
TWELFTH EUROPEAN ROTORCRAFT FORUM 

Paper No. 22 

A PARAMETRIC INVESTIGATION OF A FREE WAKE 
ANALYSIS OF HOVERING ROTORS 

A. Graber and A. Rosen 

Department of Aeronautical Engineering 
Technion - Israel Institute of Technology 

Haifa, Israel 

September 22-25, 1986 

Garmisch-Partenkirchen 
Federal Republic of Germany 

Deutsche Gesellschaft fur Luft- und Raumfahrt e. V. IDGLR) 
Godesberger Allee 70, D-5300 Bonn 2, F.R.G 



A PARAMETRIC INVESTIGATION OF A FREE WAKE 
ANALYSIS OF HOVERING ROTORS 

A. Graber* and A. Rosen** 
Depar-tment o·f Aeronautical Engineering 

Technion-Israel Institute of Technology 
Haifa, Israel 

ABSTRACT 

A recently developed free wake model of a hovering rotor is used 
in order to perform a study of the influence of different parameters 
on the accuracy and efficiency of the calculations. The parameters 
that will be investigated include: the spanwise and chordwise distri
bution of cells over the blade, the length of the near wake, the 
length of the straight vortex elements of which the near wake is 
assembled, the vortex core size, relaxation factors and the influence 
of including a correction for the self induction in the near wake due 
to the curvature of the real trailing vortex elements. This para
metric investigation is aimed at giving future users of free wake 
analyses guidelines on how to arrive at a numerical model which is 
accurate and still efficient. The last part of the paper will in
clude a free wake analysis of a rotor having swept blades in order to 
learn about the influence of the sweep back on the aerodynamic 
behavior. 

1. Introduction 

Free wake analysis of helicopters" rotors is a very important 
tool to investigate their aerodynamic behavior. While prescribed 
wake models usually give satisfactory results in forward flight, this 
is not true for hovering rotors. In this case the wake stays close 
to the rotor and large distances of wake have a significant influence 
on the aerodynamic behavior. This is especially true in the case of 
heavily loaded rotors where the use of prescribed wake models may 
yield poor predictions of the aerodynamic behavior. References 1-5 
are representative examples of free wake investigations of rotors. 
A more detailed list of references may be found in Ref. 4. 

While being a useful tool, free wake analyses on the other hand 
are very demanding when computer resources ar·e considered. This 
includes both: computing time and memory size. The computing time 
r~equired for a converged solution of one case is usually measured in 
CPU hours. The required computer resources is of course a function 
of the details of the model. Refinement of the blade or the wake 
description leads to a significant increase of the required computing 
time and memory size. Therefore it is not surprising that aerodyna
micists are always trying to find the delicate balance between 
accuracy and efficiency. 

The purpose of the present paper is to present a parametric study 
of the influences of different parameters (that define the numerical 
model details) on the accuracy of the results on one hand, and the 
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computing time on the other·. These results may assist future users 
of free wake analyses of rotors in deciding what will be the para
meters they are going to use. 

The models that have been developed in the past, by different 
investigators, present many differences among themselves. This may 
lead someone to wor1der if a parametric study, using a certain model, 
maybe of any help to somebody who is going to use a different model. 
Fortunately the answer is positive. Although there may be differ
ences between the models, they usually have important basic features 
in common. These common features include for example: the lifting 
surface is divided into cells in the spanwise and chordwise direc
tions, the wake behind the blades is divided into different regions 
(near wake, far wake etc.), the accuracy of the wake description is 
determined by the number of trailing vortex filaments behind the 
blade and the length of the vortex elements along these filaments
and other common features. This paper will present a study of the 
influence of the basic features which are common to most of the free 
wake analyses that have been reportad previously. 

The model that will be used for the present parametric study is 
described in detail in Refs. 4, 5. In the next section a brief des
cription of the model will be presented for the readers' convenience. 

The parametric study will include three different rotors having 
straight blades <Refs. 6-81. In all cases the rotors are relatively 
heavily loaded and thus presenting the region where a free wake ana
lysis is especially important. Moreover, one of the cases includes a 
four bladed rotor <most of the cases that have been reported in the 
past included two bladed rotors). Since most of the modern rotors 
include four or more blades - this four· bladed rotor· is interes·ting 
from a practical point of view. 

The rotors that will be analysed have been chosen because experi
mental data already exist for· tl1em. This data includes in most of 
the cases the spanwise distribution of the aerodynamic loads along 
the blade and the geometry of the tip vortex. Thus almost a complete 
comparison between theor·y and e>:per·i ment wi 11 be avai 1 able. This 
comparison will help in assessing the quality of the theoretical 
results. 

The present numerical model is capable of dealing with any geo
metry.of the blade. This is very important nowadays since modern 
rotors have swept tips or different nonuniform planforms of the tips. 
The last part of the paper will present a free-wake analysis of the 
influence of sweep back on the aerodynamic behavior of the blade. 
This will include both: the distribution of aerodynamic loads along 
the blade and the geometry of the wake. 

2. Brief Description of the Model and Solution Procedpre 

As already mentioned above, the model and solution procedure are 
described in detail in Refs. 4 1 5. Here only a brief description for 
the readers convenience is presented. 
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The model is based on the Vortex Lattice Method IVLMI which is 
widely used in the free wake analysis of fixed wings. Each blade is 
divided into cells, as shown in Fig. 1. Since the largest aerodyna
mic loads appear at the tip region, and since very drastic variations 
of these loads occur there, the number of cells is usually increased 
towards the tip. As can be seen in Fig. 1 this incr·ease in the num
ber of cells includes both: reducing the width of the cells and in
crea~ing the number of cells in the chordwise direction. The geo
metry of the cells will be described by the blades' cross sections 
that define their left and right boundaries, and by indicating the 
chordwise division of cells at each column of cells. 

The vorticity over the cell is concentrated on a horseshoe line 
vortex. This horseshoe is composed of a line vortex along the cell's 
quarter chord points and two bound trailing vortex filaments on both 
sides. At the mid span of the cell, at the three quarters chord 
point, a control point is located. At this point the condition of 
nonpenetration of the flow (tangency to the surface of the resultant 
velocity! is applied. 

