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Abstract

An experimental investigation was carried out to quantify the aerodynamic lift acting on a NACA 0018 airfoil
subjected to combined pitching and surging and to compare the results to established theories. A dedicated
unsteady wind tunnel was employed that produces large surge amplitudes, and airfoil loads were estimated by
means of unsteady surface mounted pressure measurements. In-phase and out-of-phase pre-stall pitching and
surging cases were considered for different velocity amplitudes. When the flow was fully attached, satisfactory
correspondence was observed between experiments and theory. However, differences were observed when
trailing-edge separation was present; in particular the shedding of a trailing-edge vortex corresponded with
discrepancies between the experiments and theory.

Nomenclature

α Angle of attack, deg
λ Wave length of the oscillating free stream, m
ρ Air density, kg/m3

σ Amplitude of the oscillating free stream
τ Phase shift, deg
φ Phase angle, deg
ω Angular frequency of the free stream oscillation, 1/s
a Non-dimensional pitch axis relative to the mid chord
c Airfoil chord length, m
i Imaginary unit
k Reduced frequency
l Coefficients from Isaacs
m Wave number
u Free stream velocity, m/s
A Coefficient from van der Wall
C Non-dimensional coefficient
C(k) Theodorsen function
F (k) Real part of the Theodorsen function
G(k) Imaginary part of the Theodorsen function
H Coefficient from van der Wall
J Bessel function of the first kind
L Lift per unit span, N
M Pitching moment per unit span, Nm
Re Reynolds-number

Subscript
l Lift
m Pitch moment
n Variable number
qs Quasi steady
s Steady

Operators
() Time averaged
= Imaginary part
< Real part

1 INTRODUCTION

During the first half of the 20th century, the study of
unsteady aerodynamics was motivated by problems
associated with wing flutter, the estimation of heli-
copter blade loads, and the effect of wind gusts on
aeroplanes. These problems remain relevant today.
Indeed, unsteady blade loads and blade vibrations
are still important subjects of helicopter and wind tur-
bine aerodynamics research [1]; and the blades of
high speed modern helicopters can experience veloc-
ity amplitudes of more than 100% [2]. The interac-
tions of the unsteady effects are not fully understood,
hence a more precise predictions of the unsteady lift
overshoot is required [3, 4]. Moreover, the recent and
dramatic rise in wind energy demands robust design
of wind turbines - whose blades are exposed to highly
unsteady flows produced by, inter alia, yaw misalign-
ments, atmospheric turbulence, and the earth bound-
ary layer - for the prediction of maximum fatigue loads
[5]. In addition, wind turbine noise is highly affected by
unsteady aerodynamics and noise reduction is an im-
portant research field [1]. Even the less popular ver-
tical axis wind turbine is fundamentally an unsteady
machine. It is facing strong free stream and angle of
attack variations. In the field of wind energy produc-



tion, designers of modern wind turbines try to avoid
the occurrence of dynamic stall due to the strong fa-
tigue loads. Nevertheless, also fully attached blades
encountering free stream or angle of attack variations
which generate remarkable unsteady extra lift. Hence,
this unsteady extra lift has to taken into account for any
reliable life time prediction of wind turbine blades.
The landmark NACA report by Theodorsen [6] pro-
vided a general analytical solution for airfoils encoun-
tering angle of attack oscillations and plunging mo-
tions. Assuming a potential flow in a steady stream,
he calculated all velocity potentials and determined
the unsteady circulation, where the wake vorticity is
determined by the Kutta condition. He made use
of the following simplifications: flat plate airfoil, two-
dimensional incompressible potential flow without vis-
cosity, a straight and flat non-deforming wake, small
angle assumption, and fully attached flow.
The need for more accurate estimations of heli-
copter blade loads motivated Isaacs [7] to extend
Theodorsen’s work to include sinusoidal free stream
oscillations. Based on Theodorsen’s and Isaacs’ ap-
proaches, Greenberg [8] developed a simplified solu-
tion for the dynamic lift of a flat plate in an oscillating
free stream including an oscillating angle of attack and
oscillating plunge motion. In 1991, van der Wall pro-
vided an extensive review of existing theoretical ap-
proaches and extended Isaacs’ theory to harmonic
plunge motion and unsteady angle of attack variations
including arbitrary multiples of the free stream har-
monic [9, 10]. He concluded that Isaacs’ theory is the
only "exact theory" without additional simplifications.
Furthermore, he determined significant deviations be-
tween Greenberg’s and Isaacs’ theories for velocity
oscillation amplitudes higher than 0.4. Recently, both
approaches were experimentally validated for an un-
steady free stream with a velocity oscillation amplitude
of 50% [11].
In light of the advances described above, it is sur-
prising that many of these theories have not been
fully validated experimentally, especially for large free
stream oscillation amplitudes [12]. Favier et al. [13]
investigated a pitching airfoil in unsteady free stream.
The wind tunnel generated high reduced frequencies
and moderate velocity amplitudes. Although the air-
foil lift with fully attached flow showed significant dy-
namic effects, a comparison to Isaacs’ theory was not
attempted. More recently, Granlund et al. [14] in-
vestigated a NACA 0009 experimentally over a broad
range of reduced frequencies at relatively small ve-
locity amplitudes of 0.1. It is not clear why this lack
of validation exists, but it seems that the existing ex-
perimental facilities lack the large amplitude unsteady
parameter range. Tunnels that produce an unsteady
free stream are rare. The most common approach
is to modify a standard steady wind tunnel to pro-
duce unsteady flows [15, 16, 17, 18, 19]. Some tun-
nels combine the independent capabilities of angle
of attack and wind speed variation [20, 21, 22]. Re-
cently, an unsteady wind tunnel was developed to pro-
duce large amplitude oscillations of the free stream
and synchronised arbitrary angle of attack variations

