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ABSTRACT
A recent development in the Velocity Potential Based Finite State Model (VPBFSM) has introduced an approach to
study rotors in ground effect. This approach represents the ground as mass source distributions in the flow field and
uses optimization to impose the non-penetration flow boundary condition at the ground. However, it has shown high
sensitivity to several parameters, such as the initial guess for optimization and the selection of the ground rotor size.
To address these challenges, this paper proposes an alternative approach to impose the flow boundary condition at the
ground. The new approach formulates an equation to estimate the strengths of ground mass sources in terms of rotor
loading. Additionally, systematic processes are developed to impose the boundary condition for studying an isolated
rotor in full, inclined, and partial ground effect cases. This approach is applied to the R-50 helicopter rotor using
geometric and aerodynamic data from the literature. The results for the full ground effect show good correlation with
the Hayden model and exhibit a rotor inflow trend similar to that of the Pressure Potential Based Finite State Model
(PPBFSM). Inclined and partial ground effect cases demonstrate distinct inflow trends compared to the PPBFSM,
primarily due to the boundary condition imposed in the current approach, which is not accounted for in the PPBFSM.

NOTATION

amc
n , ams

n Cosine and sine VPBFSM velocity potential
states, respectively

CT Thrust coefficient ≡ T
ρπΩ2R4

CL Roll moment coefficient
CM Pitch moment coefficient
[D̂] VPBFSM damping matrix
d Partial distance from main rotor center to ground

plane edge normalized by R
h Rotor height above ground normalized by R
[I] Identity matrix
i Imaginary unit
J Error function
Lk Sectional lift on the kth blade
[L̂] VPBFSM influence coefficient matrix
[M̂] VPBFSM apparent mass matrix
m,r Order of associated Legendre function, harmonic
n, j Degree of associated Legendre function
Pm

n ,Qm
n Associated Legendre functions

P̄m
n , Q̄m

n Normalized associated Legendre functions
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R Rotor radius, ft
r0 Main rotor radial location
t Time, second
[V̂m] Mass flow matrix
v⃗ Induced velocity vector, nondimensiona-

lized by ΩR
v⃗∗ Adjoint velocity vector, nondimensional-

ized by ΩR

Greek
χ Wake skew angle, rad
∆mc

n ,∆ms
n Cosine and sine costates, respectively

ν ,η , ψ̄ Ellipsoidal cooridnates
ξ Streamline coordinate
ρ Density of air lb/ f t3

ρm
n Normalization factors

τmc
n ,τms

n Cosine and sine pressure coefficients,
respectively

Φm
n Pressure potential functions

ψ̄k Azimuthal coordinate of the kth blade
Ψm

n Velocity potential function
Ω Rotor rotating speed, rad/s
ωmc

n ,ωms
n Cosine and sine pressure coefficients of

ground rotor, respectively
(∗) Derivative with respect to nondimensional

time, Ωt
()IGE ,()OGE In and out of ground effect, respectively
()main,()ground Of the main and ground rotor, respectively
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INTRODUCTION

The demand for real-time simulation of helicopter flight in
ground effect has led to the development of reduced-order
models that can accurately capture all physical behaviors
while being efficient enough for real-time flight simulation
implementation. One of the most well-known models in ro-
torcraft inflow research is the finite state wake model, which
has been developed over the years. Currently, finite state in-
flow models are widely used in various rotorcraft flight sim-
ulation applications due to their low computational effort and
ease of implementation. However, these models are somewhat
limited when it comes to simulating complex applications in-
volving maneuvering flights near the ground, such as partial,
inclined, and dynamic ground effects

When a helicopter flies near ship decks, the ground, or the
summits of buildings, it encounters different phenomena such
as full, inclined, or partial ground effect. Thus, no flux
through these surfaces in the flow field should be the bound-
ary condition. Moreover, for a rotor flying near the ground
at a constant power consumption, the thrust generated by the
rotor increases as the airflow through the rotor decreases due
to the ground effect.

