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ABSTRACT

For the investigation of the dynamic and aeroelastic characteristics of
large horizontal axis windturbines a hybrid model consisting of rigid
bodies and flexible continuous structures was developed. Degrees of free-
dom include tower bending and torsion, pitch and yaw of the nacelle as
well as rotation, inplane and out-of-plane bending of the blades.
Aerodynamic forces are introduced with special regard on motion-induced
effects and on gusts.

A set of partial integro-differential equations was established via the
principle of virtual work. The application of Galerkin's extended

method gives a system of linear periodic differential equations.

The numerical results confirm strong rotor-tower-coupling and illustrate
the typical features of periodic systems. Instationary aerodynamic terms
are found to be of minor importance and hingeless rotors will be damped
better than teetering rotors, but tower and blade reactions to gravity
and gusts are higher.

1. Introduction

As well as the primary energy resource 'wind' is unlimited and free,
wind energy converters have to compete with conservative power plants.
This economical demand naturally effects the dimensions and the config-
uration of windturbines. Units of 3 MW have rotors of 100 metres dfam-
eter which are fixed at towers of 100 metres height. Furthermore, only
horizontal axis windturbines with one or two blades seem to be practi-
cable for large systems?,2 (see Fig, 1). Economical effectivity can be
reached only if these units do work with extreme reliability over a Tot
of years. This means that there is no danger of dynamic or aeroelastic
instability and response Toading on external forces can be kept small.

Problems concerning the substructures, like jsolated blades3.%.5,%, com-
plete rotors? , wire-stiffened towers etc., can be regarded as soived,
because there exist a lot of very high qualified theories and computer
codes for helicopter blades. Effects from coupling of an elastic rotor-
system, fixed on an elastic tower will influence the behaviour of such
windturbines essentially, This is a problem very similar to that of
tilt-wing aircraft leading to rotor-whirl-flutter. A considerable amount
of research has been done on that subject® 1°, Seo, computer codes for
helicopters and tilt-wing aircrafts were modified and applied to
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windturbines1?,12,

In addition several programs for combined rotor-tower-motion of windturbines
were developed in the last few years3=17, They are based on helicopter
fuselage-rotor models?'® or FE-methods?* and branch-mode methods'® and use
quasistatic aerodynamics. Ref. 16 includes even nonlinear effects.

The intention of the presented study'® is to find a simple mechanical and
aerodynamic model which represents, in a realistic manner, especially the
dynamic and aeroelastic characteristics of complete windturbines using a
minimum of parameters.

2. Modeling

Modeling a complete windturbine depends on the object to be analysed.
Exact data of the wings' airfoils and geometry as well as infiow theories
are necessary for the computation of power, thrust and rotational speed.
Under certain circumstances the flutter of isolated blades can oniy be
predicted if nonlinear theories awe used. In contrary, for dynamic and
aeroelastic stability and response of the tomplete system these data can
be simplified while additional structural data, instationary aerodynamics,
gravity and gusts have to be taken into account.

So a hybrid model was used to represent a complete windturbine. Hybrid ..
means, it can be divided into rigid bodies, 1ike nacelle and rotor head,
and elastic continuous structures, 1ike tower and rotor blades, To keep
the number of parameters small, further assumptions and simplifications
were introduced. These are the most important:

s Deformations are small compared with blade Tength.

o Tower and blades are idealized as cantilevered beams of constant
mass and stiffness,. '

The stiffness of the guying wires is included in tower stiffness.
The nacelle is rigidly attached to the tower.

The rolling of the naceile can be negiected and the rotor has
constant rotational speed.

The blade element theory is valid and aerodynamic forces act on
rotor blades oniy.

e The center of gravity, the elastic axis and the aerodynamic center
of the blade are congruent.

Small blade twist is assumed within aerodynamic region.

e Aerodynamical drag doesn’t infiuence dynamic behaviour.