[23]. Problems of fan stall, large inertial effects, and
acoustic resonance were overcome during the initial
design and testing phases. The tunnel proved to be
ideally suited to validate large amplitude unsteady ef-
fects and, in particular, to assess the validity of theo-
retical approaches.
All unsteady experiments including the combined and
sychronised generation of free stream and angle of
attack oscillations are compared to the theories of
Theodorsen, Isaacs and van der Wall.

2 THEORY

2.1 Unsteady lift overshoot in potential flow

Figure 1 depicts a schematic of the experimental
setup. A symmetrical airfoil, a NACA 0018 (black line),
is pitching periodically around the quarter chord posi-
tion (green arrow). The airfoil is sinusoidally pitching
to both positive and negative pre-stall angles of attack
while the free stream is synchronously oscillating. The
length of the blue arrows outlines the time varying ve-
locity amplitude. The frequencies of these two oscil-
lations are identical and any desired phase shift be-
tween the two can be obtained. Caused by these two
unsteady effects (unsteady inflow, wing motion), the
lift and the proportional circulation of the bound vortex
sheet vary in time. According to Helmholtz’ circulation
theorem, the overall circulation in the global system
has to remain constant. Thus, a circulation change of
arbitrary strength at one time step requires the shed-
ding of a vortex into the wake with opposite strength at
this time step (red arrows in the wake). The shed wake
vorticity induces normal velocities on the airfoil which
are adapted by a further circulation change. Thus, the
wake contributes to the lift generated. The higher the
velocity amplitudes or the reduced frequencies, the
larger the influence of the wake vorticity.
All further discussed unsteady lift theories to predict
the lift of the airfoil in figure 1 are based on the same
assumptions: The airfoil is modelled as a flat plate in
an incompressible potential flow. Hence, no boundary
layer, friction forces, diffusion or separation exist. The
flow remains fully attached all the time. Furthermore,
the airfoil is assumed to be two-dimensional to avoid
any spanwise effects like tip vortices or curved wake
forms. During the derivations of the closed form solu-
tion presented here, small disturbances are assumed.
Thus, the airfoil is regarded to be thin and only small
angles of attack are considered. In the case of an
unsteady, sinusoidal free stream, the maximum ampli-
tude of the velocity oscillation is limited to σ ≤ 1 to
prohibit back flow.
On the on hand, the theory of Theodorsen [6] is used
to predict the unsteady lift and pitch moment due to
various airfoil motions like pitching, vertical airfoil mo-
tion, or flap deflections at a constant free stream. In
the following, only harmonic, sinusoidal pitch motions
are considered. On the other hand, the theory of
Isaacs [7] computes the unsteady lift and pitch mo-
ment of an airfoil at a constant angle of attack facing
an unsteady free stream. The theory of Greenberg [8]