Trailing vortex filaments leave the blades and form the wake. 
The number of the trailing vortex filaments behind every blade is n, 
where (n-11 is the number of columns of cells along the blade. The 
vortex filaments are numbered from left (root) to right ltipl. The 
circulation of these vortex filaments is constant and denoted [111, 
[(21 .. , f(nl (see Fig. 1). Any poin·t along the line is de·fined by 
its polar coordinates: r, ~. z (see Fig. 21. The azimuthal location, 
~. is the only independent variable that doesn't change during the 
solution procedure. The radial distance r and the axial distance z 
are calculated during the solution procedur-e. x,y,r and z are non
dimensional coordinates. The appropriate dimensional coordinates are 
obtained after multiplication by the total length of the blade. This 
length is equal to R lthe rip radius) in the case of straight blades. 

The wake is divided into near and far wake regions. The near 
wake starts at the trailing edge of all the blades and ends at a 
certain azimuthal distance behind it. In Fig. 2 the jth vortex fila
ment is shown. In the near wake region this filament is composed of 
straight vortex elements. The boundary points of these elements are 
denoted 11,JI, 12,jl •.. (m(jl,jl. m(j) is the last point in the near 
wake region. As indicated previously, while the azimuthal location 
of •very point does not change during the solution procedure, the 
radial and axial locations (r(i,jl and zli,JI, respectively) are 
calculated during the solution procedure. 

It is known that curved vortex filaments induce velocities on 
themselves. A very important contribution to the self induction at a 
certain point of the curved element comes from other points in the 
neighborhood. This contribution disappears when the curved vortex 
filaments are approximated as a chain of straight elements. There
fore a correction is introduced in order to take account of the last 
contribution. This correction is similar to the one suggested in 
Ref. 9. A circular arc is fitted to every consecutive triad of 
points along the trailing vortex filaments. The vortex filament seg
ment that includes the three points is approximated as a segment ol a 
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ring. The self induced velocity at the mid-point is obtained by sub
tracting from the self induced velocity of the ring the contribution 
of the part of the ring that does not include the segment itself. 

The far wake starts at the end of the near wake and is composed 
of semi-infinite helical vortex lines. The radius of this helix is 
equal to the radial location of the last point in the near wake, 
r(m(j),j). The pitch of the helix, pljl, is determined by the axial 
velocity which is induced at the last point of the vortex filament, 
at the near wake region. Thus it is clear that changes in the geo
metry of the near wake result in changes in the geometry of the far 
wake. The velocity which is induced by the semi-infinite helical 
vortex filaments along the blades and at all the points of the near 
wake, is calculated by applying a recently developed efficient method 
which is described in detail in Ref. 10. This method is a combina
tion of numerical and analytical integrations. 

In order to avoid singularity problems a vortex core model is 
used. Two vortex core models have been applied in Refs. 4 1 5. One 
is the classical model of Rankine and the other is a continuous model 
that has been suggested by Sully9. It should be pointed out that be
sides solving the singularity problem, the vortex core model is not 
intended to present additional physical phenomena like vortex core 
bursting11 or a non-penetration condition at the lifting surface12. 

The solution procedure is presented in the block diagram shown 
in Fig. 3. 

First, all the data concerning the: rotor geometry, angular velo
city, air-density, cell distribution over the blade, the length of 
the near~ wake, number of vorte>: elements in the near wake, vortex 
core-size, and relaxation factors is read. Then initial values of 
the circulation distribution are obtained. These values may be 
obtained by using other theories (for example a prescribed wake 
model or a blade- element/momentum model), or using empirical data. 
Similarily an initial geometry of the wake is assumed. This geometry 
may consist of semi-infinite helical vortex filaments that start at 
the trailing edge of the blade, or a deformed helical structure based 
on empirical data. 

Now the velocities which are induced at the near wake points, by 
all the elements of the flow field, are calculated. Knowing these 
vel oci ties, a new near- wake geometry is obtai ned by applying the 
condition that the wake is for-ce-fr·ee. After the geometry of the 
near wake is updated, the geometr-y of the far wake is also updated 
based on the conditions at the end points of the near wake. 

Based on the new geometry, the boundary conditions of non-pene
tration of the flow at the control points are applied. This yields 
a system of linear equations in the circulation strength of every 
cell. Solution of these equations yields the new vortex 
distribution. 

At this stage the convergence of the solution is checked. This 
check may include the vortex distribution and geometry of the wake. 
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It may be either an automatic check or interactive. If convergence 
is not satisfied, a new iter·ation is started up by computing the 
induced velocities over the near wake. 

In order to avoid oscillations during the iterative solution pro
cedur·e, relaxation factors are applied. This means that the new geo
metry is chosen at some point between the ''old'' geometry and the one 
which is obtained by direct application of the condition of a force
free wake (for more details see Refs. 4,5). After convergence, the 
aerodynamic loads are calculated by applying the Kutta-Jukowski law. 

of: 
The parametric study will include investigation of the influence 

the length of the near wake 
the number of cells and their distribution over the blade 
the angular length of the elements in near wake 
the vortex core size 
the relaxation factor 
self induced velocities due to curvature. 

3. Details of the Parametric Investigation 

3.1 Rotors Analysed in the Investigation 

As indicated above three different rotors are treated during the 
investigation. The details of the rotors are given in Table 1. 
These r~otors are identical to those r·eported in Refs. 5-7, wher~e 

experimental data is also provided. 