3. Kinematics

Degrees of freedom of the fiybrid model include translations and rotations
of the rigid bodies and deformations of the continua which are dependent
on time and position {see Fig. 2). Rigid body motions are two perpendicular
nacelle translations in the horizontal plane, pitch and yaw as well as the
rotation ¥ and rigid flapping of the rotor head B {t). The tower bending
and torsion are connected with nacelle motions by compatibility conditions.
Blades are fixed with a 63-angle and are preconed. Inplane and out-of-plane
bending is incliuded, too. Since the blade torsion's influence on wind-
turbines' total behaviour is small, it was neglected. In the case of one-
bladed turbines a balance mass is fixed at the rotor head.
The position of every point of the turbine can be formulated in an inertial
system by a series of translations and rotations as follows:

T = rfa * et larg * S ety * gtg * srsrp)] 1)
where 1fe° 1% and A denote the position of undeformed nacelle, rotor and
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blade element Ya and gl are standing for translative deformations and
1. 16 451 ., . . .
S, ~°S and "°S for rotations. Defining a hybrid coordinate vector
T T T
py(roryst) = [patt)s BUL), pglrit), pplpyst)] ', (2)

which includes rigid body motions Eﬁ(t) of the nacelle, B_(t} the rigid
flapping, the displacements of bladé I EB(r,t) and tower ET(Ty.t). the vectors
of translative -velocities

- 3
up(rspy,t) = itrans(gh,t)-gh(r,Ty,t) * a¢lefp) (3)
and the angular velocities

@p(ragyst) = d o (pst) pplraqyst) %(EP) (4)

in the inertial system are following from (1)}. The compatibility condition

pelt) = Qlp(H,t)) (5)

expresses nacelle motions by the deformation of the top of the tower.

4. Perodynamics

Aerodynamic forces acting on a rotor blade at radial station r can be classi-
fied into internal forces and external forces.

Internal forces are produced by the flapping h{r,t) and pitching a(r,t)

of a blade section relative to the stationary inflow (see Fig. 3). The down-
wash at each point of the airfoil can be expressed by equations (3) and (4).
and formulated as

'

af{r,t} = a?(r,t)-gh(r,t)

hir,t)

1]

l",t)‘ (Y‘,t) s
“ (6)

Stationary inflow angie i(r) following from the simple momentum theory
gives the effective velocity

Vo{r,t) = r-( 1 + 0.542(r) ). {7}

While quasistatic aerodynamics usuallly use the motion induced downwash

only to get an effective inflow angle and a resultant velocity, in this

paper virtual mass effects and circulatory effects are included, too. As

the motion is not necessarily periodic, transient movements must be allowed.
Therefore the definition of lag functions B, (r,t) is very convenient.19:20
The 1ift force per unit acting on a- blade §1ement is then given by

£ (rt) = - Eg-g cc(r)- [h(r,t) - a-a(r.t) - Vo(r)-alr,t)] +

2
- & pee(r) Volr) [ wa,u(r,t) = 38, (r,t)] : (8)
1
and the Tag functions hold the partial differential equation

. Ve :
B (rot) + Brzrry < B(rat) = waa(rit), k=12 . (9)
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It must be emphasized that lag funciions themselves are functions of radius
and time according to the downwash ws,4{(r,t).

External aerodynamic forces do not depend on the deformations of the wind-
mill. They are caused by atmospheric conditions. Natural wind V (y,t) can
be separated into a constant fiow V_, into a -part which as a result of
boundary layer is only variing with height and into gusts where velocity
changes with position and time (see Fig. 4). From the view of the rotating
blade element .the boundary layer effect can be treated 1ike gusts., The T1ift
force of a gust field an a blade element is

= - 220, .
foust(Motayst) = = Cg 5 WB(ry2ec(r) Ie o (rate 1) s (10)
where [ {r,t} denotes the gust integral
Gust t Ve (r,7)
o ust 3 ~
IGust(r’t) = j Gust “é'(“—"—“—-——*h)- K(r,taust- T) dt {11)

0 9'[‘ . Va)(r)

and Kuessner's function is approximately

- &
K{r,t) =1 - Z: ak-exp( -Bk*%%églt ). (12)

Similar to the lag functions the gust integrals depend on radial location,
too.

5. Equations of motion

The equations of motion are derived via the extended Hamiltons's principle
or principle of virtual work as nonconservative forces are acting on the
system:

ta
J (6T - 68U +60_ )odt = 0. (13)
t1 nc

The main advantages of this energy principle are that it is independent of
the coordinate system and that boundary conditions follow automatically.
Equations {3} and (4) together with inertia parameters provide the total
kinetic energy T of the blade, the tower, the rotor head, the nacelle and,
as far as necessary, of the balancing mass. The potential energy U includes
the elastic potential of the blade, the tower and the teetering hinge as
well as the centrifugal and gravity potential. The virtual work of the non-
conservative forces & _ contains material damping, viscous damping of the
hinge and aerodynamic ?Brces, which are working on the displacements h{r,t)
and afr,t) of the blade elements.

