frequencies increase with g .
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Fig. 1 — Evaluation of the second order radial deflection of
a biade {u} induced by the first order bending deflection {wl.

Radigl coordinate

With this procedure, the fuselage and blade generalized coordinates can be
defined by stating that the fuselage and hub deflections in the fixed frame, and
the first order blade deflecticns in the rotating frame, are linear superpositions
of prescribed spatial fields defined respectively on the fuselage and hub, and on
the blades.

The choice of the basic fields is particularly important. By analogy with
the method of branch-modes, which is applied to non rotating structures, we can
use the normal mode shapes of each separate sub-structure, i.e. the fuselage and
the hub on one hand, and one blade on the other hand. These modes can be calcula-
ted or determined experimentally by a ground vibration test (fig. (2)).

But if the free-modes of the sub-structures are used, we must keep in mind
that the mode shapes so determined are unable to represent the deflections due to
the concentrated reactions which are present, at the hub and blade attachment in
the coupled rotor-fuselage structure. In order to get a satisfactory representation
of these deformations, it is necessary to use additional static modes describing the
deflections due to the different components of the reactions.

The use of these additional static modes is not necessary if instead of the
mode shapes of the non modified free sube-structures, one takes the mode shapes
determined on modifjed configurations. For instance a mass can be fixed on the
hub in order to get fuselage modes with loads at the hub ; on the other hand we
can use the modes of the blades fixed on a wall by their attachment.

Fig. 2 — Ground Vibration test of a SA 349 helicopter
fuselage. Measurement of normal modes and transfer
function for forces and moments applied at the hub.




1.3 Form of the Lagrangian equations

The Lagrangian equations derived with the fuselage and blade coordinates defi-
ned in this manper are a set of second order differential equations, linear but with
coefficients which depend on the blade azimuth and are periodic functions of time.

If the number of blades of the helicopter is larger than two, the multi-
cyclic symmetry of the rotor makes it possible to cancel the pericdic coefficients
with an appropriate choice of coordinates. These coordinates o, may be defined
as :

S =T T cos o sind
ket o ¥ ke a * T
where Shét) is a generalized coordinate of blade &
%Iﬂthe azimuth coordinate of blade A« in the fixed frame

a s a and ﬁ; are the new coordinates, also called rotor coordina-
o ke tes or Coleman coordinates.
If the variables G are substituted to the blade variables S s, the

periodic coefficients cancel in the azimuth integration and the resulting
Lagrangian equations have only constant coefficients and may be written as :

[MI(R) + 2 [61(X) + (<] +2"[RT] (%) - o
q

where (¥) is the column of generalized coordinates : (39: ot
c

G

[#] the symmetric positive generalized inertia matrix,
(K] the symmetric positive generalized stiffness matrix,
[G] the antl symmetric gyroscopic matrix,

[R] the symmetric matrix of centrifugal stiffness.

The matrix [R] is symmetric but usually not positive, so that the matrix sum
[K] + 2% [R] is semi negative when &2 is sufficiently large (i.e. one or several
of its eigen values are negative), and the system may become unstable {(divergence
or dynamic instability). The energy which is necessary for the divergent motion
to occur 1s taken from the rotor kinetic energy.

For lower values of {} , the system is stable and the natural modes are
harmonic vibrations, as one would expect since the system is comservative.

The Lagranglan equations may also be used to predict the response of the
structure to loads applied to the fuselage or the blades. But in the problems of
forced response, it 1s necessary to take into account the internmal dissipation
forces. The dissipation characteristics of the fuselage and the blades may be
determined in the vibration tests performed on the two substructures, and the
dissipation at the blade attachment may also be derived from an appropriate
vibration test.

The transfer functions relating the structural responses to the loads, in
the frequency domain, can be derived from the Lagrangian equations or measured
directly in a vibration test.

It is interesting to notice that the problem of assembling two sub=-structures
can also be formulated directly in the frequency domain. In that case, the coupling
conditions at the b and blade attaclment are determined by the fuselage and
blade transfer functions of the two sub~structures (for forces and moments applied
at the hub and at the blade attachment).



1.4 Comparison with experiment

Generally, the natural frequencies and dampings and the forced responses
predicted with the modelization described here are in gocd agreement with the
measurements performed on models (see for instance [3]).

A comparison performed in cooperation with the US Army Aeromechanics Labo~
ratory, at Ames (USA), is illustrated by fig. (3) and (4). The model built and
tested by the US Army is a three bladed rotor mounted on a support simulating
fuselage degrees of freedom. The natural frequencles and dampings were determined
while the blades were rotating at a stabilized r.p.m. The tests were performed
in still air. The blades aerodynamic forces were small compared to inertial
and elastic forces and had a negligible effect on the natural meodes.

The calculations were performed with an ONERA computer code using the
Coleman transformation, with the fuselage and blades characterlzed by their
normal modes measured in appropriate configuratioms.

The comparison of theoretical and experimental frequencies, shown in fig.
(3), is quite satisfactory. At the frequency coalescence which is observed at
the point A of the diagramme, the calculation predicted a ground resonance
instability which was confirmed by experiment.

Consequently the structural dynamics problem of the coupled rotor-fuselage
seems to have been solved satisfactorily.