Many studies have been conducted to understand and simulate
the different types of ground effect. The most popular mod-
els include the image rotor and pressure potential in the flow
field using finite state wake model (Refs. 1–5). The image ro-
tor model can automatically satisfy the non-penetration flow
boundary condition at the ground surface. This is achieved
by using the ground as a mirror to create an image rotor be-
low the ground, which cancels out the mutual interaction in
terms of normal flow at the ground plane with the actual rotor
above the ground. However, this method fails to accurately
represent inclined ground, moving ground, or partial ground
effect. A few studies (Refs. 1–5), in the past have modeled
various cases of ground effect including full, inclined, and
partial using a source-like spatially distributed pressure per-
turbation over the footprint of the rotor, called the ‘ground
rotor’, at the ground plane. This contribution of the ground is
added to the pressure perturbation of the main rotor to obtain
the total pressure perturbation at the rotor disk, which is then
used to determine the rotor inflow in-ground effect. These at-
tempts showed good correlations with experimental data for
steady ground effect cases. However, they could not model
dynamic ground effect, as the state-of-the-art finite state in-
flow modeling at that time did not allow for explicit modeling
of induced velocities inside the rotor wake.

Using a velocity potential representation of the flow field,
Morillo and Peters (Ref. 6), and Peters et al. (Ref. 7) de-
veloped the three-dimensional finite state model by apply-
ing the Galerkin approach, which allowed for computing flow
velocities at any point within the rotor wake above and on
the rotor disk. Yu and Peters (Refs. 8–10) used the velocity
potential-based finite state inflow modeling from Refs. (6, 7)
along with the concept of a ’ground rotor’ pressure field from
Refs. (1–5) to model various ground effect cases, including
normal, partial, and dynamic. Additionally, Yu and Peters in

Ref. (10) used a mass source distribution at the ‘ground ro-
tor’ with an exit pressure equal to that exerted by the rotor at
the ground plane, which showed good correlation with exper-
imental data for various steady ground effect cases. Further-
more, they showed that a quasi-steady ground effect modeling
of dynamic ground effect would give rise to significant error.
Unlike the image rotor approach, the ‘ground’ rotor pressure
field approach pursued in Refs. (1–5, 10) does not explicitly
account for the ‘non-penetration of flow at the ground’ bound-
ary condition.

Moreover, Metry, Prasad, and Peters in Ref. (11) have devel-
oped a new model where the ground is represented as mass
source distributions in the flow field and satisfies the non-
penetration flow boundary condition at the ground plane. As
such, the ground rotor is represented as a region much larger
than the main rotor, and the mass sources are distributed at
the ground rotor where the boundary condition is enforced
within the main rotor wake radius. The model development
pursued in Ref. (11) makes use of the velocity potential-based
finite state modeling for single rotors (Refs. 6, 7), ground ef-
fect modeling (Refs. 8–10), and coaxial rotors (Refs. 12, 13),
where the lower rotor is treated as a non-lifting rotor with
mass source distributions of unknown strengths. Additionally,
the size of the lower rotor is considered unknown and is de-
termined from the non-penetration flow boundary condition.
Thus, the model is formulated to compute the strength of the
unknown mass source distributions and the size of the non-
lifting ground rotor using an optimization method to enforce
the non-penetration flow boundary condition at the ground
plane. Although the model of Ref. (11) showed good cor-
relation with the Hayden model and Pressure Potential Based
Finite State Model (PPBFSM), it had to deal with several chal-
lenges. For instance, the approach is highly sensitive to pa-
rameters such as the initial guess of ground source distribution
strengths for optimization, the number of mass source distri-
butions, the number and location of collocation points at the
ground plane, and the choice of ground rotor size. These sen-
sitivities introduce uncertainty into the approach. Therefore,
a new approach is necessary to mitigate these challenges.