Performing the variation {13) provides a so-called integro-differential
equation system:

R
)-8pg * -L Dy(Pyspy )-8py dr #

D5 (s
R 0 R
- (Dg(pg) 8Py + Dag(Pgspg)-8p 3-dr + {Colpg)-Bpy + Colpg)-Bp}l +
Ro R
4]
H A A H
0 (14)
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It is distinguished analogous to the hybrid model by differential operators
Ds(ps,t), according to the rigid bodies, and partial differential operators
Dg(pg-rst) » Dy(pr), according to the elastic continua, which are to be ful-
fi1led over the whole domain. The virtuwal work. of the aerodynamic forces can
be written as an integral over a partial differential operator, too. Addition-
ally the virtual work at the boundaries, denoted by Cg(pg)-Spg etc. is to be
taken into account. - -
Inserting equations (6) into (9) gives a partial differential equation system
Di(p; sPh-t}. In order to eliminate spatial dependence it is integrated over
the total blade length and one can write:
R

£ Dt(ft’fb’r’t) dr = 0. (15)
0 N

Now, equations (5), (14} and (1%) describe the dynamic and aercelastic be-
haviour of a complete one-bladed windturbine.

An approximate numerical solution can be obtained by application of the

extended Galerkin's method, which converges even in the case of nonconservative,
nonselfadjoint problems and for admissable functions. Blade and tower deflec-
tions can be transformed then into generalized coordinates qg{t), qr(t) by

EB(r,t) = iﬁ(r) - qg(t) (16)

ET(T'y’t)z ET(T‘Y)‘E;“:) )

where the matrices @,(r) and ¢-(1y) contain admissible functions. The lag
functions are also Teneralized introducing

pirst) =g (r)- g (t) . (17)
but it i1s not evident how to find modal lag functions.

Selecting a special reduced set of modal tower functions it is possible to
eliminate generalized tower coordinates. Then there exists the inverse of
equation (5)

Pr{yyst) = @ (Hiy) - gg(t), (18)

which expresses tower deformation in nacelle coordinates.

After introduction of equations (16) to (18) into (14) and (15), rep]qcing
the time by a nondimensional angle of elevation ¥ = 63 + @ t and div!dfng
them through MR20Q2 we get two sets of second-order ordinary differential

equations;

M_(#)308) + 0, () 3(%) + K ()-a(¥) - L(V)-q (¥ = F(¥) = 0, (19)

- M (9)73(w) - D_(¥)-3(¥) - K (®)-q(®) + Leq (¥) + Lzq (¥) = O . (20)

A1l matrices except L, and Lz are periodic. gﬂ(w), D (¥} and 5n(W) contain
aerodynamic and structural terms. The latter include-ayroscopic and gravity
effects. The vector En(w) combines all external forces, like gravity,centri-
fugal, constant wind and gust force. The matrices L, Mo QL’ EL’ £1 and L
represent instationary aerodynamics.
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As the matrix

[ [
P. + | -
..T?:E - | E—.SB

T i ’t
B T = = - ( )

- [ -

Pas : Pg

| )

standing for My, B, or K, shows, it can be subdivided into E;describing the

rigid bodies, 23 represent1ng the blades and P Psp_are responsible for
rotor - tower coupling. The coupling is caused essen?$a11y by changes of 1in-

ertia parameters {unbalance) as a result of elastic deformations, by gravi-
tational stiffness and by aerodynamics.If (18) is valid the modal tower
parameters are added to nacelle area of P.

Equations (19) and (20) can be transformed into a first-order differential
equation system

x(17) = A(Y) - x(¥) + e(¥) ’ (22a)
where x(Ww) denotes the state vector
x = {3T,§T,3E}T- (22b)

6. The Two-Bladed Teetering Rotor

The equations of motion of two~bladed windturbines can be derived from those
of one-bladed rotors, taking into account gecometric constraints. Further-
more it is comfortable and illustrative to define new symmetrical and anti-
metrical blade deformations as the sum or the difference of single blade
coordinates (see Fig. 5a) and to separate local gusts like Fig. 5b shows:

W lr,t) = O.5-(wI(P,t) +wﬂ (rst)),
wi(r,t) = wI(r t) - wl (r,t)),
5 I (23)
ur,t) = 0.5-{u(r,t) - ul (r,t)),
Brst) = 0.5-(ul(r,t) + ul (r,1)).