Nevertheless, the mathematical model is linear and its applicatiom to
helicopters must be carried out cautionsly because the amplitude of the low
frequency blade cscillations {(flapping and cyelic pitch) is relatively large and
the non linear effects cannot be neglected. Usually the resulting non linear
problem can be solved by an iterative procedure in which each step is a linear
caleulation which may be performed with the model discussed here.

1.5 Interpretation of the Coleman transformation

The Coleman transformation, which makes use of the multicyclic symmetry of
the rotor to cancel the periodic coefficients from the Lagrangian equations,
deserves a special attention.

Its physical meaning appears more clearly if instead of the actual multi-
bladed rotor, one considers a continuous axisymmetric rotor.

The small deflections at a point P of the rotor, in the rotating frame, may
be defined by a vector U with three components (radial, azimuthal and normal
deflection). The vector U is function of the time and of the coordinates of the
point P in the rotating frame :

U=y (r,z,y,t)
where r is the radial coordinate of the point P
v its azimuth in the rotating frame
z its ordinate in the direction normal to the plane of the rotor.

But an observer standing in the fixed frame and looking at the rotor refers
the azimuth to a fixed axis and so defines the rotor deflection as function of §
instead of v, where 8 =z Rt + ¥ is the azimuth in the fixed frame :

U=10(r, z, B,



Fig. 3 — Simplified helicopter model.
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Fig. 4 — Variation of natural frequencies with rotation speed. {dentification

of the modes.
PL., blade progressive iead-lag PF, blade progressive flapping
CL, blade collective lead-lag CF, biade collactive flapping
RL, hiade regressive lead-lag RF, blade regressive flapping.

U is periodic in # and its Fourier series development may be written as :
Ue U 4 U coské o U stnkd
°+%(kc +ksmk)
o Ukc’ Uks are deflection vectors depending on r, z, t but independent of the
azimuth §

u

If now these vectors are substituted to U in the equation giving the deve-
lopments of the kinetic and potential energies up to the second order we find
that, as a consequence of the axisymmetry of the rotor, the periodic coefficilents
cancel in the integrations along the azimuth coordinate.

Furthermore, the analysis of the couplings, which are determined by the
cross products in the kinetic and potential energies, show that :



g

~ the deflections of order k (i.e., U ccosk& + U Ssink9 } are independent
and may be analysed seperately, with the LagTangian equiations, for each value
of k, for k;; 2.

- the deflections of order zero (i.e. U ) are coupled only with the hub
axial degree of freedom

~ the deflections of order ome (i.e., cosh + Ui sinf ) are coupled only
with pitch, roll and in-plane degrees of free&om of the fub.

Therefore, the fuselage rotor induced vibrations can be investigated
with a Fourier series limited to the only terms which are coupled with the hub

degrees of freedom, i.e. : Uo’ Uic and U15 :

U=aU +Ucoslh + U ging
o c s

The representation of Uo’ U; and Us with a basis of prescribed spatial
fields leads to the already defined Coleman coordinates 0; . u;c and Gls
Q

Since the rotor deflections of -order zero and one are not coupled together,
the natural modes regulting from the resolution of the Lagrangian equations may be
devided into modes resulting from the combination of fuselage deflections and
rotor deflections of order zero (U }, and modes resulting from the combinmation of
fuselage deflection and rotor defl18ction of order one (UC and Us).

For an observer standing in the fixed frame, the modes derived with the
deflections U are axisymmetric rotor vibrations (collective modes) ; as for the
modes resulting from U. and Ug, they take on the form of traveling waves, as a
result of the combination of the cos @ and sin ¢ deflections (progresgive and
regressive modes, also called cyeclic modes).

The possibility of canceling the periodic coefficients from the Lagrangian
equations with the Coleman transformation is not restricted to the structural
dynamics problem. It also applies to any force field coupled with the hlades,
provided that the coupled forces are linear and have the appropriate symmetries.
Consequently it applies tc a helicopter in statiomary flight and to an aircraft
with a propeller in forward flight, but it dces not apply to a helicopter in
forward f£light. '

2. BLADE UNSTEADY AERODYNAMICS

The accuracy with which the blades unsteady aerodynamic forces ghould be
evaluated depends on the dynamic phenomena which are investigated. For imstance,
the blade flap-lag-torgion instability 1s often investigated with a quasi-steady
model whereas the periodic loads in forward flight must be evaluated with a more
accurate aerodynamic model.

But the combination of the blade advancing and rotating speeds is a formi~
dable source of complexity for the flow. At . large values of the advance ratio,
the aerodynamic field around the blades undergoes such variations that there are
problems of transonic flow, with shock waves, at the advancing blade tip,
problems of speed reversal and low speed unsteady stall on the retreating blade,
and problems of oblique attack in the fore and aft blade positions. Furthermore
the geometry of the wake, which is an important vibration and noise generator,
is much more complicated than the fixed wing wake geometry.
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The problem of wake interaction has long been the object of experimental
and theoretical researches. Several authors have developed calculation methods
in which the velocity induced by the shed and trailing vortices is determined by
the Biot-8avart law. They relate the strength of the vortices to the variations
of circulation around the blades (time variations for the shed vortices and
spanwise variations for the trailing vortices) and use an iterative procedure
to determine the blade spanwise load distribution [4] and [5].. With this
approach it 1s possible to take into account the wake distorsions as they are
measured in the wind tunnel or calculated separately. On the other hand the
method is flexible only in its application te incompressible fluid and so the
compressibility effects are usually taken into account with the Prandtl Glauert

correction.