The primary objective of this study is to develop an alternative
approach for imposing the boundary condition at the ground
without relying on an optimization method. To achieve this,
an equation has been formulated to estimate the strengths of
the ground mass source distributions in terms of the main ro-
tor loading. However, this equation fails to enforce the bound-
ary condition at the ground due to the exclusion of the n = m
terms in computing the ground flow velocities, which would
otherwise introduce infinite kinetic energy into the flow field,
as discussed in Ref.( 10). Consequently, methods have been
developed to adjust the estimated strengths of the mass source
distributions and the ground rotor size to properly impose the
boundary condition at the ground and analyze the behavior
of the R-50 unmanned helicopter rotor in normal, inclined,
and partial ground effect cases. The results of the full ground
effect case have been compared with the Hayden model and
PPBFSM, while the results of the inclined and partial ground
effect cases have been correlated with PPBFSM.
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The paper is structured as follows: First, the formulation of
the Velocity Potential Based Finite State Model (VPBFSM)
for a dual-rotor system is presented, which is used to study an
isolated rotor in various ground effect cases. This is followed
by a description of the systematic processes developed to im-
pose the boundary condition at the ground for full, inclined,
and partial ground effect cases. The approach is then applied
to the R-50 helicopter rotor in steady-state conditions for these
ground effect cases. The paper concludes with a summary of
key findings and recommendations for future research.

VELOCITY POTENTIAL BASED FINITE
STATE MODEL

A detailed derivation for multi-rotor using VPBFSM is pre-
sented in Refs. (12, 13). Thus, the derivation of this model is
not attempted in this study. Instead, some review and modifi-
cations are included for the dual rotor velocity potential model
to arrive at a single rotor and ground rotor. Also, the assump-
tions that have been made in Refs. (12, 13) are still used in
this model. They are as follows: the flow around the rotor
disk is incompressible, inviscid, and uses a rigid cylindrical
wake geometry.

Dual-Rotor Velocity Potential Based Finite State Model
(VPBFSM)

The governing equation of VPBFSM for the dual rotor is as
follows:

[M]+

a1
∗

∆1
∗

a2
∗

+[D̂][V̂m][L̂]−1[M̂]

a1
∆1
a2

= [D̂]

τ1
τ∗1
τ2

 (1)

where

[M̂]+ = diag([M̃],−[M̃], [M̃])

[M̂] = diag([M̃], [M̃], [M̃])

[D̂] = diag([D̃], [D̃], [D̃])

[V̂m] = diag([Ṽm], [Ṽm], [Ṽm])

[L̂] = diag([L̃(X̃1)], [L̃(X̃2)], [L̃(X̃2)])

X̂1 = tan(X̃1/2), X̂2 = tan(X̃2/2)

In Eq. (1), {a} and {∆} are vectors of velocity potential states
and costates, respectively. Hence, adding the costate variable
to compute the flow below the rotor as the state variable can
be used in calculating on and above the rotor disk. The ad-
joint equation of costates must be integrated backward in time
as forward time-marching will make the system unstable due
to the appearance of a negative sign attached to the deriva-
tive term; The detail of this method is mentioned in Ref. (12).
Also, {τ} is a column vector consisting of pressure coeffi-
cients corresponding to load distribution or mass sources dis-
tributions; It is interesting to note that τm

n with n+m = odd
corresponds to pressure discontinuities while n + m = even
correspond to mass sources terms (injection of flow into the
flow field). [M̂], [D̂], [V̂m], and [L̂] are apparent mass, damping,

mass flow parameter and inflow influence coefficient matri-
ces. These matrices are block diagonal and have analytical ex-
pressions similar to single rotor velocity potential finite state
model except [V̂m] which is discussed in detail in Ref. (12).
Note that {τ∗ = (−1) j+1τ}, where j is the index of the radial
distribution.

The pressure coefficients used in Eq. (1) can be computed
using the following equation:

τ
0c
n =

1
4π

Q

∑
q=1

∫ 1

0

Lq

ρΩ2R3 Ψ
0
n(r̄)dr̄

τ
mc
n =

1
2π

∑
Q
q=1

∫
0

1 Lq

ρΩ2R3 Ψ
0
n(r̄)dr̄cos(mψq) (2)

τ
ms
n =

1
2π

Q

∑
q=1

∫ 1

0

Lq

ρΩ2R3 Ψ
0
n(r̄)dr̄sin(mψq)

where Lq represents the sectional lift of qth blade, Q is the
total blade number, R is the rotor radius, ρ is the density,
Ω is the rotor rotational speed, r̄ is the non-dimensional ra-
dial blade coordinate, ψq is the azimuthal angle of qth blade,
and Ψm

n is the radial shaping function which has analytical
formulation provided in Ref. (14). Note that uniform inflow
(τ0c

1 ), fore-to-aft (τ1c
2 ), and side-to-side (τ1s

2 ) pressure coef-
ficients are directly related to rotor thrust (CT ), aerodynamic
pitch moment (CM), and roll moment (CL) coefficients, re-
spectively.