This definition has to be extended to lag functions. Geometric and kinematic
conditions define the generalized coordinates of the two-bladed turbine as

I I
q

- —_ * -q-L
AR - S (24)
q i
and the matrices as
I
Po + P
p = TT [_..-Té---’:"..{.----..ﬁ---. - T, (25)
= = | P =



where gsdenotes all parameters of rigid bodies and tower and gIIis the

modified blade matrix ﬂI according to the geometric conditions. The equa-
tions of motion are of the same structure as equations (19) and (20).

7. Results

The Tinear first-order differential equation system can be analysed by
numerical integration., A special digital computer program (see Fig. 6),
which is suited for stability analysis as well as for response problems
was developed. and applied to an example, whose parameters are quite simi-
Tar to those of GROWIAN I,

The exact solutions of a cantilevered beam have been selected as assumed
functions, the first two modes representing elastic flapping and the first
one inplane bending. So we have 11 generalizedstructural coordinates and

4 generalized lag coordinates.

Several integration modes for the computation of the monodromy matrix have
been tested. With the method suggested by Friedmann23 good results could
be reached within 275 s, while variable step size methods of higher order
needed 420 s to 1300 s for results of the same accuracy. But it must be
emphasized that this is only true if an optimum stepsize, which depends

on system parameters, can be found.

7.1 Snapshot method

A periodic system is stable if the condition lu | < 1 holds true for
all eigenvalues of the monodromy matrix I'(2m, 0). The computation.of this
matrix for different parameters takes a considerable amount of computer
time. So it can be helpful to apply the so-called snapshot method1#,where
the state of the system (inclusive gyroscopic forces)} is frozen in a
destinct rotor position ¥,. The eigenvalues and eigenvectors of the pro-
blem with now constant parameters can be found easily. Although this method
contradicts physical reality, it gives a good idea of frequencies and modes
of the system. Fig. 7a shows the natural freguencies against rotational
speed of the complete rotor-tower system, and in Fig. 7b those of the same
rotor on a rigid tower are plotted, both without aerodynamics. What can we
learn from this method?

e The frequencies' and'modes' vary with rotational speed and rotor

position and differ from those of the substructures.

Teetering rotors on elastic towers have 'frequencies' mi/ Q <1.
Strong rotor-tower coupling influences 'frequncies' and 'modes'.

Crossing points of rotor harmonics and equivalence of frequencies may
be sensitive to parameter and combination resonance. These points are
to be examined exactly, because

stability cannot be determined from the eigenvalues of the snapshot
method.

L ]

7.2 Stability

The monodromy matrix I'(2m, 0) is equivalent to the response of the system
after one revolution on a unity deflection of the corresponding coordinate.
Fig. 8 shows the state of the system during a compjete rotation, which re-
fers to the first column of I(¥, 0). It can be seen that an initial radial
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tower deflection shifts energy to the symmetrical inplane motion. However,
the increasing amplitude of this mcde is actually no instability, as it is
decreasing Tater on again. Stability can be proofed only following Floquet's
theory. Furthermore, symmetrical inplane bending stimulates also rigid
flapping and yawing, caused by inertia and gyroscopic coupling. This under-
lTines the fact of strong rotor-tower coupling, too. These 'almost periodic'
motions are characteristic features of periodic systems. In addition, this
makes clear that the transformed eigenvalues according to Liapunov's theorem
of reducibility

_ .9 . Im (g
A =ptie = 2= (Tniwl + i arctan o o) (26}

cannot give a complete imagination of the turbines motion.
Instabilities can be produced by dynamic or aerocelastic effects.

Dynamic instabilities are well-known effects in rotatingmachinery, They are
caused by unsymmetric rotors which lead to parametric systems and can be ob-
served for windmills with one or two blades, too. 24,2SFor hinged or elastic
deformable rotor blades additional instabilities can be found, e.g. the well-
known ground resonance. This effect is responsible for the isolated instabi-
lTities {(lu] > 1) at @/Q_ = 2.28 in Fig. 9a and 9b. For the hypothetical case
without aeradynamics anofher instability was found at @/Q = 0.6, but in
Fig.9a it s completely damped. These instabilities appea? only at isolated
points and, because of the relatively wide parameter steps, the existence of
further ones cannot be excluded.