The approach used at ONERA, which will be described here, is different.
It proceeds from the basic formulation used for the fixed wing flutter calcula-
tionsand gives, except for the errors due to the discretization, the solution
of the linearized problem of the lifting surface in a compressible inviscid
3-D flow.

But, since it is linear, the method is valid only for a rotor moderately
loaded and moving at relatively low advance tatio, in order for the tramsonic
and unsteady stall effects to be relatively small.

The problem of unsteady stall on the retreating blade is solved in a semi-~
empirical manper, with a model of 2-D unsteady flow made with a system of diffe-
rential equations whose coefficients are identified by wind tunnel tests on
oscillating airfoils.

The 2-D model and the 3-~D linear theory can be combined together, in
order to predict the simultaneous effects of 3-D flow and unsteady stall, with
a coupling algorithm bagsed on the assumption that the linear theory is valid,
even in presence of stall, provided that it 1s utilized only to evaluate the
induced velocity resulting from the 3-D interactions.

For the transonic flow problems, the approach based onr the small tramsonic
disturbance equation (STD) is generally preferred to a resclution of the full
equations because the computing time is an important feature for aercelastic
calculations. A siganificant effort is being made in this direction in view of the
applications to fixed wing and to helicopters [6]1, [7] ; but the discussion of
these methods would be outside the scope of this Dynamics session which is limited
to metheds peculiar to aercelastic and dynamic investigations.

1.1 Linear lifting surface theory

The clasgsical fixed wing flutter calculations are based on the linear
lifting surface theory.

In this application, the lifting surface is assimulated to a thin plate
lying in an (%, y) plane as shown in figure (5) and performing small amplitude
harmonic vibratiems which create a small disturbance to the uniform flow.

The disturbance velocity potential verifies the linear equation of acoustic
waves and the solutidn of the boundary value problem depends linearly on the
distribution or normal velocity {or downwash) over the lifting surface, through
the boundary conditiow of normal derivative.

In the deriﬁation and interpretation of the basic formulation used by the
aerolasticians, it is interesting to consider the acceleration potential
def ined as the substantial derivative of the velocity potential :
=49 - 99 ,u2¢
YEar T3 e
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Y 1is proporticnal to the pressure "perturbation :
?-1:0 = - g’ L 4
let h be the function which describesthe harmonic vibration of the lifting
surface at a frequency @ :

~ Lk
h(zyt) = by over (4)

The downwash which determines the normal derivative of ¢ on the lifting
surface is given by :

w(xy) = U dh 4.1:601:- over (A)
Y ax

In the aerodynamic problem which is considered here, the lifting surface
motion is given, and so are h and w. On the other hand, the unknown functiom
which must be determined is the pressure jump through the lifting surface,

AP (% 0.
The basic formulation used by aerocelasticians is the singular integral

equation relating the downwash to the pressure jump. This equation proceeds
directly from the two following equations :

Blaya =t H 2K (%8, y-7,2,0) 8 (§,9)dgdy (4.1
WEY Sy
= = tim 29 (4.2)
“xy) = lim 53
Lifting surface deflection
zahixy,thehixy)e'™!
Downwash : z4
WaUﬂ#ﬁ
ox

Velocity potantial
@fx,y,z,¢) =ix,y, z} «™' %

Fig. 5 — Lifting surface,

The singularity of the equation relating directly w toQyp results from
the z differentiation for z = O.

ot
In equation (4-1), ¢ is given as an integral superposition in which the
Kernel function zK is the potential induced by an element of pulsating lifting
surface., But an element of lifting surface 1s essentially a pressure disconti-
nuity along the axis defined by its normal vector, and such a discontinuity can
be created by a pressure doublet, or a doublet of acceleration potential {(since
the pressure disturbance and the acceleration potential are proportiomal).

Indeed the Rernmel function is showm to give the velocitz'potential
induced by a pulsating acceleration doublet of strength q m A / B . It contains
an integral resulting from the resolution of the differential equation d9/dt =y
which is integrated in order to derive the velocity potential from the expression
of the doublet's acceleration potential. The integration is performed alomng the
path of the lifting surface and so determines the effect of time history of the
flow resulting from the wake.
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The numerical solutions of the equations (4) may be determined by a col-
location method, with collocation points distributed over the lifting surface,
the pressure distribution being approximated by a superposition of prescribed
pressure functions. But the method which is generally preferred at the present
time is the "doublet lattice method" in which the lifting surface is divided inte
trapezoidal boxes as shown in fig. (6). In each box the doublet distribution is
concentrated on a segment equivalent to a small bound and trailing vortex. The
box also contains a collocation point on which the boundary condition of normal

derivative 1s verified.

5,G

Fig. 6 — Surface idealization into boxes and lacation
of vortices, doublets and collocation points.

Yx,E
Bound vortex
and line of
doublets (€ W );
Downwash 5
collocation Trailing
vortices

point
The helicopter blades may also be assimilated to thin lifting surfaces,
but for the determination of aerodynamic forces we need an integral equatiom
which is not restricted te the combination of a small amplitude harmonic vibra-
tion and a uniform tranmslation.

