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Abstract

Starting from a representation of the helicopter as a multi body system
a rigorous linearization procedure is presented. Using this procedure exact
solutions of the complete nonlinear eguations of motion may be obtained by
combining Floguet theory and the method of guasilinearization.

1. Introducticn

By far reaching agreement a today's helicopter model for aercelastic
problems has to include an elastic fuselage and various rotor systems with
elastic blades, geometric and aerodynamic nonlinearities, provisions for
stability analysis, automatic synthesis of equations of motion, and-frequency
response. At the same time any numerical helicopter model must be sufficiently
general, consistent, verifiable and manageable (Ref. [1], [2]). The same
conditions are to be satisfied by models of wind turbines with elastic tower.
To meet the above requirements more closely, MBB is developing the multi body
system program Vibrat in addition to well approved programs established at
MBB, {(Ref.[3]). The new program 1is a general aeroelastic stability and dynamic
response program designed to model helicopters as well as wind turbines.

The multi body system has tree structure with a maximum of six branches
to model the blades. The main components of the aercelastic model are listed
below, see Fig. 1:

I. HelicoEter

- Fuselage (elastic body, finite element model)

Gearbox (rigid body)

Rotorshaft (elastic body, massless)

Multibladed rotor {elastic blades, continuum beam mcdel)
II. Wind Turbine
- Tower (elastic body, finite element model)
- Nacelle (rigid body)
- Rotorshaft (elastic body, massless)
- 8ingle or multibladed rotor {elastic blades, continuum beam model}
The rigid or elastic bodies are interconnected by "hinges", every branch

has twenty-one hinges at most which define the coupling between the bodies.
The formulation and solution of the eguations of motion are further discussed



in the following sections with emphasis on the derivation of the inertial
terms, The derivation of the structural, aerodynamical and gravitational
terms in the equations of motion are beyond the scope of this paper, but
nevertheless some additional remarks are given.

Special attention is given to the modelling of modern bearingless
rotor systems with redundant load paths and complex control system kinematics.
Geometric nonlinearities in the structural terms due to moderate deformations
of the blades are accounted for, see Ref, [4], [5].

The aerodynamic blade loads are calculated by a combined guasi-static
blade element and vortex disc theory, which is adeguate for both helicopter
roteors, propellers and wind turbines. The aerodynamic section loads are found
from measured nonlinear airfeoil data including static stall, compressibility
and reverse-flow effects. The aercdynamic coefficients are functions of the
local angle cof attack and Mach-number. They are calculated by a table-look—-up
followed by a two-dimensional spline interpolation and differentation. The
vortex disc theory for lifting airscrews in oblique flow by G.I. Maykapar
(see Ref, [6]) is used for the calculation of the averaged rotor induced
velocities by an iterative scheme. The integral representation of the induced
velocity harmonics is taken from the same reference to calculate wvariable in-
flow efifects. For wind turbine problems special attention is given to shear
flow and tower shadow effects,

2., Taylor expansion

It is wel)] known that many of the helicopter instabilities are due
to geometric or aerodynamic nonlinearities. Hence general helicopter equa-
tions are necessarily nonlinear, To solve these the following procedures have
been conveyed or suggested:
- direct numerical integration of the nonlinear eguations (e.g. Ref. [3])

- linearization:
physical {ordering scheme)

mathematical (Taylor expansion).
The main advantage of the methods using linearization compared to
direct scolution procedures is the availability of
- the full power of the theory of linear differential equations, in particular

- the theory of linear differential equations with periodic coefficients
(Floguet-Liapunoff)

- eigen~solutions for stability analysis
- a high degree of verifiability by step~by-step comparison of known linear

analytical models with numerical results.

The inclusion of elastic bodies also demands for a consistent expansion of
the strains.
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Linearization, mathematical as well ag physical amounts to neglecting
second and higher order terms. The suppressed terms need not be necessarily
identical for the engineer and the mathematician. If for instance the blade
flap angle B is considered small together with its time derivatives, then a
formal Taylor expansion would neglect the Coriolis term 88, although it is
known to play a prominent role in rotor dynamics (Ref. [7]). Any model obtained
by mathematical linearization therefore has to be sufficiently general to
include all known physically important terms. Vibrat for example admits an
expansion B = B + AB. The above Coriolis term then is recovered in the summands
of the first order expansion . .

BE =B + B +8 + AB + AB » B.