Table 1: Details of the Three Rotors 

rotor· No. 
reference number 
number of blades 
r·adius [mJ 
chord [m] 
solidity IT 

_aspect r·atio 
root cut out/radius 
the pitch angle at the root 
[degrees] 
washout angle lpretwistl 
Edegr·ees] 
cor1ing [degrees] 
cT!v 
tip velocity [m/secJ 

1 

1.1430 
0.1905 
o. 106 
6 
NA 
8 

(1 

NA 
0.0433 
150 

2 
6 
4 
0.75 
0.05 
0.0849 
15 
0.22 
16.2 

0.0919 
107 

7 
2 
1. 05 
0.0762 
0.0462 
13.78 
o. 134 

17.8 

-10.7 

1 .. 5 
0.099 

76.6 

The rotors will be referred to in what follows according to their 
number - 1,2,3. Unlike the others, rotor 2 has four blades, which is 
the number of blades in many of the modern rotors. This rotor !No. 
21 also presents a solidity typical of modern rotors while the 
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solidity of rotor No. 1 is relatively high and that of rotor No. 3 
relatively low. The aspect ratio shows similar trends to the 
solidity. The r·oot cut out of rotor No. 1 is not available and will 
be estimated as 0.2 of the rotor radius in the calculations. Error 
in this parameter should not have any important influence on the 
results. Rotors 2 and 3 have a linear· washout (pretwistl. The 
coning angle of rotor No. 1 is not available and therefore will be 
taken as zero in the calculations. 

The thrust coefficients are relatively high, while rotor No. 2 
exhibits the highest. The thrust coefficient of rotor 2 is calcu-
1 a ted by using the data of Ref. 13. 

The tip velocity in all three cases is relatively low so that 
compr·essi bi 1 i ty effect are not important and can be neglected. 

7 .., ._ ... ..:.. The Numerical Investigation 

The numerical investigation includes a total of twenty-one 
numerical configurations - siN configur-ations -of rotor· No. 1, eleven 
configurations of rotor No. 2 and four configurations of rotor No. 
3. The 
configurations' details ar·e given in Table 2. 

Each of the numer·ical configurations will be referred to in what 
follows according to its number as it appears in the first column. 
The number of columns of cells is equal to (n-11 where (as indicated 
above) n is the number of trailing vortices behind each blade. The 
present investigation includes only two different divisions into 
columns of cells. The first one includes eight columns which are 
defined by the following cross sections: x=xr 1 0.4, 0.6, 0.7, 0.8, 
0.85, 0.9, 0.95, 1.0 <xr is the root cut out cross section). The 
second division includes twelve columns, defined by the following 
cross sections: x=xr, 0.35, 0.45, 0.55, 0.65, 0.75, 0.8, 0.85, 0.9, 
0.925, 0.95, 0.975, 1.0. Each column may have a different number of 
cells in the chordwise direction. In the present investigation the 
chordwise division of any column is uniform. The number of chordwise 
cells runs between a single cell and up to four cells. There are 
four different kinds of distributions of cells which are denoted I, 
II, III and IV and are defined in Table 3. Configur-ations I and II 
have only one cell in every column (they have eight and twelve 
columns, respectively>. Configurations II and IV exhibit an 
increasing number of cells per column, toward the tip. 

The length of the near wake should be related to the number of 
blades. Previous investigations have indicated as an appropriate 
length an azimuthal length of two and a half times the azimuthal 
distance between neighboring blades. This means a near wake length 
of 450° and 225° for two and four bladed rotors, respectively. For 
rotors No. 1 and 2 the influence of using half or twice these dis
tances, will be investigated. 

Of prime interest is the azimuthal distance of the straight vor
tex elements that assemble the trailing vortices in the near wake 
region. This distance, while constant along a certain filament, may 
vary from one filament to the other. In Table 4 details of the six 
different combinations of elements" length are presented. 
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T bl 2 a e - D t ·1 e ., 9 0 f th e Numerical c r · on 1 glw a lOllS. 

Config. rotor· No. o'f chord- total near wake near wake vortex relax-
No. No. cell wise No. of 1 ength config.** core at ion 

columns div. cells [degrees] radius factor 
of ('l. of 
cells* rotor 

radius) 

1A 1 8 I I I 17 450 "' 0.8 0.5 
JB I a I I I 17 900 " o.s 0.5 
IC I 8 III 17 225 "' 0.8 0.5 
10 I 8 I 8 450 "' o.8 0.5 
IE I 12 II 12 45(1 " 0.8 0.5 
IF 1 8 III 17 450 "' o.8 0.8 
2A 2 12 II 12 225 8 0.8 (1.5 
28 2 12 IV 27 225 8 0.8 (1.5 
2C 2 12 1 I 12 225 8 0.4 (1.5 
20 2 12 II 12 225 8 1. 6 0.5 
2E 2 8 I 8 225 l 0.8 0.5 
2F 2 8 I 8 112.5 l 0.8 0.5 
2G 2 8 I 8 225 l o.s o.a 
211 2 8 I 8 450 l o.8 (1.5 
2I 2 12 II 12 225 8 0.8 0.5 
2J 2 12 II 12 225 ' 0.8 o.s 
2K 2 12 II 12 315 8 0.8 0.5 
3A 3 8 I 8 450 l 0.8 0.5 
38 3 8 I 8 '150 l 1.6 (1.5 
3C 3 8 I 8 450 l 0.8 0.8 
30-111-* 3 8 I 8 450 l 0.8 0.5 

*see Table 3, *.jj.see Table 4, .>Hf-lfWi thou f.: the se1 f induction correction 
$I.B.M. 30810 

T b a le 3 The Char d Wlse Distribution o f c ells. 

average 
CPU 
time 
per 
iter-
at ion 
[sec]$ 

210 
420 
160 
200 
430 
200 
560 
590 
560 
570 
230 
160 
240 
410 
310 

1000 
720 
230 
230 
230 
220 

~ 1 2 3 4 5 6 7 8 9 10 11 12 

c 

. 

I I 1 I I I I 1 1 - - - -
II 1 1 I I 1 1 1 1 I 1 1 1 

III 1 1 I 2 2 3 3 4 - - - -
IV 1 1 1 I 2 2 2 3 3 3 4 4 

Table 4 The Azimuthal Length of Vorte>: Elements in the Ne.;~r Wake [degreesJ. 

trai 1-
ing 
vortex 

no. 1 2 3 4 5 6 7 8 9 10 11 12 13 

~onfig. 