In view of this application, the integral equation was formulated in
ref. [8] for a 1lifting line and in ref. [9] for a lifting surface performing
an arbitrary motion in a fixed frame with the only limitation that the angle of
attack should remain small. The lifting surface was assimulared to a distribu-
tion of acceleration doublets. The resulting equation, which is written here,
shows that the potential at point P and time t depends on the time history of the
movement and 1lift of the lifting surface elements.

L P=FO] Ve 4z | B— P4 (0)[°
Cl-ﬁ—_ﬁq{T)‘

¢(P.t)=”‘ 29 (P () [P —Fp(0) ] 1 (7) doy, ]+ J J-. Ap(?o(vo))[.n—Po(:o)]no(eo)c_TGdc_o
JJw e

(A) smo, cl}-;__ —ﬁo(f)ia [

(5)

where T is given by the equation :
_ |B-— _}50 (-)l -0

t—
c

d% is the slement of area assoclated to the integration point Po'
For the derivation of this equation, see preferably ref. [9] or [101].

The effect of time history results from the integration im T, which is
performed along the path of the lifting surface, i.e. over the underformed wake
as shown in fig. (7). :

The integral equation is particularly convenient for the determination of
the coupled unsteady aerodynamic forces om propellers and for the calculation of
the periodic loads on a helicopter rotor in forward £lighe.
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Fig. 7 - Path of the slements of lifting surfacs.

The numerical solutions ave determined with a collocation method. The
distribution of pressure jump through the blades is approximated by a superposi-
tion of prescribed pressure functions and the collocation is performed points dis-
tributed over the rotor disk. The normal derivative at a point in contact with a
blade can be derived by a finite difference from the values of Y at two points lo-
cated in the vicinity of the blade, on the same normal vector.

For the sake of simplification, the blade 1ift can be concentrated on the
blade forward quarter chord line and in that case, the solution gives the lifting
line approximation.

The applications performed at ONERA are described by J.J. Costes [11] [12].

As thé.écceleration potential is used for the derivation of the integral
equation (5), the method is often called the "acceleration potential method" by
helicopter specialists.

The integral equation gives the velocity potential as a superposition of
fundamental sclutions of the acoustic wave equation and so it takes account rigo-~
rously of the small disturbance compressibility effects. But it suffers from the
limitations proper to linear methods.

On the other hand, it does not provide a convenient means of taking into
account the wake distorsion, and this may be a real source of difficulty when
the wake remains in the vicinity of the rotor ag it is the case for a helicopter
in hover flight. ’

The comparisons with experiment are usually satisfactory except when the
non~linear effects are predominant. Results obtained on an experimental 4m—diame-
ter rotor, tested in the large Sl wind tunnel of Modane, are shown in fig. (8).
The blade local lift is plotted against azimuth for different values of the
blade section radial coordinate. The agreement between the linear theory and
experiment is satisfactory except on the retreating blade (azimuth 270°) where
the effect of stall is predominant.

Therefore the linear theory may be used as the basic theoretical tool to
evaluate the unsteady aerodynamic leads, but non linear tools are also needed
to take into account the strong non-linear effects. The fig. (8) also shows
the result of a caleculation combining, in a consistant manner, the linear theory
and a model of 2-D unsteady stall [13] which was developed previously to the ONERA
model described in the following paragraph . As it can be seen the combination
of the linear 3D and non-linear 2D models results in a satisfactory agreement in
the whole range of azimuth angle.
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Normalized Wind tunnel measurements

lineic lift (r} o w .inear theory
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Fig, 8 — Blade lift on an experimental rotor for
different values of the radial coordinate r/R.
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2.2 Non-linear model of unsteady aerodynamic loads

In the preceding paragraph it is shown that the use of a 2D unsteady
stall model can improve significantly the prediction of the blade aerodynamic
loads.

_ But the model of ref. [13], which was used in the calculation illustrated
by £ig. (8), does not represent explicitly the effect of time history and conse-
quently its validity is limited to a small range of frequencies.

In 1975, Beddoes [14], presented a model in which the unsteady behavior
of the flow is simulated by the introduction of a time delay.
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The ONERA model, which is briefly described here, is a more general formu-~
lation which makes use cf the properties of differential equations to simulate
the different effects which can be identified on an oscillating airfoil, i.e.
pseudo elastic, viscous and inertial effects, and the effect of the flow time his-
tory. The model is formulated in the time domain and is valid for an airfoil
performing an arbitrary motion in the whole range of angle of attack, i.e. in the
range of small incidences (or linear range) as well as the range of incidences
beyond stall. Itwas presented in 1979 in ref. [15] and irs application is illus-
trated in ref. [16] [17] [18].

The range of small incidences will be digcussed first in order to justify
the choice of the differential equations.

1f the angle of attack remains in the linear range, the oscillating
airfeil and the flow may be assimulated to a linear system in which the input
variables are the deflection and pitch angle, h and & , defined in fig. (9) and
the output functions are the aercdynamic lift and moment non dimensionalized coef-

ficients CPF and Q)M

Fig. 9 — Daefinition of input variables and output functions.