At first sight it might be tempting to mix mathematical and physical
linearization. Thus one could start with a Taylor-expansion and apply ordering
schemes whenever the jungle of formulas seems to become impenetrable. On the
other hand, numerical stability of solution procedures is closely connected
to symmetry properties of the equations of motion. These symmetry properties
are conserved best when using a consistent, i.e. a unified linearization.

The option taken by Vibrat is a rigorous Taylor expansion of first order.

3. Quasilinearization

Te be profitable the advantages of linearity have to be augmented by
some method to get the sclutions of the linearized eguations from the solutions
of the nonlinear equations. To overcome this obstacle Vibrat uses quasiline-
arization, i.e. convergence of the "linearized" solutions to the "nonlinear”
ones.

As an example consider Euler's equation for a physical pendulum

(1) wlw + I -m * r g =

where I represents inertia, w angular velocity, m mass, g gravitation, and
r locates the center of gravity.

This equation depends nonlinearly on the attitude angles 91, 6 63
of orientation and their time derivatives. Quasilinearization now glves a
sequence of linear eguations

(2) M(ik) . Aik + c(Ek) . Aik + K(x) + bx = fcﬁk) , with

(3) f(xk) = mkI[mk + Iwk -m*rag.

t

Here the attitude angles were collected in a vector x = {91 62 63) and

expanded as x = x + Ax.

From the theory of quasilinearization (Ref. [8]) it is known that both sides
of (2) tend to zero as k increases. This implies the convergence of the Wy
to the true angular veloccity w.
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4. Floguet-Liapunoff theory

As stated before, Vibrat was designed as a supplement to existing well
proven simulation programs, developped at MBB. Although not confined to
stationary flight conditions these are the typical application areas of
Vibrat. Mathematically speaking, a linear boundary value problem with
periodic coefficients and excitation is solved by the Floguet-Liapunoff
theory. In contrast to simulation procedures where in general many revolu-
tions of the rotor have to be considered, the time domain for the boundary
value problem consists of only one revelution. For a symmetric rotor with m
identical blades it even reduces the time to the m-th part of a revolution
through multi-blade toordinates {[2]}. Moreover, in many practical cases the
use of multi-blade coordinates transforms the pericdic coefficients to
constant ones (exactly or approximately) thus reducing also complexity of
the problem considerably.

5. Multi body system (MBS}

4 further requirement of Vibrat was its easy manageability. In par-
ticular, data input should be small compared to large FEM-programs as NASTRAN.
In addition the Vibrat input data had to be adapted to the usual output forms
of measured and computed data in use at MBB. This was achieved by cheosing
an MBS model with hybrid coordinates {(Ref. [10,11]). Its motion is completely
determined by the relative motion of contiguous bodies against each other.
Figure 2 illustrates how in a system of n bodies Bl""' B, an arbitrary
body B; is connected with and moves relative to its predecessor B;_i.

Together with the legend the figqure determinates the chosen MBS in a very
simple manner.

6. Block-diagram

In addition to the stated characteristics Vibrat includes the following
more or less common features of MBS {Ref.[11], [12], [13]):
- transformation to modal coordinates for elastic bodies

- transformation from rotating te nonrotating coordinates or v.v. {multi-
blade transformation)

- reducticon of degrees of freedom by adequate transformation (e.g. condensa-
tion)

- reduction tc a first-order problem by transformation intc state space.
The block diagram of Fig. 3 roughly sketches how Vibrat works.

The following paragraphs will be devoted to a more detailed descrip-
tion of the underlying algorithm.



7. Eguations -of motion

Vibrat starts from 4' Alembert's principle in Lagrange's form ([12])

n £ av,
(@) I (1° + =L +68q, +6W.) =0 for i=1, ..., n .
f J ; L ]
i=1 1
. f.
Here the 6-vector lj = {?;L} represents inertia, aerodynamical and external
b u,

forces and moments at body j in their local frame. The 6-vector vj = {]fL}

J
represents translational and angular velocity. The wvirtual internal work &W.

will be omitted in the sequel not to overburden the text. The 1., v are
regarded as functions of the generalized coordinates a; and their time
derivatives. The equations of motion (4) will be linearized in three steps.
In the first step a Taylor expansion of the physical eguations of motion
will be given, i.e. an expansion of (4) with the generalized coordinates
gy replaced by physical coordinates x;. In the second step the physical
coordinates x; will be transformed to generalized coordinates g;. In the
third step this generalization transformation will result in a Taylor
expansion of the generalized e.o.m. (4).