considers the same problem but due to the so-called
high frequency assumption, this theory is limited to rel-
atively small velocity ratios σ below 0.4 [10, 11]. How-
ever, Isaacs extended his theory to incorporate both
degrees of freedom at the same time; an unsteady,
sinusoidal free stream and pitching around midchord
[24]. Based on this landmark report, van der Wall fur-
ther extended the theory to include an arbitrary pitch
axis, the integration of arbitrary harmonic pitch pro-
files, and arbitrary vertical airfoil motion [9]. This ap-
proach is the most general formulation and hence, it
is discussed here in more detail. Equation 1 predicts
the unsteady lift overshoot depending on the phase
angle φ. The assumed free stream velocity profile
is u(φ) = us(1 + σ sin(φ)) whereas us describes the
steady free stream velocity and σ the amplitude of
the velocity oscillations. Besides σ, the reduced fre-
quency k = ωc

2us
is the second govering input parame-

ter in all above mentioned theories. It describes the ra-
tio between the angular frequency ω, the airfoil chord
c, and us and gives a measure of the degree of the
unsteadiness of the system. In all further discussion,
the frequency of the free stream oscillations and the
pitch frequency is identical, hence only one global k is
defined here. The angle of attack profile is determined
via α(φ) = α0[ᾱ0 +

∑∞
n=1(ᾱnS sin(nφ)+ ᾱnC cos(nφ))].

The normalised distance of the pitch axis to midchord
amounts to a = −0.5 for pitching around the quar-
ter chord. The first square bracket in equation 1 ex-
presses the non circulatory part of the unsteady lift
overshoot. The circulatory part is outlined in the sec-
ond square bracket of equation 1 and includes a sum-
mation from the first wave number m = 1 to infinity. It
requires the real < and imaginary part = of lm. The
most general formulation of this coefficients is given
by van der Wall [9]. It includes Bessel functions of the
first kind J and the well known Theodorsen function
C(mk) = F (mk) + iG(mk) [6].

2.2 Theoretical approach of van der Wall, Isaacs,
and Greenberg

Cl(φ)

Cl,qs(φ)
=

1

(1 + σ sin(φ))2
0.5k[(σᾱ0 + ᾱ1S + k(aᾱ1C)

−0.5σᾱ2C) cos(φ) + (−ᾱ1C + k(aᾱ1S

−0.5σᾱ2S) sin(φ) +

∞∑
n=2

n(ᾱnS + nkaᾱnC

+0.5σ(ᾱ(n−1)C − ᾱ(n+1)C)) cos(nφ)

+

∞∑
n=2

n(−ᾱnC + nkaᾱnS + 0.5σ(ᾱ(n−1)S

−ᾱ(n+1)S)) sin(nφ)] +
1

(1 + σ sin(φ))2

[((1 + 0.5σ2)ᾱ0 + σ(ᾱ1S − 0.5k((0.5− a)

ᾱ1C)− 0.25σᾱ2C)) · (1 + σ sin(φ))

+

∞∑
m=1

(<(lm) cos(mφ) + =(lm) sin(mφ))](1)

The most general formulation of the coefficients is
given by van der Wall [9]. Equations 2 to 5 determine
the desired parameters.

lm = −2m(i)−m
∞∑
n=1

[Fn(Jn+m(nσ)

−Jn−m(nσ)) + iGn(Jn+m(nσ)

+Jn−m(nσ))](2)
Fn + iGn = [C(nk)]n−2(Hn + iH ′n)(3)

The formulation of the coefficients Hn and H ′n in the
equations 4 and 5 assumes implicitly an ordinary os-
cillating pitch motion of the kind α(φ) = α0[ᾱ0 +
ᾱ1S sin(φ) + ᾱ1C cos(φ))]. A more general formulation
for arbitrary motions can be found in [9].

Hn =
Jn+1 − Jn−1

2
[σᾱ0 − ᾱ1s − k(0.5− a)ᾱ1c]

−2Jn
nσ

ᾱ1s(4)

H ′n =
Jn+1 − Jn−1

n
ᾱ1c

+
Jn
σ

[
ᾱ1c(1− σ2)− k(0.5− a)ᾱ1s

]
(5)

If a constant angle of attack is assumed, equation 1
reduces to the formulation of Isaacs [7]. The quasi
steady lift coefficient Cl,qs does not change in time be-
cause the angle of attack is constant.