M F=-mpV2bL
Ly =-7p e
M=-moVib2Ll ¢m
v ‘f F A O T =Vt/b :reduced tima ; ¥=wb/V : reduced frequency
wp — )
c2=hb Harmonic vibration =

o

3

x=’§b=: ¢ h
2b (EEM) '[A “”](a')

The dynamic characteristics of such a system may be defined in the time
domain by its impulse responses, or in the frequency domain by its transfer func-
tions.

i

For instance, the Kussner, Theodorsen or Van de Vooren coefficients
resulting from the linear theory of 2D flow around a thin airfoil oscillating
harmonically [19], [20] (271] are the aerodynamic transfer functions of the airfoil.

These transfer functions, like the transfer functions of most linear
systems (even continuous systems), can be reasonably approximated by rational
fractions in a relatively wide frequency range. For instance, fig. (10) shows
that the coefficient relating the non dimensionalized 1lift q; to the pitch
variable & may be approximated by the rational fraction:

A = 018 551 4 1650 & 0.35 V- 0.53iv>
1 vl
The resulting differential equation relating CP to & in the time domain
is equivalent to the system of equations :

q)F =P+ (6.1)
P + ol ¢ = ciesb (6.2)
&y = 15516+ 1656 _0.35¥ 4 053 (6.3)

t
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where CR and % are dummy functions of the non-dimensionalized time ¢

For the sake of simplification, the two input variables h and # are
replaced in the model by a single, almost equivalent input variable defined
as : = + B , where h is non dimensionalized and (°) stands for reduced time
derivative., The variable & is the angle of attack (or downwash) at the forward
quarter chord.

A

Fig. 10 — Lift due to pitch oscillation : Agq = Agq + Ay
—— Linear theory {ref. [20]} © Rational fraction :
Ayq =(0.125/iw+0.1} + 1,551 +1.65ip+0.35 »* - 0.53i°

o |
<
4

The differential equation is a suitable formulation for the determination
of the loads due to an arbitrary motion defined as function of time. The
general solution is a conveolutilon integral. For instance, the lift coefficilent is

given by : T
P.(7) :ja(r-o-)ac(ﬂ‘)du-
-0

where Cl.,("f-) is the impulse response, i.e. the solution of the differential
equation for an input & given by « = d(T), where S 1is the Dirac impulse
function.

By this integral, ﬁ) is shown to depend on the values of the input
variable ¢ in the past time (time history).

The differential equations may be applied to an arbitrary variation of
the angle of attack. But, since the approximation of the transfer functions is
valid only in a limjted range of frequency the formulation in the time deomain
is valid only if the high frequency terms contained in the Fourier transform of
the input function are negligible.

If, for instance, we could perform a step variation of the angle of
attack, ™ = H (T ), the error of the transfer function in the high frequency
range would induce a misrepresentation of the aerodynamic rasponse q> { T ) near
the origin. But actually, & is determined by the motiom of the airfoil and there
are technological limitations which prevent us from performing a truly step
variation. It is possible to perform only smoothed step variations in which the
high frequency content of the Fourier transform appears to be negligible. Therefore,
one can expect that the proposed model is valid for all the motions that can be
actually performed on an airfoil or on a wing or helicopter blade section.
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Obviously, the linear model is not wvalid if the range of angle of attack
exceeds the stall incidence and if the airfoil is experiencing unsteady flow
separation.

In order to build a non-linear model in a consistant manner, it is
necessary to define the input variables and output functioms.

Let us consider an airfoil moving at large incidence as shown in
Fig. (11).

V is the resultant velocity of the reference point relative to the
undisturbed £luid ;

& is the angle of attack at the reference point ;

# is the pitch angle of the airfoil relative to a fixed reference axis Ox.
The motion of the whole airfoil relative to the undisturbed fluid is

defined by V, &0 and the torsiomal or pitch oscillation velocity dd /dt = S
Therefore, V,o and & may be taken as input variables.

— Fig. 11 —

On the other hand, the cutput functions are the 1ift normal to the
airfoil, F, the moment at the reference point, M, and the tangent force, T.

Let us assume that F, M, T, V, &, 9-’ and their derivatives, up to an order
which is still not determined, can be related by a set of non-linear equations.

In order to determine a simplified formulation of these equations, we notice
that the oscillating motions that can be performed on a wing structure are
always limited in amplitude or frequency by structural strength : large amplitude
oscillations can be performed only at low frequency and high frequency oscilla-
tions can be performed only at small amplitude.

This implies that the time derivatives of F, M, T, V, & and # are
small quantities and also that the difference batween # and &° can be neglected,
so that & needs not be taken as an independent variable and the input variables
can be reduced to two : V and ¢ .

If we assume that the non-linear equations are differentiable, we can
replace them by their first order approximation with respect to the small quanti-~
ties. The resulting differential equations are linear with respect to the deri-
vatives of F, M, T, V, of and @ , with variable coefficients which are functions
of the angle of attack and eventually of the Mach number and Reynolds number.
Furthermore the equations must give the steady flow 1ift and moment characteristics
when ¢f and V are constant.