8. Taylor expansion of the physical equations

If the 1., v+ in (4) are given as functions of physical (generalized)
coordinates the resulting eguations of motion will be termed physical.
Suppose the following decompositions into a noninfinitesimal reference point
and an infinitesimal variation (Ref. [13]}:

(5a) rk = rk + Ark {5b) Bk = Sk + ABk
(5¢) Wy = Wy + awk, where Amk = A6k+ Wy * AQk
{54) Ak = AAk- Ak' where AAk = Id - ABk .

Collect ry, 8, in the 6-vector x = (ry, ek)t, and the local vectors x in
the global vector x = (X1,.-.+ xn)t. The decompositions above induce corres-
ponding decompositions x = ¥, + Axp and x = x + AX. Now suppose the index

j fixed and suppress it.

Then the decompositions (5) admit a first order Taylor expansion
(a) 1{(x) = 1(x) + }2{2 (Mk(x) . Axk-i-Ck(x) . Ax+1<k(x) . Axk)
and a second order Taylor expansion

(6b) vi(x) = v(x) + L (V, (%) * Ax + V. (X, Ax) * A%)
k -k
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In the last formula the vy, are linear functions of Ax. The second order terms
vy (%, Ax) - Ax are necessary to get the first order expansion

v _ _
(6c) — = Vi(x) + Vi(x, Ax).
dhx,
i
& v
The first order expansion cof W, = 1 — is obtained by multiplication of
(6a) and (6c): BAxi

= w . % . : + K ¢ A .
{6d) wi(x) w, + i (Mik Axk + Cik Axk ik xk)
The "physical" ccefficients of (6d) are given by

—_z-_ =__ c' =“‘C
(7 Wi =V Yy Mg =Y Mk’ ik =Yy

They were calculated by an extended and meticulous elaboration., Its presenta-
tion is far beyond the scope of this paper. As an example their inertia terms
are summarized in the appendix. It should be noted that the determination of
the coefficients in (7} is the crucial part of the work to be done for the
Taylor expansion of the eguations of motion. For the simple coupled rotor-
body system of Fig. d4a (taken from Ref. [14]) the physical matrices are
given in Fig. 4b.

9. Introduction of generalized (time) coordinates by separation
Various reasons for a coordinate transformation have already been
mentioned. Suppose that the matrix ¢; maps the vector g; of local generalized

coordinates onto the vector Ax; of local physical coordinates (variations):

(8a) Axi(s; t) = ¢i(s; t) - qi(t),

where s and ¢ are the independent spatial and time variables respectively.
Consequently the time derivatives of the Ax; are

(8b) Axi

b . + 0, g,
Qi ql ¢1 ql

1

(8c) Axi ¢i q + 2¢i qi + @i qa; -

After replacing Ax; by ¢; q; the generalized force component wy becomes a
function w] of the generalized coordinates qj = gj(¥) with § = Qt, provided
the reference point x is fixed:

[ R [l . ] .' 1 .
(9} wi(x, q) = Wi + i (Mik E + Cik 9 + Kik qk).
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The "generalized" coefficients of (9) are obtained from the "physical" cones
of (7) as

- - t t
' == ' =
(10) w w, , M d° M, & , C! b (2M,.. ¢ +Cik¢k)

i ik i ik 'k ik i ik k

t . .
(- + .
Kig™ Bf Mg dy = Cpp®y + K90

If v is regarded as a function of gi, &j instead of Ax; , Aii it is denoted
by v'. An inspection of (6b) and (8b) shows that v and v' are related by

! v

v _
(11) 'ga— = (Vi + Vi) + §, =

i s i
BAxi

e

This result justifies the interchange of generalization and partial differ-
entiation performed implicitly in the last two paragraphs.

One example for the generalization matrices is to transform the
rotating frame of the rotor in Fig. 4a into the nonrotating frame of the
fuselage. Instead we use ¢ = ¢y for the inverse transformation, i.e. from
the nonrotating to the rotating frame. This choice may be preferable for .
rotors with at most two blades (Ref, l13]) It may be expressed by @@ = - [
{Ref.[13]). This identity implies b =3¢ and § = 46 ¢ where i = O is supposed.

10. The global linear state equation

In the sequel it will be supposed that the generalization transforma-
tions are chosen such that the virtual displacements &g; in (4) are varying
independently. Then, still neglecting the deformation energy, the equations
of moticon of the MBS are equivalent to the equations

€ v,
(12) 1 -a—l=0for i, =1, «.., n .