VPBFSM Modification for Steady State and Ground Ef-
fect

Additional assumptions have been made to the governing
equation (Eq. 1) to study an isolated rotor in ground effect.
First, the time-dependent term in the governing equation is
removed as this paper focuses on the steady-state flow case.
Second, the rotor is in hover so the [L]−1[M̃] results in identity
matrix [I]. Finally, to distinguish between pressure coefficient
due to load distributions and mass source distributions, (ω)
will be used instead of (τ2) to represent the mass source dis-
tributions at the ground rotor. In other words, the main rotor
and ground rotor (dual-rotor) are represented by load distri-
butions (τ1) and mass source distributions (ω), respectively.
Also, the velocity states of the ground will be represented as
c instead of a2

Thus, Eq. (1) is modified and the final governing equation is
as follows:

[V̂m]

a1
∆1
c

=

τ1
τ∗1
ω

 (3)

where V̂m is the mass flow parameter and can be simplified for
axial and steady flow (Ref. 10) and defined as follows:

V̂m =


V 0

2V
. . .

0 2V

 ,where V =

√
CT

2
(4)
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After obtaining the states and co-states, the velocities can be
computed; Two types of velocities for each rotor. For in-
stance, the main rotor will have a self-induced (self-flow) ve-
locity and flow velocity of the main rotor on the ground. As
discussed in Ref. (6), the on and above rotor-induced flow
velocity is computed using a velocity potential relationship
which is expanded in the ellipsoidal domain (see Appendix
A) by employing the first and second kinds of the Legendre
functions, as shown in Eqs. (5 and 6).

v⃗ =
∞

∑
m=0

∞

∑
n
(amc

n Φ
mc
n +ams

n Φ
ms
n ) (5)

{
Φmc

n = P̄m
n Q̄m

n cos(mψ̄)
Φms

n = P̄m
n Q̄m

n sin(mψ̄)

}
(6)

where v⃗ is the flow-induced velocity on or above a rotor which
can be used for the main rotor or the ground rotor. P̄m

n , and
Q̄m

n are the first and secondary normalized associated Legen-
dre functions (see Appendix B), respectively. The difference
between the main rotor and the ground rotor in using Eq. (5)
would be identifying n in the second summation of this equa-
tion; for the rotor, n = m+ 1, and for the ground, n = m+ 2.
Hence, n = m terms cannot be used because using them would
introduce infinite kinetic energy into the flow field, as dis-
cussed in Ref. (8).

Furthermore, to calculate the induced velocity below the ro-
tor, an adjoint theorem has been developed and the detailed
derivation of this theorem is discussed in Refs. (12, 15). For
steady-state case, the adjoint theorem can be modified from
the developed equation mentioned in Refs. (12,15) by remov-
ing the time-dependent term. Figure 1 shows how to compute
the induced velocity below the disk using the coordinate sys-
tem displayed in this figure. For instance, induced velocity at
point A (⃗vA) can be calculated using the velocity at point B
(⃗vB), and the adjoint velocities at points C (⃗v∗C) and D (⃗v∗D),
and can be defined as:

v⃗A(r0, ψ̃0, ξ̃0) = v⃗B(r0, ψ̃0,0)+ v⃗∗c(r0, ψ̃0,0)− v⃗∗D(r0, ψ̃0,−ξ̃0)
(7)

It should be noted that since Eq. (7) ignores the time-
dependent variable, there is no need for time marching back-
ward to obtain the costate and then compute the (⃗v∗C) as men-
tioned in Ref. (12). This is because the costate will be equal to
the state, and this means that v⃗∗C = v⃗B. This is also one of the
reasons that the system in Eq. (1) can be decoupled to arrive
at Eq. (3).