Therefore, the above considerations show that the model should be a system
of differential equations containing unsteady linear terms whose coefficients are
functions cof the angle of attack, and steady flow non-linear terms. But the order
to which the equations can be limited and the number of terms which must be taken
can be determined only empirically after comparing model results with unsteady
wind tunnel test results.
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On the other hand, the coefficients of the equations must be derived, for
each profile, from systematic wind tunnel test results through an identification

procedure.

The methods of identification which have been used so far are briefly
described in ref, [15] and [16].

The steady flow characteristics result from classical steady flow tests.
But unsteady flow tests are necessary to determine the coefficients in the linear
differential terms. Since these coefficients are derivatives, their value, for a
given value of & , can be derived from measurements of unsteady lift and moment
on the airfoil performing small amplitude oscillatiecns arcund the incidence d .
the amplitude of oscillation is sufficiently =mall (for instance 1°), the lift and
moment contain a constant term and an unsteady term which depend linearly on
the oscillating motion. As in any linear system, the unsteady terms can be related
to the variations of incidence by a transfer function matrix.

Small amplitude harmonic oscillations are often used but pseudc random
oscillations may also be utilized. Small amplitude step variations of incidence
are also interesting because the evolutions of aerodynamic forces after the step
variation determines the poles of the transfer functions and the coefficients
of the derivatives of F and M in the differential equations.

'The equations obtained after identification on a helicopter profile are
presented in ref, [15] and [16].

The wvariation with frequency of the aerodynamic forces measured in the har-
monic tests at low incidence showed that the transfer functions should contain
only one real and negative pole, which implies a first order differential equation
in the time domain, like equation (6.2).

But at incidences beyond stall, the evolution of the transfer functions
was modified, as a consequence of the less stable character of the flow, and it
was necessary to introduce two complex conjugate poles, which implies second order
equations in the time domain.

In order to take account of these observations it was found convenient to
separate each one of the non dimemsionalized force and moment coeff1c1ents(p and
<$ into two terms, one governed by a first order equation and the other by a
second order equation.

Taking the lift coefficient as an example, we write :

a @ e,
CP:-A CP = Ald + [As+0]a & sd

B+ 2rd, + 571001, < - 51101 [AC AL, ]
}., s, ¢, r , ¢ are nondlmen51onalized coefficients depending on & and on

the Mach number?

) N n and ¥ determine the effect of time history and the resulting time
delays.
‘: and AC, ( & ) describe the steady flow lift curve of the profile :
f; is the slope in the linear range of incidences and AC is the decrease in
1ift due to stall

C.(8) = Id-ac,

where £3C Z 0 for &« smaller than the stall incidence.



19

It is easy to check that CPF meets the steady flow value, Cp a2 C (&),
when the derivatives with respect to t are made equal to zero. F F

On the other hand, if ¢ remains smaller than the stall incidence, CP!
is equal to zero and the lift is determined by the first order equation in q)
the pole of the transfer function is equal to -A .

Beyond stall, the térm modifies the transfer functions corresponding to
small amplitude oscillations and introduces the two complex conjugate poles

given by - nytiy.
The moment coefficient was given by a similar equatiom.

The validity of the model for large amplitude oscillations is shown in
ref. [15]) and [16]. The fig. (12) from ref. [16] shows the lift-incidence
hysteresis loops for harmenic pitch oscillations with an amplitude of 6°.

It should be remarked that the model was identified with harmonic tests
performed with an amplitude of oscillation smaller than 1°.

Cz+ 0804

lncidence mcyenne

Fig. 12 — CA 213 AIRFOILL, lift-incidence hysteresis

~ 0,301 loops. ¥ =0.049 : M=03; § =6°,

- 3,20 1
é o @ Exp
_070Y AR ——— ONERA modi
-50 + 10 » Sensae of gyration
Cp+ 2,00A Cz - 2,401
@, =158°
+ 1,501 + 1,904
+ 1,007 ~ 1,404
+ 0,50 ™ + 0,20
+ 4,0 + 9,0 + 14 + 18 - 80

2,3 Simultaneous effects of 3D flow and unsteady stall

The combination of the 3D linear theory and a 2D non-linear flow model,
which is necessary to predict the simultaneous effects of 3D flow and unsteady
stall, must bebased on well defined assumptionsand performed in a consistant manner.
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The coupling procedure makes use of the concept of induced velocity, which
was introduced in the 1ifting surface theory of Prandtl and was extended here to
unsteady flow. For the evaluation of the aerodynamic loads in a blade section we
assume that the profile is moving in a 2D flow, but its angle of attack is modified
by the induced velocecity resulting from the 3D interactious.

The induced velocity considered to evaluate the angle of attack of a par-
ticular blade section is the difference between the velocity induced by the
actual 3D lift, distributed over the rotor blades, and the velocity which would
result in 2D flow with the same lift on the same blade section.

When there are non-linear effects, the aerodynamic loads must be evaluated
with a 2D non-linear model (or theory), but the induced velocity may be calcula-
ted with the 3D linear theory.

In order to justifytheutilization of the 3D linear theory let us consider a
blade section with separated flow (fig. (13)). The airfoil and its wake form a rela-
tively thick layer within which the flow is deeply disturbed by vorticity. But out-
side the layer, the assumptions of potential flow and small disturbance are wvalid,
Furthermore, for an observer located at a point P sufficiently far from the blade
section, the lifring surface can be assimilated to a surface of pressure discontinui-
ty, and consequently we can rely on the integral equation (5) for the calculation of
the velocity £ield induced at the point P by the lift F. This conclusion holds for
the calculation of the induced velocity resulting from 3D interactions.