Cl(φ)

Cl,qs
=

1

(1 + σ sin(φ))2
[1 + 0.5σ2 + σ(1 + =(l1)

+0.5σ2) sin(φ) + σ(<(l1) + 0.5k) cos(φ)

+σ

∞∑
m=2

(<(lm) cos(mφ) + =(lm) sin(mφ))](6)

The coefficients of the infinite sum reduce to the for-
mulation of Isaacs as well [7].

lm = −m(−i)m
∞∑
n=1

[Fn(Jn+m(nσ)− Jn−m(nσ))

+iGn(Jn+m(nσ) + Jn−m(nσ))](7)

Fn
Gn

}
=

Jn+1(nσ)− Jn−1(nσ)

n2

{
F (nk)
G(nk)

(8)

In the contrary, if the amplitude of the free stream ve-
locity oscillation is zero, equation 1 is equivalent to the
formulation of Theodorsen [6]. The free stream veloc-
ity is constant in this case, therefore no multiples of
the free stream oscillation amplitude has to be consid-
ered. Thus, the infinite sum reduces to one single term
and only one Theodorsen function has to be evaluated



with C(k) = F (k) + iG(k).

Cl(φ)

Cl,qs
= α−10 [0.5k(β0 cos(φ) + akβ0 sin(φ))

+α0 + β0 sin(φ)F − k(0.5− a)β0 sin(φ)G

+β0 cos(φ)G+ k(0.5− a)β0 cos(φ)F ](9)

Furthermore, equations 1, 6, and 9 depict the lift co-
efficient ratio as Cl(φ)

Cl,qs(φ)
= L(φ)

Ls(φ)
(1 + σ sin(φ))2. This

formulation is chosen here because it directly shows
the net unsteady effects and eliminates the influences
of quasi steady effects like free stream velocity vari-
ations. The steady lift Ls = πρcu2sα is determined
by means of the well-known Kutta-Joukowski equation
[25] where s is the airfoil span and rho is the air den-
sity. The span is s and the air density is ρ.
In all theories, the assumed unsteady free stream is
sinusoidal. Consequently the angle of attack is phase
shifted toward the free stream if the free stream os-
cillation and the pitch motion are out of phase (at an
identical frequency). Hence, a second formulation
of the angle of attack including explicitly the phase
shift τ is used here α(φ) = αs + αamp sin(φ + τ) =
αs + αamp(sin(φ)cos(τ) + cos(φ)sin(τ)). A compari-
son to the formulation of the coefficients of van der
Wall yields the relationships α0 = αs, ᾱ0 = 1, α1S =
αamp cos(τ)α−1s , and α1C = αamp sin(τ)α−1s .

3 EXPERIMENTAL SETUP

Figure 2 depicts a sketch of the entire wind tunnel
setup. The blow down wind tunnel possesses a cross-
section of 0.61m by 1.004m and a 8:1 contraction ra-
tio. The maximum free stream velocity is 55m/s with a
turbulence level of less than 0.1%. The wind tunnel is
powered by a revolutions per minute regulated 75kW
radial blower. The blower is specifically designed to
operate smoothly under stalled conditions, allowing for
a dynamic variation of the wind tunnel speed by ad-
justing the cross-sectional area of the wind tunnel exit.
The ceiling, floor, and side walls of the test section in-
corporating the airfoil are equipped with Plexiglas to
ensure optimal optical access for PIV measurements.
At the end of the 4.07m long test track louvers con-
trol the free stream velocity dynamically. The distance
from the louvers to the trailing edge of the wing is
2.8m, which is sufficient to avoid a spatial inhomogen-
ity of the flow field at the location of the airfoil model.
The louver mechanism consists of 13 fully rotatable
vanes driven by a 0.75kW servo motor. The maximum
blockage amounts to 95%. A detailed description and
reference measurements are published by Greenblatt
[23]. The phase lag of the pressure wave which travels
upstream as a result of a change in the louver position
was determined to be below 1deg for all free stream
velocities considered at 1Hz. Thus, all conceivable
phase lags along the chord are negligible.
Figure 2 shows a schematic of the experimental
setup. The two-dimensional NACA 0018 airfoil pro-
file is placed at the vertical centre of the test section.
The leading edge is positioned 0.91m downstream of