" 32 32 28 25 22.5 20 19 17 16 - - - -
8 25 25 22.5 20 19 17 16 15 IS 14 14 13 13 
l 25 22.5 20 19 17 16 15 14 13 - - - -
8 56 56 45 45 37.5 37.5 32 32 28 28 28 25 25 

' 12-5 12.5 11 10 9 8.5 8 7.5 7.5 7 7 6.5 6.5 

" 32 32 32 28 25 22.5 20 19 19 17 17 16 16 
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The vortex core model which will be used in the investigation is 
the classical Rankine model. In most of the cases (see Table 2> the 
vortex core radius is taken as 0.8X of 
check the influence of this parameter, 
0.4% and 1.6% will also be presented. 

the rotor radius. In order to 
results of taking values of 

The relaxation factor refers to the way in which the geometry of 
the new wake is determined. A relaxation factor of 0.5 indicates 
that the position of every point of the near wake is taken as the 
average between its ''old'' location and the location which is obtained 
by applying the condition that the wake should be free of forces (for 
more details see Refs. 4, 5). A value of 0.5 will be choser1 in most 
of the cases. Few cases will have a relaxation factor of 0.8 which 
means that the new geometry is closer to that obtained by the free 
wake condition <the contributions to the new geometry include 80% of 
the geometry obtained by the free wake condition and 20% of the ''old" 
geometry). All the configurations, except 30 1 include corr-ections 
for self induction. 

3.3 The Method of Presenting the Results 

The calculations of the different configur-ations were carried out 
until convergence of the load distribution was obtained. In all the 
cases, except configurations 1B and 2H (long near wake>, converger1ce 
of the wake geometr-y is also achieved. The average time per itera
tioh is given in Table 2. Few improvements in the numerical proce
dLwes have helped in reducing the time compared to what had been 
reported in Refs. 4, 5. 

The results that wi 11 be pr-esented and discussed are of two 
kinds: the aerodynamic load distribution along the blade and the 
wake g~ometr·y. 

The aerodynamic load distribution will be given as: lift coeffi
cient, circulation or· section loading distribution. Usually the 
same par a meter that was measur-ed e>: peri mentally, wi 11 be pr-esented. 

The wake geometry will specifically deal with the tip vortex geo
metry. In the calculations, in order to account for the wake roll
up, the "rolled-up" tip vor·te>: location is defined as the "center of 
mass" of the three outer tr-ailing vortices. Thus the equations 
describing this location are: 

n n 
I: r.r. I: z jrj 

j=ln-2> J J j=ln-2) r· = ztu = tLt n n 
I: :r.: I: :r. ' ' j=(n-2> J j=(n--2> J 

rtu' Ztu are the radial and axial nondimensional coordinates of the 
rolled-up tip vorte>:, respectively. 

Usually the circLtlation fn is much gr·eater than fcn-1> and 
fcn-2). Ther·efore the "rolled-up" tip vor·te>: location is mainly 
determined by the geometry of the nth vorte>: line. 
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E>(per-im£-?'ntal r-esults ·for- the tip vor-te>: geometry exist for rotor-s 
Nos. 1 and 2, but not for rotor- No. 3. 

4. Results and Discussion of the Parametric Study 

The parametric study will be presented according to the different 
parameter-s which are investigated.. While discussing a specific para
meter, results of differ·ent rotors will be compared.. Since experi
mental results of the wake geometry are not avai 1 able for- rotor- no .. 
3, in most of the cases the comparison will be restricted to rotors 
nos. 1 and 2. 

4.1 The Near Wake Length 

The influence of the length of the near wake, in the case of 
rotor no. 1, is shown in Figs. 4a,b. The standard near wake length 
Ia length of two and a half spacings between blades) is 450° Icon
figuration 1A). It is compared with a longer r1ear wake (900°, con
figur·ation lB> and a shorter one (225°, cor1figuration 1C>. It is 
shown in Fig. 4a that the spanwise lift coefficient distributions of 
the standar-d and long wake are very close. The shor-t wake e><hibits 
lower lift coefficients at the inner sections of the blade and thus 
shows better agreement with the e><perimental results. 

The geometr-y of the tip vorte>< is shown in Fig. 4b. The standard 
wake exhibits nice agreement with the experimental results. The in
fluence of the passage of the follower blade (after 180"1 is clearly 
seen in the theoretical and e>:peri mental results. The shor-t wake e><
hibits nice agreement in its axial position, but the contraction is 
too str-ong. The long wake is very pr-oblematic from a numerical point 
of view. Not only that each iteration r-equir-es a longer computing 
time lappro><imately twice the standard model!, but the convergence of 
the wake is slow and problematic and therefore will require a large 
number- of iterations. The calculations of configuration 1B started 
from an initial cylindrical geometry. The results presented in the 
figur-e are those of the twenty-fifth iter-ation. The wavy nature of 
the tip vorte>< location indicates that convergence has not been 
reached yet, and more iterations wi 11 be r-equir-ed for- proper 
convergence. 