Equivalent surface
“_i of discontinuity

Fig. 13 -~ Separated flow.

Finally, the unsteady blade aercdynamic loads can be determined with the
iterative procedure shown in the following flow diagram

BLADE.; Actual Non linear Unsteady
novement angle - model ‘ - | aero.dyna— -
of of mic
| attack 2-D flow loads
Yy
iD - 3D and
Induced - 2D linear
velocity _ theory

The validity of the iteration procedure has been checked with experiment
only with the model of ref. [13] (fig. (8)). Comparisons of theoretical and ex-
perimental results have not yet been performed with the ONERA 2D medel for the

lack of experimental results onrotors equipped with the airfoils for which the
model has already been identified.
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But the iterative procedure itgelf ig valid for a wing as well as for a
rotor, and its application is not restricted to the unsteady stall investigation :

it may also be used, for instance, with a 2D transonic flow model to predict the
transonic loads.

Fig. (14) illustrates the application to a rectangular wing model with
a supercritical profile in transonic flow. The calculations of unsteady pressure
.distributions are based on the small transonic disturbance approximation. The
Eigure compares the pressure distribution givem by a 3D transonic flow calcula-
tion [6] and by a 2D transonic flow calculation coupled with a 3D linear code.

The comparison is satisfactory.

k c‘pl

Upper surface

Upper surfacs

— 3D small transonic disturbance equation
eewe—. 2D small transonic disturbance equation
with inducad velocity

~_

Fig. 14 a} — Straight wing oscillating control surfacs, pressure distri- Fig. 14 b} — Straigth wing median section
bution on wing, M=0.73 ;: f =42 Hz, of control surface. M < 0.73 ; =42 Hz.

3. STABILITY AND FORCED RESPONSE ANALYSIS

The modelizations used to predict the structural dynamic characteristics

and the hlade unsteady aerodynamic forces are described in the preceding
paragraphs.

The calculation of forced vibrations and stability of the coupled rotor-
fuselage aervelastic system contains in itself a considerable amount of dif-
ficulties resulting from the non-linearities and from the presence of periodic
coefficients {n the Lagrangilan equations.

The aercelastic problems are numerous and varied, but some of them can
be treated with a simplified modelization.
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For instance in ref, [23] and [24], the blade flap-lag-torsion instabili-
ty in hover is investigated with quasi-steady aerodynamic forces and the hub
degrees of freedom are neglected, so that each blade is studied separately
and the small blade deflectionsin the.rotating frame are governed by Lagrangian
equations with constant coefficients, '

With the Coleman variables, the coupled rotor-fuselage instabilities and
forced vibrations are also governed by Lagrangian equations with constant
coefficients in the case of a helicopter in hover or a propeller in forward
flight, provided that the rotor possesses the appropriate multicyelic symmetry
(the number of blades should be larger tham 2).

In the case of a helicopter in hover, the wake remains in the vicinity
of the rotor and its interaction with the blades must be taken into account in
the calculations of dynamic loads. Furthermore, the wake distorsion may signi-
ficantly influence this interaction.

But in the case of a propeller, which is also governed by equations with
constant coefficients, with the Coleman transformation,the wake interaction is
generally less important because the shed vortices separate from the trailing
adge at a relatively high velocity. Since, on the other hand, the reduced fre-
quencies of the blade vibrations are usually small, the quasi-steady assumption
is valid for the evaluation of the blade unsteady aercdynamic loads.

This conclusion was confirmed in an investigation of the whirl flutter
instability on the half model of a tilt rotor configuration which was tested in a
low speed wind tunnel of ONERA (fig. (15)). The propeller was mounted on a nacelle
at the wing tip with pitch and yaw degrees of freedom. The natural frequencies and
dampings of the pitch, yaw and blade bending modes were measured in the wind
tun nel and compared to the computed values (fig. 16). The agreement is quite
satisfactory. Furthermore, no significant difference was found when the blade
aerodynamic forces were evaluated with the 3D linear theory or with a quasi-

steady model.

Fig. 18 — Tilt rotor modei in the S2 ONERA
wind tunnel in Chalais Meudon.
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In forward flight, the aerodynamic forces loose the property of multi-
cyclic symmetry and the periodic coefficients of the Lagrangian equations cannot
be cancelled with the Coleman transformation. This makes the calculation and
interpretation of the results more difficult.

For the calculation of periodic responses due to the periodic variation
of the flow field around the blades, it is necessary to take into account the
wake interactlon. Therefore the use of the 3D linear theory, eventually coupled
with a 2D model, as discussed in paragraph (2), is necessary. But on the
other hand, the resolution of the equations can be performed relatively easily
if the loads and responses are developed in Fourier series.

4 comparison of measured and computed loads is shown in fig. (17) from
ref. [25]. The experimental blade flapping moment was measured in flight on a
SA 34% helicopter at different blade radial stations, and the calculations were
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performed with a Fourier series development limited to the 5th harmonic. The 3D
linear theory was used for the calculations of unsteady aerodynamic forces, but
the use of a 2D non-linear flow model was not necessary in that case.