the nozzle. Three-dimensional effects such as wing tip
vortices are avoided by the stiff mounting of the NACA
0018 directly on the wind tunnel walls. The side walls
are made of two rotatable Plexiglas windows with a
diameter of 0.93m. Both windows are synchronously
driven by a 1.5kW servo motor placed above the test
section. This permits any arbitrary pitching motion
including complete 360◦ loops. In all configurations,
the pitching axis is located at the quarter-chord point.
The unsteady free stream velocity in the test sec-
tion is measured by two hotwires. The data acqui-
sition of the surface pressures and the wind tunnel
speed were synchronised, both were recorded at a
frequency of 497Hz. Thus, for each unsteady pres-
sure measurement the associated free stream velocity
is recorded. The data are recorded via an anemom-
etry system (company: A.A. Lab Systems, type: AN-
1003 Test Module). The hotwires are calibrated ev-
ery day before the measurements start by means of a
Pitot tube above the wing. The Pitot tube measures
the steady free stream velocity, which is recorded by a
Dwyer Manganese pressure transducer. The hotwire
probes are used to measure the unsteady oscillating
free stream velocity
The wing profile centre line is equipped with 40 pres-
sure taps with a diameter of 0.8mm to measure the
static pressure at the wing surface. The pressure taps
of the pressure and suction side are symmetrically dis-
tributed. This is required to determine the unsteady
vorticity sheet strength which is proportional to the
pressure difference at a certain chordwise position.
The static pressure distribution is recorded synchro-
nised by means of two piezoresistive pressure scan-
ners (company: Chell Instruments, type: ESP-32HD).
These two pressure scanners are placed inside the
wing and each pressure port is connected to the pres-
sure tap by a 44cm long tube. The uniform tube length
may provoke a constant phase lag of the dynamic
pressure measurements for all taps [26]. However,
the lag of the pressure measurements was found to
be negligible for the maximum oscillation frequencies
of 1.2Hz considered here.
The airfoil chord is c = 0.348m and the span is
s = 0.61m, resulting in an aspect ratio of 1.75. De-
spite this moderate aspect ratio, CFD simulation via
URANS show that three-dimensional flow structures
due to side wall effects are negligible at mid span
[27]. At zero angle of attack, the airfoil already covers
approximately 6% of the wind tunnel cross-sectional
area. Nevertheless, blockage corrections during pitch
motion are not calculated because the maximum an-
gle of attack amounts to αmax = 4◦. Furthermore, the
lift coefficient ratio is considered in the following (com-
pare to equation 1), which eliminates the influence of
a thinkable bias.
All presented quantities are normalised by means of
the dynamic pressure of the free stream. Two hotwires
are used to record the instantaneous free stream ve-
locity in the test section, the instantaneous value of
u(φ) is taken as the mean value of the flow speed
recorded with the two probes. Any phase lags be-
tween the leading edge and the trailing edge are neg-



ligible [23]. The lift is calculated by means of the 40
pressure taps. The measured static pressure, which
acts normal to the surface, is weighted by the half
distance to the neighbouring pressure taps and trans-
formed in the coordinate system of the wing chord.
The summation yields the lift and the pressure drag.
The cross product of the static pressure at each pres-
sure tap and the distance to the quarter chord gives
the pitch moment.
The phase reconstruction is based on the averaged
free stream velocity of the two hotwires. Taking into
account that the amplitude of the free stream oscilla-
tion varies slightly, each single period was fitted by an
ideal sine to avoid any unphysical scatter in the data.
Each measurement consists of at least 150 periods of
the unsteady free stream. The data are averaged at
each angle of attack αstep = 0.5◦ with a window size
of ±0.3◦ and at each phase angle φstep = 2◦ with a
window size of ±1◦.
For a validation of van der Wall’s theory, an accu-
rate and reliable generation of the two sources of un-
steadiness is essential. Figure 3 shows the recorded
unsteady free stream velocity and the corresponding
angle of attack profile which is in phase in the pre-
sented case. Additionally, an ideal sinusoidal signal
is added to the measurements with the desired am-
plitude and frequency. This enables a direct compar-
ison and yields the quality of adjustment. In the pre-
sented case, the theoretical unsteady free stream is
u(φ) = (1 + 0.5 sin(φ))13.32m/s. The blue circles il-
lustrate the phase averaged values. The measured
mean velocity is us = 13.16m/s and the measured ve-
locity ratio is σ = 0.5098. Only around φ = 60◦ and
φ = 180◦, slightly differences from an ideal sine are
detectable. The maximum relative error between the
measured free stream and the ideal velocity profile
is 2.5% [11]. The maximum and the minimum pos-
sess a small phase lag of approximately 4◦ while the
crossing of the steady free stream velocity shows a
phase lead of approximately -4◦. The theoretical an-
gle of attack profile is α(φ) = 2◦ + 2◦ sin(φ). The dark
green dots in figure 3 depicts the measured angle of
attack (ordinate on the right hand side). The mea-
sured mean angle of attack is αs = 2.0026◦ and the
amplitude is αamp = 2.009◦. As shown, the theoretical
and measured angle of attack profile are almost identi-
cal and no significant differences are detectable. Fur-
thermore, a computed cross-correlation between the
measured angle of attack and the measured velocity
profile exhibit a phase lag of 0◦. Hence, the both func-
tions are considered to be perfectly in phase. The high
agreement of the two measured signals to an ideal
sine, the reliable generation, and the good control of
the phase shift show that this unsteady wind tunnel is
suited for validating unsteady lift theories.