Figures 5a,b present the influence of the r1ear wake length on 
rotor no. 2. Again, there is the standar-d length (configuration 2E, 
225°), longer· near wake (con·figur·ation 2H, 450°) and a shorter one 
(configuration 2F, 112.5°). The spanwise distribution of the circu
lation is presented in Fig. 5a. At the tip r-egion the standard and 
short wake practically give identical results, while the long wake 
results are higher. At the inner sections the results of the short 
and 1 ong near- wakes are higher- than the standar·d model. The shor-ter 
near wake gives better agreement witt1 the experiment at the inner 
cross-sections, while the longer near wake agrees better with the 
eMperimental results throughout. the whole length. It should be noted 
that in the present calculations the pitch angle of the blades is 
taken as the value given in the experimental data. There is no in
crease of the pitch angle during the calculations in order to match 
the theoretical thrust coefficient with the experimental value las 
was done for example in the calculations of Ref. 131. 
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The tip vorte>: geometry is descr-ibed in Fig. 5b. The agreement 
with the e>:perimental results of the a>:ial location is good for all 
the configurations. The sudden increase in the a>:ial induced velo
city as a r·esult of the passage of the follower blade (at an azimuth 
of ninety degr·ees) is clearly seen. In the case of the long near 
wake, a much smaller· influence of the passage of the second follower 
blade (one hundred and eighty degrees) can also be seen. The main 
difference between the configurations appear in the radial location 
of the tip vorte>:. The short near wake is too short to predict the 
actual contraction (recall that the radius of the last point of the 
near wake becomes the radius of the semi-infinite helical vorte>: 
line). The standard wake seems to be the best in describing the con
traction. After the passage of the follower blade the experimental 
results exhibit a significant decrease in the rate of contraction and 
the last points show a tendency to approach asymptotically a constant 
value of contraction. The standard model presents a decrease in the 
rate of contraction, similar to the e>:perimental results, but still 
the theoretical rate is larger than that shown by the experimental 
points. The long near wake also shows a reduction in the contraction 
rate as a result of the passage of the follower blade. But this 
r·educed rate is much higher than the exper-imental rate, and does not 
show a tendency to appr·oach asymptotically a constant value of con
traction during the first revolution. Therefore, because of the 
longer near· wake, the contr-action of the wake is much larger than in 
the case of the other· configur-ations. This is probably the reason 
for the increase in the aerodynamic loads (of this configuration) at 
the tip region of the blade (see Fig. 5a). Similar to the case of 
r·otor- no. 1 the long near· wake has not conver·ged yet Cat the twenty
fifth iteration) and the convergence procedure is slow and tends to 
be unstable. The results of rotor no. 2 indicate that it is possible 
that a near wake of 225° for~ a four- bladed r-otor- may be too short to 
yield the correct contraction. On the other hand a wake of 450° 
fails to predict correctly the asymptotic approach to a constant 
contraction after the passage of the follower blade. In addition a 
near wake of 450° is very unstable and exhibits convergence difficul
ties. In order to clarify this point, further numerical investiga
tion is required together· with exper-imental measurements of the tip 
vortex geometry along longer distances (see additional results in the 
concluSions). 

4.2 The Number of .Cells in the Chordwise Direction 

Figure 6 shows the influence of increasing the number of chord
wise cells in the tip region, on the lift coefficient distribution 
along the blades of rotor no. 1. The standard configuration CIA) has 
a total of seventeen cells i ncr·easing fr·om one; chordwi se cell at the 
r·oot region to ·four chordwise cells at the tip. The standard con
figuration is compared with configuration 1D having only one cell in 
the chordwise direction (over· the whole length>. As can be seen, the 
differences between both cases are negligible. The wake geometry is 
not presented since practically both configurations yield identical 
results. It should be noted that the blades of rotor no. 1 have a 
low aspect r·atio and therefore these results ar·e not fully expected. 
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Experimental results for the tip vortex geometry exist for rotors 
Nos. 1 and 2, but not for rotor No. 3. 

4. Results and Discussion of the Par~ametric Study 

The parametric study will be presented according to the different 
par·ameter·s which ar·e investigated. While discussing a specific para
meter, results of different rotor-s will be compared. Since experi
mental results of the wake geometry are not available for rotor no. 
3, in most of the cases the comparison wi 11 be r·estr i cted to rotors 
nos. 1 and 2. 

4.1 The Near Wake Length 

The influence of the length of the near wake, in the case of 
rotor no. 1, is shown in Figs. 4a,b. The standard near wake length 
(a length of two and a half spacings bet••een blades) is 450° (con
figuration lA). It is compared with a longer near wake (900°, con
figuration 1B) and a shorter one (225°, configur·ation lC). It is 
shown in Fig. 4a that the spanwise lift coefficient distributions of 
the standar-d and 1 ong wake are very close. The shor·t wake e>:hi bits 
lower lift coefficients at the inner· sections of the blade and thus 
shows better agreement with the e>:perimental results. 

The geometr-y of the tip vor·tex is shown in Fig. 4b. The standard 
wake exhibits nice agreement with the experimental results. The in
fluence of the passage of the follower blade (after 180°) is clearly 
seen in the theoretical and experimental results. The short wake ex
hibits nice agreement in its axial position, but the contraction is 
too str·ong. The long wake is very pr-oblematic from a numerical point 
of view. Not only that each iteration r·equires a longer computing 
time (appr·m: i matel y twice the standard model), but the convergence of 
the wake is slow and problematic and therefore will require a large 
number· of iterations. The calculations of configuration 18 star·ted 
from an initial cylindrical geometry. The results presented in the 
figure are those of the twenty-fifth iteration. The wavy nature of 
the tip vor··tex location indicates that conver·gence has not been 
reached yet, and more iterations wi 11 be r·equi r·ed for· proper 
convergence. 

Figures 5a,b present the influence of the near wake length on 
r·otor no. 2. Again, there is the standard length <configuration 2E, 
225°), longer near wake (configur·ation 2H, 450°) and a shor·ter one 
(configuration 2F, 112.5°). The spanwise distribution of the circu
lation is presented in Fig. 5a. At the tip region the standard and 
short wake practically give identical results, while the long wake 
results are higher. At the inner sections the results of the short 
and long near· wakes ar·e higher· than the standard model. The shorter 
near wake gives better agreement with the experiment at the inner 
cross-sections, while the longer near wake agrees better with the 
experimental results throughout the whole length. It should be noted 
that in the present calculations the pitch angle of the blades is 
taken as the value giver1 in the experimental data. There is no in
crease of the pitch angle during the calculations in order to match 
the theoretical thrust coefficient with the experimental value (as 
was done for example in the calculations of Ref. 13). 
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The tip vortex geometry is described in Fig. 5b. The agreement 
with the experimental results of the axial location is good for all 
the configurations. The sudden increase in the axial induced velo
city as a result of the passage of the follower blade lat an azimuth 
of ninety degr·ees) is cle«rly seen. In the case of the long near 
wake, a much smaller· i nf 1 uence of the passage of the second fall ower 
blade lone hundr-ed and eighty degr-ees) can also be seen. The main 
difference between the configurations appear in the radial location 
of the tip vortex. The short near wake is too short to predict the 
actual contraction (recall that the radius of the last point of the 
near wake becomes the radius of the semi-infinite helical vortex 
line). The standard wake seems to be the best in describing the con
traction. After the passage of the follower blade the experimental 
results exhibit a significant decrease in the rate of contraction and 
the 1 ast points show a tendency to appr·oach asymptotically a constant 
value of contraction. The standard model presents a decrease in the 
rate of contraction, similar to the experimental results, but still 
the theoretical rate is larger than that shown by the experimental 
points. The long near wake also shows a reduction in the contraction 
rate as a result of the passage of the follower blade. But this 
reduced rate is much higher than the experimental rate, and does not 
show a tendency to appnJach asymptotically a constant value of con
traction during the first revolution. Therefore, because of the 
longer near· wake, the contr·action of the wake is much larger than in 
the cas<• of the other· configur-ations. This is probably the reason 
for the increase in the aerodynamic loads (of this configuration) at 
the tip region of the blade (see Fig. 5al. Similar to the case of 
r·otor· no. 1 the long near· wake has not conver-ged yet lat the twenty
fifth iteration) and the convergence procedure is slow and tends to 
be unstable. The results of rotor no. 2 indicate that it is possible 
that a near wake of 225° for a four~ bladed r~otor~ may be too short to 
yield the cor-rect contr·action. On the other hand a wake of 450° 
fails to predict correctly the asymptotic approach to a constant 
contraction after the passage of the follower blade. In addition a 
near wake of 450° is very unstable and exhibits convergence difficul
ties. In order to clarify this point, further numerical investiga
tion is required together· with e>:per·imental measurements of the tip 
vorte>: geometry along longer· distances (see additional results in the 
concluSions). 