9

From (9) the linearization of (12). is obtained by

(13) Wi’ +
i

[ el =}

Je o P 3, . _ : .
. 1(Mik qk + cik qk + Kik qk) = Q for i, j=1, ..., n.

Recall that the upper index j refers to the j-th body and was suppressed up
to now. ; . 4
Now using the local matrices I Mj', £, T, W' as submatrices
Kk ik K ik X ik i
global matrices A, B, C, f are composed. In terms of them the eqguations (13)

are collected in the single equation
(14) A+» G+B - q+Ceq=*f.

The coefficients A, B, C, f for the coupled rotor-body system are given in 4c.



Thigs is the linearized e.o.m. Its coefficients A, B, C, f depend on a
reference point % and its first and second time derivative. For stationary
cases the dependence is periodic with time, i.e. (14} represents a second
order linear two point boundary value problem with periodic coefficilents.

By introduction of the state vector defined as y = {—?m}, the matrix
q

8 = [——:————%—;g%—] and the vector g = {-é%—} it reduces to the first order
-A B A f

matrix differential equaticn

(i5) y=Sy +g, S =5(x % %

To this final form of the linearized equations of motion the Floguet-
Liapunoff theory is repeatedly applied. The solution qp (8xy) obtained in
the k~th step is used to replace the reference point ¥, _; of the previous
step by the new reference point Fy = .y + A&xy. It is known from the theory
of quasilinearization (Ref. [8]) that this iteration procedure amounts to a
Newton-Raphson method in function spaces. In particular, a theorem of
Kantorovich assures convergence of the ik to the true solution of the full
nonlinear equations of motion (4), provided the initialization io of the
point was properly chosen.

11. Concluding remarks

In the past several powerful algorithms for multi body systems {(MBS)
were developed and applied to rotary wing aercelastic problems. The resulting
equations of motion are generally nonlinear with time-varying periocdic
coefficients. The solution of these equations is a formidable task.

The dynamic response and stability characteristics of a helicopter
or wind turbine under steady state conditions are of special interest. In
this case - provided the system equations would be lineax ~ the stability
characteristics are efficiently calculated by an eigenvalue analysis and
the dynamic response by the sclution of a linear two-point boundary problem.
This solution technique is well established for rotary wing problems, It is
alsc known that for nonlinear periodic systems the aforementioned solutiocn
method is applicable in combination with the method of quasilinearization.

In this paper an efficient algorithm is presented for a consistent
linearization of the inertial terms in a MBS with tree structure. The
algorithm is general enough to include both rigid and elastic bodies. The
same linearization procedure (Taylor expansion) is applicable for the deriva-
tion of the structural, aerodynamical and gravitational terms in the egua-
tions of motion.

The new algorithm is used and programed in the aercelastic computer
program Vibrat which is under development at MBB. The new program includes
both rigid and elastic components by the use of hybrid coordinates.
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13. Notations and dimensions

Aj transformation matrix from frame ej~1 to ej, 3 x 3
i _
B T PpeeeBy g 3 %3
at transpose of a matrix A
Bj angular velocity (transformed), 3 x 1
5
cj repregentation of cj in ej, Ixt
Bj vector of attitude angles, 3 x 1
ej right~handed orthogonal frame, fixed in j-th body
¢j generalization matrix, 6 x nj
Ij inertia matrix (normalized by mass), 3 x 3
I, = trace (I.) * Id - 2I., 3 x 3
J 3 ]
14 identity matrix, 3 x 3
3 index of j-th bedy (j dropped in 4a, 4b)
f.
lj = {ﬁl} load~vector (normalized by mass), 6 x 1
b
n numbher of bodies in MBS
nj number of generalized degrees of freedom of j-th body
qj vector of generalized coordinates, nj x 1
Y, representation of T. in e. .« 3 x 1
] 3 i-1
wj representation of 3j in e,
) o} -u}3 w
@ = 5 QO =w,
s 0
Yo ¥y
r.
xj = {54} vector of local cocordinates, 6 x 1
3
By translational
v, = {~-3} vector of {-:30BS522Z20Ta_ } velocity, 6 x 1
j mj angular ;

Conventions: The loads 1. are normalized by the mass of the j-th body.
For vectors and matrices a more mathematical notation was used,
often suppressing in most cases { }, [ 1 to indicate vectors or
matrices respectively.
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Figure 1: Main Components of Helicopters and Wind Turbines
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Figure 2:

Two Contiguous Bodies Characterizing the MBS
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Pigure 3: Block Diagram of the Computer Program VIBRAT
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Figure 4a, b: Coupled Rotor-Body

Model (Ref. 14) and Eguations of Motion in the Rotating System
{Inertial Terms)



%
Define the matrices ¢ = |-
o

and the operator <u,v> = %(ﬁG + 1)

Then the contribution of the rotor to the global equation {14) can be written

in the compact form (TtA‘T)ﬁ + (TtB'T)é + (TtC‘T)q = ot P
el g - P t
where f°= {(adc + e , wlw + Couwe) = (@ , u}" ,
[ [ | [ P T I e
Id ¢ -¢ 1 I1d 1 -¢ w 1 —wc f W =we
et Sl :°‘+“"" ::{-TEG ! ::*_555
e b e 11 26! 5Iw | Eal 5Iw
N e qmmmmieas ¢ Blm 2 |-l dmmmt-fa ,
| Id | - P e | -aE
Symm. | ===de-- antim. | -=d-7zs
e ¢ I t &a zIw
b 1 1 I 12
- . | L
G| O I o i -Gad
o e v O R i
0 jeuw,lu>| Sad-P i &(I5-Tu)+i (@EFC-28¥ca) 8
C'= e ———— o vt e e e
Co@a T -GE
symm, | -—-—-= B e
| i ! BIik<w, In>+<e, n>

Figure 4c: Global Generalized Coefficients for Rotor-Body

Model
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Appendix

Linearization of physical equations of body j = main part of linearization {inertia)

1} local differentiation: Ei = é% LY éi = é% wy
2} transformation: 55 = i1 g, = mi wh L% 28 . R

4 3 LI 1 = A5 wy s ere Ak = Ak = Ak . Ai+1

) 1 b 1_ .t it
1) partial sums: g T 5444 ook Sy Ek = B“_1 + ... +Bk, s —sj +cj, B HBj

The order of these operations must Le obeyed strictly. Then expressions as éi are unlque, namely

R =1 -
B, = L A, w
k yoper 31
PO | ° i P!
4} basic‘auxlliary terms: Py = Bi 57,0, = 231-1 + Bi' Ty= oyt ij’ w o= 818
- ~ ~ 4 - "'i - ':j.
5 : = = o =
} composed auxiliary terms: N o8, + éi aoQ Byt 28i g Sy = oSt T+ s
i1 =1 =11 30 O
T, = 1£ Q8" ~ Q,87) + Zoj By_q = Bysy - 5y
U, =1, 0, - 28° T,, where 2T, = trace (I.}- Id - 2I .
i i 3’ i J 3
_ o [&*] " ~0 ~0 _ ~0
v, = Ij(”i-z + B4 (Ijﬁi_‘ - 2B Ij) By y
Physical coefficlents:
12 =
) M M - - Y
Mk splits into four (3,3)~-matrices according to Mk= v BORT lnto ktwo 3 -vectors vi=462%
w i 7
H 1
The cup v over a funetion of cj means truncatlon, f.e. neglecting of cj
For shortness, we replace A by BE
’ P Ak Yy B .
vi= (3° g Q 500 + BOr.p0 + 1A% + 1uD)®
L + . . + N
VJ 5 2 185 r chj + B 3B j uj
-1 o1 4]t k-1 ! ikok o k=1 ) _ oka k
_ B ' —ajB B } -8B 23k~ta i -(8 Bk+Sk)B
V= |~=r—de——daa = |=——— o ; Cp= |—=Biiae o frmm e e i e
i i * ~ M1 4 = w3 k x -~ ¥ 1 ~ %2 k
o B chk ! chkFIjB cjck i c.Ck+{Ijﬁk+Uk]B
. | . B -
pe_ 851 - (aRE +s B +T )8R . o I (st 1) 5F Bk
K = k-1 K Tkok ko WV, = ——nd O for i<k
k R D& Reet1,p +u B osvBe] | A E sl g5 11 git g sledieom.) 8" )
17k : ik 37k kk kT hj { FTRTITIO)
kt, -k

1f i=k the bottom half of w,V,

1k has to be replaced by [O Symk(B (sjfj+mj)}]

0wy Uy
Sym, operates on an arbitrary 3-vector u by Sym.k(u)2 % My 0 u,gfu - %ﬁ .

M3 T¥a3 o

The matrix of the right hand side dependa on the order of rotations in A,

If the chosen order is represented by (Eng) then uaqu uné= uEE= +1
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