4 RESULTS: EXPERIMENTAL VALIDATION OF
UNSTEADY LIFT THEORY

First of all, the in phase setup is considered according
to figure 3. The free stream oscillation and the pitch
motion possess the same reduced frequency k and no

phase shift τ = 0. Only in this case, a superposition
of the two sources of unsteadiness is possible to ex-
tract the nonlinear behaviour of this oscillating system.
In the following, Reynolds number effects in the ex-
perimental data are negligible as shown by Strangfeld
[28].
Figure 4 shows the unsteady lift ratio at an averaged
Reynolds number of Re = 300000. The unsteady free
stream follows the function u(φ) = us(1 + 0.5 sin(φ))
and the angle of attack profile is α(φ) = 2◦+ 2◦ sin(φ).
Both motions are in phase and synchronised at a fre-
quency of f = 1.18Hz, which leads to a reduced
frequency of k = 0.097. Thus, the maximum angle
of attack and the maximum free stream velocity are
reached at φ = 90◦ and their minima at φ = 270◦.
All lift coefficients are normalised by the quasi steady
lift coefficient at the mean Reynolds number and the
mean angle of attack Cl(α = 2◦, Re = 300000). The
solid grey line shows the theoretical quasi steady lift
coefficient. At a phase angle of φ = 90◦, the an-
gle of attack is increased from α(φ = 0◦) = 2◦ to
α(φ = 90◦) = 4◦, hence the normalised lift coefficient
doubled up to 2. At φ = 270◦, the current angle of at-
tack is zero and the resulting quasi steady lift becomes
zero as well.
The black solid line in figure 4 represents the theoreti-
cal predictions of Isaacs’ generalised theory as devel-
oped by van der Wall. On the one hand, van der Wall’s
theory predicts a lift deficit during the pitch up motion
at an increasing free stream velocity compared to the
quasi steady case. The maximum based on theory
is Cl(φ = 98◦)/Cl,qs(α = 2◦) = 1.87. On the other
hand, a significant lift overshoot is predicted in the
range of the minimum angle of attack and free stream
velocity. The minimum lift ratio based on theory is
Cl(φ = 282◦)/Cl,qs(α = 2◦) = 0.536, although the
quasi steady lift is close to zero. Considering the pre-
dicted maximum and minimum, a phase lag of around
15◦ to the quasi steady lift is observable. Furthermore,
the experimental data are included in this plot as black
dots. These phase averaged values are smoothed by
means of a Fourier-series incorporating only the first
two harmonics. However, the amplitude and the phase
agree well with van der Wall’s theory. The maximum
measured lift ratio is Cl(φ = 98◦)/Cl,qs(α = 2◦) = 1.85
and the minimum is Cl(φ = 284◦)/Cl,qs(α = 2◦) =
0.492. The phase between theory and experiments is
reproduced with a maximum deviation of no more than
∆φ = 4◦. The close agreement between the theoreti-
cal predictions and the exerimental data suggests that
Van der Wall’s theory provides a very good descrip-
tion of the unsteady effects that produced the devia-
tions from quasi-steady loads observed in the present
experiments.
The corresponding baseline measurements allow a
separated evaluation of the two unsteady effects. The
blue line shows the lift coefficient ratio for an unsteady
free stream at a constant angle of attack of α = 2◦. Al-
though the wing is kept at a constant angle of attack,
the unsteady inflow generates dynamic effects which
affect the pressure distribution and loads as predicted
by Isaacs [7]. For 0◦ < φ < 180◦, the current free