4.2 The Number of Cells in the Chord•Jise Direction 

Figure 6 shows the influence of increasing the number of chord
wise cells in the tip region, on the lift coefficient distribution 
along the blades of rotor no. 1. The standard configuration llAl has 
a total of seventeen cells increasing from one chordwise cell at the 
r·oot region to ·four chor·dwi se cells at the tip. The standard con
figuration is compared with configuration ID having only one cell in 
the chordwise direction Cover the whole length). As can be seen, the 
differences between both cases are negligible. The wake geometry is 
not presented since practically both configurations yield identical 
results. It should be noted that the blades of rotor no. 1 have a 
low aspect ratio and therefore these results are not fully e>:pected. 
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Similar· results are shown in Fig. 7 for rotor no. 2. The 
standard configur-ation 2A (with a single chordwise cell) is compared 
with configuration 2B having a total of twenty-seven cells. Only 
negligible differences appear at the tip region. Again the tip 
vorte>: geometry is identical in both cases and is not presented here. 

In Fig. 8 the build up of the circulation, in the last column of 
cells of configuration 28, is compared with the constant circulation 
of configuration 2A. As expected from Fig. 7 the value of the cir
culation leaving the trailing edge is practically identical in both 
cc:--:\ses. 

As showr1 in Table 2, increasing the number of chordwise cells 
results in an insignificant incr-ease of the aver·age CPU time per 
iteration. This is due to the fact that the calculation of the new 
wake geometr·y (which consumes most of the computing time) is or1ly 
very slightly influenced by an increase in the number of cells. 

On the other- hand it has been found in differ-ent cases that 
increasing the chordwise number of cells tends to stabilize the 
convergence procedure. 

4.3 The Spanwise Distribution of Columns of Cells 

The spanl.r'Jise distribution of columns of cells is important since 
it not only affects the accuracy of modelling the lifting surfaces, 
but it also determines the number of trailing vortex filaments. 
While investigating this point, configurations that include eight 
and twelve columns wi 11 be compar-ed. The incr-ease of 11 col umns 
density'' occurs mainly at the tip region. 

In the case of rotor no. 1 configuration lD includes eight 
columns while configLwation lE has t.~elve columns. Figure 9a shows 
that as a result of increasing the number of columns the lift 
coefficient is decreased, especially towards the root region. As a 
result the agreement with the experimental results is improved. 

As shown in Fig. 9b the a>:ial location of the tip vortex is only 
very slightly changed as a result of increasing the number of 
columns. The contr-action on the other hand is decreased and the 
agr~ement with the experimental results is improved. 

Similar trends also appear in the case of rotor no. 2. Figure 
10a shqws that as a result of increasing the number of columns, the 
circulation at the inner cross-sections is decreased and the peak at 
the tip becomes more pronounced. Concerning the tip vortex geometry, 
the configuration with twelve columns (2Al exhibits very nice 
agreement with the experimental results, while the configuration 
having only eight columns C2E> shows greater deviations. 

The results of both rotors indicate that having twelve columns 
of cells seems to give good results. But at the same time the CPU 
time per iteration is increased significantly compared to eight 
columns. 
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4.4 The Azimuthal Length of the Vortex Elements Composing the Near 
Wake 

The azimuthal length of the elements in the near wake is con
sidered as a very impor·tant par·ameter.. Si nee small elements require 
a lot of computing time lsee Table 21 the investigation will include 
only rotor no. 2. For the case of thirteen trailing vortex lines 
behind every blade, and a near wake length of 225°, three different 
configurations ar-e compar-ed. Configur-ation 2A is the standard one, 
having elements ranging from an azimuthal length of 25° at the r·oot 
to 13° at the tip. Configuration 21 presents a coarser near wake 
where the length ranges between 50° and 26°. Configur-ation 2J 
includes the largest number of elements in the near wake, the length 
of which ranges betweer1 12.5° and 6.5°. 

Figure lla presents the circulation distribution. Configurations 
2A and 21 show simi 1 ar behaviour where the coarser near wake <2!) 
exhibits slightly higher peak at the tip, and a lower minimum at the 
0.85 spanwise station. Configuration 2J shows the smallest peak at 
the tip, and from the tip to the root (unlike the other configura
tions) ther·e is a smooth decr·ease. It should be noted that this 
smooth decrease is in contrast to the experimental results that 
exhibit an increase ir1 the circulation while going fr·om cross
section 0.85 towar-ds cross-··section 0. 75. This trend is also shown 
in the numerical results o·f configurations 2A and 2I. 