Aerodynamics may effect stability behaviour in different ways. Virtual mass

can alter the frequencies but its influence is found to be very small , where-
as aerodynamic stiffness and damping can produce divergence and flutter. So,
the teetering rotor turbine (Fig. 9a) shows rotor-whirl-flutter for Q/Q
greater than 2.1. From the eigenvectors follows that rigid flapping,yawing

and pitching of the nacelle take part in this motion. The turbines' eigenvalues
with fixed rotor head (Fig. 9b) are all less unity, so0 no whirl-flutter
appears. The results are based on guasistatic aerodynamics. From some in-
vestigations using lagfunctions it can be supposed that they are destabilizing,
but the results differ very much if other modal lag function are introduced.

7.3 Response

As an example for various external forces, the gust force produced by tower

shadow shall be presented here. The gust is limited on a sector Ad, velocity
contribution is constant along radial station and changes with the angle of

elevationlikel - cosfy/ad).

Modal gust forces are usually computed assuming a representative radius for
Kissner's function 2¢, see (12). This method fails, however, for higher modes.
That's why in the present paper time dependent modal gust forces were computed
and tabulated. Figure 10 shows modal gust parameters.

The symmetrical modes, axial nacelle translation and symmetrical elastic
bending respond with a nonharmonic periodic motion. The frequency is twice
the frequency of rotation as can be recognized in Figure 1la.

The symmetrical modes' reactions are independent of the rotor head construction,
whereas antimetrical modes differ essentially. For teetering rotors (Fig.1lb)
rigid flapping is excited mainly. This reduces elastic bending reactions

about 100% compared with those of a fixed rotorhead turbine (Fig. 1lc). The
superposed motions of higher frequencies are caused by the second elastic
flapping mode, which is also excited and coupled with rigid flapping. In
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Lhe case of rigid rotor head the yawing of the nacelle is greater.

So, from this point of view teetering rotor windturbines are preferable
because of the compensating effect of the rigid flapping.

8. Conclusions

The developed hybrid model describes the characteristic behaviour of one or
two bladed windturbines very well as the results confirm. It is suited for
aralysis of dynamic and aerocelastic stability as well as for response prob-
lems , 1ike gravity, centrifugal forces, constant wind and deterministic
gusts. The essential features of the method and some of the most interesting
results shall be summarized below.

e The hybrid model is idealizing an elastic unsymmetrical rotor on an elastic
tower.

e The analytical form of the iinear equations support physical understanding
and the estimation of the influence of parameters.

e The snapshot method can predict instabilities to a certain degree and so
it is useful to save computer time for exact stability analysis.

e Instabilities caused by parametrical or combinatorical resonance may appear.

e Viscoelastic damping of tower and blades stabilizes the turbine to a certain
amount.,

e The introduction of lag functions and modal gust integrals takes into con-
sideration instationary aerodynamic effects. In general quasistatic aero-
dynamics seems to be sufficient for motion induced effects.

¢ Aerodynamic forces can be stabiiizing as well as destabilizing, depending
on parameters, So teetering rotors are more sensitive for rotor-whirl-
flutter than constructions with fixed rotor heads.

* On the other hand rotor blades and tower are loaded higher by gusts, if
teetering motion cannot partially compensate such effects.
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Appendix A: Tist of symbols

a
s By

A(®)
Bk(r,t)
clr)

¢

a
Cilpy)
D;{p;)
e(¥)
fa(r,t)
()

[ol0 oD U= = I
=

™o O
[ =
[=]

.
o

distance between elastic axis and chord center

coefficients of approximation for Wagner's function and
Kiissner's function

system matrix

lag functions

semi-chord length of blade element (B.E.)
1ift curve slope

boundary condition operator

differential operator

load vector

1ift force per unit length

vector of normalized external forces
effective flapping of B.E.

vector transforming common motion into effective flapping
height of tower

gust integral

Jacobi's matrix of translation, rotation
Kiissner's function

Tag matrices

normalized matrices

vectors containing generalized coordinates

formal matrices

vectors of generalized coordinates

vector of generalized lag functions

operator for tower nacelie coupling

radial station

outer, inner radius

position vector of point P in coordinate system j
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P -l:ln
[N

el A o

OO
()%,()®

L]

A

- 0
0 =20, 0

2
g,—_;‘() ]

vector of rotation
matrix of rotational transformation from system i to j
time '

kinetic energy

transformation matrix for two bladed turbines

inptane bending

velocity vector

potential energy

displacement vettor

velocities of air flow

out-of-piane bending

downwash at 75% chord Tength

virtual work of nonconservative forces

state vector

tower coordinate

vectors of generalized coordinates of the two-bladed rotor
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