stream velocity u(φ) is larger than us. In this range,
the dynamic effects reduce the predicted lift coefficient
ratio to a minimum of Cl(φ = 30◦)/Cl,qs = 0.935. At
φ > 180◦, u(φ) is below us. Nevertheless, the lift ra-
tio slope increases until a maximum lift overshoot of
around 27% is reached at φ = 264◦. The blue dots de-
pict the experimental data at an oscillating free stream
and a constant angle of attack. The time varying
lift coefficient Cl(φ) is normalised with the measured,
quasi steady lift coefficient Cl,qs of the correspond-
ing Reynolds number (linear interpolation of 11 base-
line measurements). For a better comparison of the
measured dynamic effects with the theory and also for
data smoothing, the measured coefficients are fitted
by means of the Fourier series including only the first
two harmonics [11]. In the experiments, the minimum
lift is at Cl(φ = 50◦)/Cl,qs = 0.926 and the maximum
lift overshoot of around 27% is reached at φ = 280◦.
The global trend and the amplitude between Isaacs’s
unsteady lift theory and the experiments agree very
well. Only a slightly phase shift between these two
lines of approximately 18◦ exists.
The green line shows the unsteady lift predicted by
Theodorsen [6]. The airfoil performs a sinusoidal pitch
motion at a constant free stream. At a phase angle
of φ = 0◦, the current angle of attack corresponds to
the mean angle of α = 2◦ (same at φ = 180◦). The
unsteady lift is normalised with the quasi steady lift at
the mean angle of Cl,qs(α = 2◦) = 0.219. The max-
imum based on theory is reached close to the max-
imum angle of attack at Cl(φ = 92◦)/Cl,qs = 1.85
although the amplitude is significantly smaller com-
pared with the quasi steady lift. The minimum lies
at Cl(φ = 272◦)/Cl,qs = 0.149 and is quite far away
from becoming zero. The phase averaged results are
depicted as green dots. The measured unsteady lift
is normalised with the measured quasi steady lift of
Cl,qs(α = 2◦) = 0.22 The comparison of experiment
and Theodorsen’s theory achieves a good agreement.
The small deviations of the two curves are in the range
of the measurement accuracy. Hence, this experi-
mental setup is able to reproduce the predicted lift re-
sponse due to a pitch motion in a very reliable and
accurate way.
However, the differential equations from van der Wall
yield a nonlinear behaviour of the unsteady free
stream and the pitching motion. A superposition of
the pure free stream oscillation and the pure pitching
motion quantifies the nonlinearity for this certain case.
The solid red line illustrates the theoretical superpo-
sition. In the first half, no large differences emerge
because the pure pitching motion is close to the com-
bined case and the pure free stream oscillation does
not contribute strong unsteady effects. During the sec-
ond half of this oscillation φ > 180◦, the superposition
(red) clearly deviates from the combined case (black).
As expected, the nonlinear system reveals another
amplitude as the superposition of the single effects.
This comes from the emitted wake vorticity. The in-
duced normal velocities on the airfoil chord possess
different strengths and phase lags and nonlinearities
arise. The red markers reveal the superposition of