The tip vortex geometry is presented in Fig. lib. Concerning the 
a>~ial location, configurations 2A and 2I agree very well between 
themselves and with the experimental results. Configuration 2J 
exhibits a larger axial velocity of the tip vortex. Concerning the 
radial location of the tip vortex the trends are different. In this 
case configurations 2A and 2J show nice agreement between themselves 
and with the experimental r·esul ts. The coar·se near wake (conf i gLwa
tion 2II yields a rate of contraction which is too large towards the 
end of the near wake. Thus it can be concluded that the standard 
near wake yields the best results concerning the tip vortex geometry. 

It is also worth pointing out that configuration 2J, besides re
quir-ing a lot of computing time per iteration, also exhibits conver
gence and stability problems which makes it unattractive to use. 

4.5 The Vor-tex Core Radius 

Figure 12 presents the influence of the vortex core radius on the 
spanwise circulation distribution, in the investigation of rotor no. 
2. The standard configuration 12Al has a core r·adius of 0.8 percent 
of the rotor radius.. Configur·ation 2C has a smaller core with a 
r-adius of 0.4 per-cent, while configur-ation 20 has a core r-adius of 
1.6 percent of the rotor radius. It should be noted that all the 
vortex filaments, bound and free, have the same vortex core size. 

The configLwations having the standard cor .. e and the smaller one 
yield identical results. The configuration having the larger core 
1201 gives higher circulation values at the tip region. The reason 
for this increase is that in this case the control points of the 
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cells at the tip are within the core region. Therefore the induced 
velocities at these points are decreased, causing an increase of the 
aerodynamic loads. 

The tip vortex geometr·y is identical for the three configurations 
and therefore not pr·esented here. 

Similar results have also been obtained for· rotor· no. 3 
(configurations 3A,3B). 

The present results indicate that if a vortex core model is used 
in order to avoid singularity problems (and not to model physical 
phenomena as, for example, vor·tex bur·sting), then one should keep the 
core radius small enough in order~ to prevent i nf I uences of the core 
size on the results. On the other hand a too small radius may cause 
difficulties during the calculations. 

4.6 The Relaxation Factor 

As indicated above, the r·elaxation factor· is introduced in or·der 
to avoid instabilities during the iterative solution procedure. In 
order to investigate the influ<mce of the magnitude of the rela:.:a
tion factor, results for· two values (0.5 and 0.8) will be pr·esented. 

Figure 13 presents the variation of the thrust coefficient with 
the iter·ation number·, for· r·otor· no. 2. Configur-ation 2E incorpor-ates 
a r·ela>:ation factor of 0.5 while in configuration 2G the factor· is 
0.8. The initial wake geometry in all the present calculations is 
composed of semi-infinite helical vor·tex lines. 

The case of using a higher relaxation factor exhibits a faster 
asymptotic convergence towards a value which is practically constant. 
After a small overshoot the tenth iter·ation pr·esents in fact a con
verged solution. The convergence is much slower· when a r·elaxation 
factor of 0.5 is used. Although the results in this case practically 
converge to the same value as in configuration 2G, they still show 
small oscillations after· t•Jenty-five iterations. As expected from 
the results of the spanwise distribution of loads, the value of the 
cal cui a ted thrust coefficient is 1 ower· than the ex per· i mental result 
(see the comment in subsection 4.1). 

Figure 14 presents results for rotor no. 3. In this case the 
trends are completely different.. Use of a rela>:ation factor· of 0.5 
exhibits a relatively nice convergence. From the second to the 
seventeenth iteration ther~e is a very sl ot--J monotonic increase of the 
thrust coefficient. From the eighteenth to the twenty-third itera
tion there is a faster rate of incr·ease, and then the calcula·ted 
values r·emai n almost constant and agr·ee ver·y well with the exper·i
mental value. Using a r·ela:·:ation factor of 0.8 e><hibits an 
increasing instability without a satisfactory convergence. 

In Fig. 15 results for· r·otor· no. 1 are pr-esented. The trends 
are similar to the case of r·otor no. ~ While the use of a rela>:a-·->. 

tion factor of 0.5 shows relatively nice conver-gence, increasing 
instability is presented whi 1 e applying a r·ela}~ation factor of 0.8. 
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The difference in the behavior while using a rela><ation factor of 
0.8, betwen rotor no. 2 and rotors nos. 1 and 3, may be a result of 
the differences in the near wake length. In the case of rotor no. 2 
this length is 225° while in the two other cases it is 450°. This is 
also related to the number· of blades. Fur-ther investigation is 
necessary in order to obtain a better insight into the nature of the 
influence of the rela><ation factor. In the meantime it seems that a 
value of 0.5 is appropriate in most of the cases. Higher· values of 
r·el a>:ati on factors may give faster convergence, but they should be 
used with caution. 

4. 7 Corr·ection for· Self Induction 

The correction has been explained in the previous section. In 
Fig. 16 results for rotor no. 3, with (configuration 3Al and without 
(configuration 3D) self induction correction, are presented. 

Figure 16a presents the spanwise circulation distribution. It is 
seen that the influence of the self induction is very small and prac
tically negligible. The theoretical results agree very well with the 
e><perimental results. 

The tip vorte>: geometr·y of both configurations is presented in 
Fig. 16b. Again the differences are very small. 

5. The Influence of Sweep Back 

As indicated above the present model can deal with lifting 
surfaces having any planform. This capability will be used in order 
to investigate sweep influences. This investigation will include a 
comparison between a swept blade and a similar straight blade. 