METHODOLOGY FOR GROUND EFFECT
MODEL

After modifying the governing equation of the dual-rotor Ve-
locity Potential Based Finite State Model (VPBFSM) to study
an isolated rotor in various types of steady ground effect cases,
this section will detail the processes of imposing the non-
penetration flow boundary condition for full, inclined, and
partial ground effect cases. A critical requirement for this

Figure 1: Coordinate system for computing induced veloc-
ity below the rotor, (Ref. 13).

process is determining the strengths of the mass source dis-
tributions, which are necessary to satisfy the boundary condi-
tion and solve the governing equation (Eq. 3). In this paper,
an equation is developed to estimate the strengths of the mass
source distributions in terms of rotor loading. This is achieved
by equating the main rotor wake velocity at the ground, pro-
duced by the rotor loading, with the velocity of the flow exit-
ing the mass source distributions at the ground. The developed
equation is as follows:

ωr
j = [Srm

jn ] τm
n

r = 0,1, ... j = r+2,r+4, ...
m = 0,1, ... n = m+1,m+3, ...

(8)

where [Srm
jn ] is a correlation matrix. For details on comput-

ing this correlation matrix and deriving Eq. (8), see Appen-
dices C and D. It is important to note that the n = m (r = j)
mass source terms have been excluded in this study since these
terms introduce infinite kinetic energy into the flow field, as
discussed in Ref. (10). Excluding these terms prevents the
imposition of non-penetration flow boundary condition at the
ground plane. To address this challenge in studying full, in-
clined, and partial ground effect cases, a specific systematic
process has been developed for each case. Each process ad-
justs the estimated mass source distributions and the size of
the ground rotor to enforce the non-penetration flow bound-
ary condition at the ground.

Full Ground Effect Methodology

Figure 2 shows the schematic for modeling a hovering ro-
tor in full ground effect. A process has been developed to
impose the non-penetration flow boundary condition at the
ground. This is achieved by adjusting the estimated mass
source strengths and the ground rotor size. The process is
as follows:

1. Estimate the mass source strengths for the ground rotor
using Eq. (8) and a ground rotor of the same size as the
main rotor.
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Figure 2: Schematic for modeling of hovering rotor in full
ground effect.

2. Change the sign of all estimated mass source strengths
computed for the ground rotor to positive values, except
for ω0

2 , which should remain unchanged as computed (a
negative value).

3. Adjust ω0
2 until the center of the boundary condition

curve reaches a zero flow velocity value.

4. Vary the ground rotor size to be larger than the main rotor
size until the non-penetration flow boundary condition is
met within the main rotor wake radius.

In applying the last step, the ground rotor size is chosen to
achieve a low standard relative error and a low error in percent
using all collocation points (zero flow velocity points) within
40% of the rotor wake radius at the ground. As mentioned in
Ref. (11), imposing the non-penetration flow boundary con-
dition at all collocation points within 40% of the rotor wake
radius at the ground is sufficient. In other words, the low stan-
dard relative error condition is used to ensure that the rotor
inflow distribution provides an average rotor inflow compa-
rable to the Hayden model. The low error in percent within
40% of the rotor wake radius at the ground is used to guide
the solution in finding the ground rotor size that meets the
flow boundary condition.
Moreover, the ground effect factor (KG) is defined as the ratio
of the average rotor inflow in ground effect (IGE) and out-of-
ground effect (OGE), i.e.,

KGFiniteState =
VIGE

VOGE
(9)

As such, the following standard relative error is used in select-
ing the ground rotor size:

Standard relative error = |KGFiniteState −KGHayden | (10)

where KGHayden , taken from Ref. (16) for the Hayden model,
is:

KGHayden =
1

0.9926+0.03794(2/h)2 (11)

The error in percent, defined in (Ref. 11), is as follows:

J =

√
∑

nc
j=1(Vzground j

)2

2 Vz,aveRotor
X100 (12)

Where J is Error in percent, Vzground is the total axial velocity
at the ground, Vz,aveRotor is the rotor average induced velocity,
and nc is the number of collocation points used to impose the
non-penetration flow boundary condition at the ground.