the measured and phase averaged effects. It agrees
well with the predicted values in phase and amplitude.
The superposition yields almost the same effects and
the same differences compared to the combined case.
Thus, the nonlinear system response is reproduced
well by the experiments and the observed deviations
are comfortably in the range of the measurement ac-
curacy. Thus, based on this validation, van der Wall’s
theory is experimentally confirmed to be able to recap-
ture the unsteady behaviour due to pitching and high
velocity ratios.
Figure 5 shows the unsteady lift response at a mean
Reynolds number of R̄e = 300000. Two cases are con-
sidered, the in phase case τ = 0◦ and the paraphase
case τ = 180◦. Furthermore, two free stream velocity
amplitudes of σ ≈ 0.33 and σ ≈ 0.5 are investigated.
The measured, phase averaged time profiles of the in-
flow conditions are shown in the two subplots 5 (a) and
(d). The green line illustrates the measured sinusoidal
velocity profile for the high free stream velocity ampli-
tude of σ = 0.5 and the red line the medium amplitude
of σ = 0.33. According to the sinusoidal inflow, the an-
gle of attack profile is phase shifted. On the left hand
side at τ = 0◦, the angle of attack is a pure sine as
well and follows the function α(φ) = 2◦+ 2◦ sin(φ). On
the right hand side, the paraphase case with depicted
with τ = 180◦. The minimum angle of attack coincides
with the highest free stream velocity and vice versa.
Figure 5 (b) illustrates the in phase medium case with
σ = 0.34 at a reduced frequency of k = 0.08. The
measurements show a good agreement to the theory
of van der Wall. Figure 5 (c) shows the case which
was already discussed in the figure before. A compar-
ison of 5 (b) and 5 (c) reveals a similar behaviour in the
first half of the oscillation. The differences between
the unsteady lift and the quasi steady lift are similar.
In the second half, the σ = 0.51 case yields a higher
lift ratio compared to σ = 0.34. The experimental re-
sults shown in this figure were not smoothed and thus
an additional high frequency oscillation is visible at
240◦ < φ < 320◦, especially at σ = 0.51. At σ = 0.34,
this high frequency oscillation exists only in fragments
and is significantly reduced in its amplitude. It is be-
lieved by the authors that the occurrence of a sepa-
ration bubble close to the trailing edge causes these
fluctuations. Besides this high frequency lift fluctua-
tions, the measurements and the theory agree well.
Figure 5 (e) and 5 (f) reveal the results for the para-
phase case at medium and high velocity oscillation
amplitudes. At σ = 0.33, the measurements and the
theory of van der Wall agree well. Only in the range of
290◦ < φ < 330◦, the measurements deviate from the
theory. A higher lift is measured and an additional high
frequency oscillation is visible in this region. Thus, the
suggested separation bubble close to the trailing edge
might change the Kutta condition slightly and leads to
the observed deviations. The σ = 0.51 case shows
the same behaviour. The agreement is good except in
the range of 240◦ < φ < 330◦. The amplitude of the
additional fluctuation becomes stronger and reveals
larger deviations from the theory. To explain this phe-
nomenon in detail, further investigations are required.



However, a comparison of the in phase and the para-
phase cases yields much stronger unsteady effects for
the in phase case. At τ = 0◦, the maximum devia-
tion between the unsteady and the quasi steady lift
coefficient is more than 0.5 at φ = 270◦. At φ = 90◦

a deviation of around 0.2 is also visible. In contrast,
the paraphase cases show significantly lower differ-
ences between the unsteady and the quasi steady lift.
The maximum deviation is around 0.1 at φ = 270◦ and
σ = 0.33. At σ = 0.51, the unsteady lift tends closer
to the quasi steady case. Thus, these measurements
show that the phase shift of the oscillations, angle of
attack and free stream, has a strong influence on the
unsteady lift response which was already predicted by
the theory of van der Wall.

5 CONCLUSION

This experimental investigation illustrated a number of
important aspects relating to a thick airfoil subjected
to pitching and surging under pre-stall conditions. Ex-
periments conducted at large surge amplitudes, typ-
ically encountered on rotorcraft blades, proved to be
a sound basis for the validation of existing theories.
The comparison was satisfactory when the pitch-angle
and flow velocity were in phase. However, when they
were out-of-phase, the experiments exhibited a high
frequency oscillation that was traced to the formation
and shedding of a recirculation bubble near the trail-
ing edge that affected the Kutta condition. This was
caused by a combination low Reynolds number effects
on a relatively thick (18%) airfoil. Future experiments
should employ a thinner airfoil, such as a NACA 0012.
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oscillating free stream pitching airfoil unsteady wake vortex sheet

Figure 1: Sketch of a pitching airfoil in an oscillating free stream which generates an unsteady wake vortex sheet
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Figure 2: Sketch of the wind tunnel setup: The louver mechanism is placed at the end of the wind tunnel. The wing is
rotatable and the unsteady free stream velocity is recorded upstream of the wing via two hotwires.
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Figure 3: Comparison of the measured free stream velocity (dark blue circles) and the measured angle of attack (dark
green circles); the ideal sinusoidal functions u(φ) = (1 + 0.5 sin(φ))13.32m/s and α(φ) = 2◦ + 2◦ sin(φ) are
depicted as solid lines
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Figure 5: Unsteady lift ratio during synchronized, simultaneous pitching α(φ) = 2◦ + 2◦ sin(φ) and oscillating free stream
u(t) = us(1 + σ sin(φ)) for two phase shifts of τ = 0◦ and τ = 180◦ and variable free stream velocity amplitudes
of σ ≈ 0.33 and σ ≈ 0.5, k = 0.08 or k = 0.097, Re = 300000
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