Rotor· no. 3 is the basic r·otor· having straight blades. The swept 
blades are obtained lsee Fig. 17a) by "cutting'' the outer thirty per
cent of the blade and sweeping them back by 30°, relative to the 
other· seventy per· cent. Thr2 pl anf or·m of thr2 swept par·t is identical 
to the same part of the straight blade le>:cluding for the sweep) 
e>:cept for the tip which is parallel to the y a>:is lthe area of the 
straight and swept blade are identical). It is clear that cross
sections perpendicular to the a>:is of the swept poition will "see'' a 
different flow field, even when induced velocities are not consider-ed. 
Therefore in order to try and compare two rotors which are 11 Simi 1 ar 
to the ma><imum'', the pitch angle of the cross-sections of the swept 
por-tion lthe angle is measured about the swept a>:isl is changed. 
This angle is obtained by multiplying the pitch angle of the same 
cross-section of the straight blade by the factor f defined as: 

f = [ (p-p ) 
sinJ 1 ]2 
sin/\ cosi/\-J) 

s 

where 

( p- 1' )sin/\ 
s 

l = arc tg 
1' +lp-f' Ieos/\ 

s s 
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1 is a nondimensional coordinate along the blade axis, equal to zero 
at the ~oot _an unit at the tip. Is is the coo~dinate of the cross
section whe~e the sweep back takes place and {\ the sweep angle ther·e. 
It has been shown in Ref. 14 that based on a blade element theo~y, 
assuming identical induced velocity and neglecting small te~ms, both 
~oto~s will give identical ae~odynamic loads. The division into 
cell~ is identical to the straight blade Cconfigu~ation 3Al and shown 
in Fig. 17a as configLu-ation SWl. 

As can be seen from the ci~culation dist~ibution along the blade 
!Fig. 17al 1 the load at the tip ~egion is similar in both cases. On 
the other hand, at the sweep back ~eglon the~e is a significant in
fluence which indicates that as a result of a sweep a trailing vortex 
filament appears which is much stronger tt1an the trailing vortex 
leaving the same ~egion of the st~aight blade. Because of this beha
vior it seems that at the sweep back region, a r-efinement of division 
of cells is desir-ed. Configur-ation Sl.>J2 pr·esents such a refinement 
(see Fig. 17al. It is seen that as a ~esult of this refinement, 
shape change of the ci~culation at the sweep point is obtained. The 
intensity of the trailing vortex filament at this point is thirty 
percent of the strong tip vortex. Investigation of the wake (not 
seen her· e) reveals a roll-up phenomenon associ a ted o1i th this f i 1 a
ment, similar to what happens in the case of the tip vor·tex. 

The geometry of the tip vor·tex in the case of the three configu
r-ations is shown in Fig. 17b. The axial location is very similar in 
all the cases. There are some differ·ences in the r·adial location. 
The decrease in the initial point is due to the fact that the radial 
location is normalized by the length of the blade lfr·om rotor center 
to tip). In the case of the swept blade the length is larger than 
the radius of the tip. Besides these geometrical differences, it 
can be concluded that the r·adial location of the tip vortex is also 
similar in all the cases. 

The present results indicate that sweep back introduces interest
ing phenomena in the aerodynamic behaviour- of blades. Further inves
tigation is required in order to get better insight into this 
influence. 

6. Conclusions 

Based on the parametric investigation presented in this paper, 
the following conclusions are drawn: 

Near wake length - for a two-bladed r·otor a near· wake length of 
450° is appropriate. This length requires long computing time 
and tends to instability if appropriate relaxation factors are 
not applied. For a four-bladed rotor a near wake of 225° lor 
slightly longer) seems to give fair r·esults. It has been shown 
that taking very long near wake increases the computing time 
significantly and introduces convergence difficulties. 

Number of cells in the chordwise direction - increasing the 
number of cells in the chordwise direction does not seem to 
change the results. On the other hand such an increase may 
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introduce better stability of the iterative computing 
pr·ocedur·e. Increasing the number· of chordwi se cells has only a 
mild influence on the required computing time. 

The spanwise distribution of columns of cells - twelve columns 
of cells, with increased number of columns at the tip region, 
seems to give good results for· two- and four--bladed rotors. On 
the other hand it r·equires much more computing time compared to 
eight columns that offer results which in certain cases may be 
of sufficient quality. 

The azimuthal 1 ength of the vor·tex element of the near wake - a 
near· wake composed of vorteN elements r·anging from an azimuthal 
length of 25° at the root to 13° at the tip, gives good results 
for two- and four-bladed rotor·s. 

The radius of the vortex core - in cases where the vor·tex core 
is introduced in order to avoid singularity problems, if it is 
kept small enough then it does not have influence on the results 
themselves. 

The relaxation factor - the rela>:ation factor is very important 
to the stability of the iter·ative procedure. A r·ela>:ation 
factor· of 0.5 seems to be appropriate for a wide range of 
configurations. Higher· r·ela>:ation factors may accelerate the 
convergence procedur-e, but on the other hand, they may cause 
instability of the iterative procedure. Therefore the use of 
higher relaxation factor·s r·equir·es special caution. The 
question of the optimal combination of rela>:ation factors (one 
may apply differ·ent rela>:ation factors to different parameters) 
still remains open and r·equires further investigation. 

Corr·ection for self induction - has only a negligible influence 
on the r·esul ts. 

Sweep back - as a result of sweep back of part of the blade, a 
relatively strong trailing vorte>: filament is formed at the 
sweep back region and the aerodynamic 1 oads at t.hi s r·egi on are 
significantly changed, relative to a similar straight blade. A 
further· investigation is r·equir·ed in or·der· to get a better 
insight into the influences of sweep back. 

The present study offers guidelines on how to choose a proper 
configuration for a free wake analysis of a certain r-otor. Thus, 
for· e}~ample, configuration no. lE seems to be a good choice for· a 
two-bladed r·otor (see Figs. 9a,b). For a four-bladed rotor·, configu
r·ation 2A seems appr-opriate. But based on the r·esults of the present 
study, e>:amination of a longer· near wake is appealing. Thus configu
ration 2K has been calculated. The r·esults are shown in Figs. 18a,b. 
As can be seen the longer· near· wake (315°) presents an i mpr·ovement in 
the agreement with the experimental results. It is still up to the 
user to decide if the slight increase in the quality of the results 
are wor·th the lar·ge incr·ease in CPU time. By e>:amining the present 
results the aerodynamist has important information which helps him 
to find the delicate balance between accurancy and efficiency. 
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It is also worth mentioning, as indicated in Refs. 4,5, that the 
total r·equired computing time may be dr-amatically reduced by starting 
the calculations from an initial wake geometry which is better than 
that composed of semi-infinite helical vortex filamer1ts. This ini
tial geometry may be obtained from calculations using simpler (and 
therefore cheaper to run) configuration, or using e>~isting empirical 
data. 
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