Moment
100] (N.m} L Hy | Ha

? e ©
3
. P} 3

e

1001 . H, L . Hq
M(m) Mm]
1 3 5 i 3 5
Moment  al Blade flap moment distribution. ___ Theory with hub mation
{(N.m} — Theory with hub motion neglectred
200 o Flight test
r Radial coordinate
160] Hy
a0
—== 0'——‘“—*0—..0_\0_’ L it
Hy = kth harmonic amplitude
100 H, Ha
L= o, Mmoo — rim)
1 3 5 1 3 5

b} Blade tead-lag moment distribution.

Helicopter SA349Z - harmonic analysis : M = E‘, Hy sin (k§2t + ¢} — Advanca ratio =0.25.

Fig. 17 — Periodic loads on a helicopter blade in forward flight.

But the development in Fourier series is valid only for the prediction of
pericdic loads. For the prediction of instabilities and respomses to arbitrary
loads, such as gusts or turbulence, it is ncessary to use the Floquet's theory
of equations with periodic coefficients.

A computer code has been implemented at ONERA for the solution of these
equations.

~ It determines the transition matrix and the periodic matrix defining
the Floquet's transformation which leads to a system of equations with constant
coefficients.

- Then it solves the eigen value problem in order to get the Floquet's
modes which characterize the stability of the system, and it determines the
responses to external loads varying arbitrarily with time.

The calculations can be performed with a quasi-steady aerodynamic model
or with a more sophisticated aerodynamic formulation like in paragraph (2). The
non-linear 2D model is used in particular to investigate the blade stall flutter ;
but, for the sake of simplification it is applied with a reduced configuration
of only one blade with seven degrees of freedom (blade flap and pitch and 5
flexible modes). This limitation to 7 structural DOF was necegsary because the
differential equations contained in the 2D model introduce additional degrees
of freedom and so increase the size of the problem.
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Calculation results are presented in ref, [17] and [26]. The Floquet's
modes are shown and discussed in ref. [17].

When non~linear effects are important the problem may be linearized
around an approximate solution. Let X (t) be the vector representing the fuselage
and rotor responses. X may de divided into two vectors :

X=X + X
o 1

where

X (c} is the solution of the full non-linear aercelastic problem with the full
unsteady aercdynamic model

X (t) is the solution of the non-linear aeroelastic problem with a quasi-steady
approximation of the aerodynamic loads.

Generally, the difference between X and X, is relatively small and Xo

may be considered as an approximate solution. Therefore X, may be considered
as a first order small vector: If we substitute XO + Xl 11].’1 the Lagrangian

equations and neglect the second order terms we find that Xl is determined by
a system of linear equations whose periodic coefficients depend on XO (t).

Consequently the solution of the full non-linear aercelastic problem
can be divided into two steps.

- The first step is the calculation of the non-linear quasi-steady
approximation. This calculation is relatively easy to perform because the
coupled blade airforces are formulated in a simple manner.

- The second step is the resolution of the linear equations giving Xl
with the computer code based on the Floquet's theory.

These two steps may be considered as the beginning of an iteration pro-
cedure. At high advance ratio it is often necessary to proceed to a third step.

16

]; Incidence &(°)

Fig. 18 al — Calculation of periodic responses of a blade in

forward flight. Evolution of incidence as a function of azimuth

in the section A = 5,06 m {blade tip 5.3 m from hub}. + quasi-
steady model ; ——- unsteady modal.
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Fig. 18 b) — Calculation of periodic responses of a blade in
farward flight. Evolution of moment per unit Jength as a
function of azimuth in the section R = 5.06 m (blade tip
5.3 m from hub). + quasi-steady model ; —— unsteady model.
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Fig. 18 ¢) — Caleuiation of periodic responses of a blade in forward flight.
Evolution of torsion generalized coordinate.

The fact that the additional term X, 1s small means that the difference
between the full solution and the quasi-steddy approximation is relatively
small when we compare the large amplitude blade pitch and flap oscillations.
This is shown in figure (18-1) which compares the large amplitude variations of
blade angle of attack. But, on the other hand, the difference is often relatively
large when the comparison is made on the small amplitude blade vibrations. This
is illustrated by fig. (18-2) and (18-3) for the twisting moment and the
torsional vibrations. These results show that the quasi-steady approximation is
valid only for the evaluation of the blade large amplitude oscillations and
that the structural vibrations must generally be predicted with a more
sophisticated aerodynamic modelization.

CONCLUSION

The basic methods which are presented are potentially able to provide a
good evaluation of the vibratioms and risks of instability of helicopters. In
spite of the non~linear phenomena, which are relatively important on helicopter
rotors, the linear methods are shown to be efficient when they are utilized with
an appropriate strategy, in an iterative procedure, or coupled with a simplified
non linear model. Nevertheless many improvements are still needed on the theore-
tical formulations and on the computer codes in order to improve the accuracy of
the results, to reduce computing times and to make the computer codes more
flexible for industrial applicaticns.
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But in order to contribute efficiently to the design and development of
new helicopters, it i3 perhaps more important to define calculation strategies
adapted to the different problems which can be met on helicopters. And this can
be done only with the help of an extended wind tumnel research programme providing
the knowledge of the practical problems and data to check the calculatioas.
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