Inclined Ground Effect Methodology

Figure 3 shows the schematic for modeling a hovering rotor
in inclined ground effect. The coordinate system described in
Ref. (3) can be used to study an isolated rotor above inclined
ground. However, in this study, a simpler coordinate system is
adopted to calculate the following velocities: the flow velocity
of the main rotor on the ground, the self-flow velocity of the
main rotor, the self-flow velocity of the ground rotor, and the
flow velocity of the ground rotor on the main rotor.

Figure 3: Schematic for modeling of hovering rotor in in-
clined ground effect.

Both the self-flow velocities of the main and ground rotors
are computed using the same coordinate system as in the full
ground effect case since each rotor operates within its frame of
reference. To accurately account for the interaction between
the main rotor and the ground rotor, the coordinate system is
adjusted to consider the inclination of the ground along the
z-axis. This adjustment ensures that the z-axis of the wake
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remains vertical, even when the ground plane is inclined. This
adjustment is expressed as

z = x tan(δ )+h (13)

where z is the z− coordinate of point D (see Fig. 1), h de-
notes the non-dimensional rotor height above the ground, x
represents the x−axis coordinate of point D, and δ is the in-
clination angle of the ground.

Moreover, the total flow velocity of the main rotor is deter-
mined by combining its self-flow velocity with the flow veloc-
ity of the ground rotor on the main rotor. Similarly, the total
flow velocity of the inclined ground is calculated by adding
the self-flow velocity of the ground rotor to the product of the
cosine of the inclination angle and the flow velocity of the
main rotor on the ground.

Furthermore, a process has been developed to adjust the es-
timated strengths of the mass source distribution over the
inclined ground and ground rotor size to impose the non-
penetration flow boundary condition on the inclined ground.
The process is as follows:

1. Estimate the mass source strengths for the inclined
ground rotor using Eq. (8) and a ground rotor of the same
size as the main rotor.

2. Change the sign of all estimated mass source strengths
computed for the ground rotor to positive values, except
for ω0

2 , which should remain unchanged as computed (a
negative value).

3. Use the ground rotor radius equivalent to the one deter-
mined for this rotor height above the ground, as estab-
lished in the full ground effect case.

4. Adjust the value of ω0
2 until the lowest point of the

boundary condition curve (total flow velocity at the
ground) reaches zero flow velocity. Note that, the bound-
ary condition is imposed within the rotor wake radius at
the ground.

Partial Ground Effect Methodology

The tandem concept (Ref. 12), which involves an upper and
lower rotor with an offset distance between them, is applied
to analyze the partial ground effect case. In this configura-
tion, both rotors typically generate lift. However, for the par-
tial ground effect case, the lower rotor is treated as a non-
lifting surface representing the ground by replacing its lifting
characteristics with distributions of mass sources. The mass
source strengths for the ground rotor are initially estimated us-
ing a rotor of the same size as the main rotor. These estimated
strengths are then distributed over a larger radius and adjusted
to effectively impose the boundary condition. This bound-
ary condition is applied within the overlap region between the
main rotor and the ground rotor, as shown in Fig. 4.

Moreover, nine mass source distributions are used to impose
the boundary condition at the ground: five zero harmonics

(a) Main rotor center is outside the ground plane

(b) Main rotor center is inside the ground plane

Figure 4: Schematic for modeling of hovering rotor in par-
tial ground effect.

and four first harmonics. Five zero harmonics are employed
because Ref. (11) indicates that, for the full ground effect
case, five zero harmonics are sufficient to satisfy the boundary
condition. First harmonics are used to account for the non-
axisymmetric nature of rotor inflow, with four terms selected
based on the table of even and odd terms discussed in Ref. (6).

Additionally, four main cases are used to represent all types
of partial ground effect, where d denotes the distance from
the center of the main rotor to the edge of the ground plane,
as shown in Fig. 4:

• Case 1: d ≥ 1, out-of-ground effect case. Note that the
d range shown in this study is in the main rotor frame of
reference.

• Case 2: d ≤ -1, full ground effect case.

• Case 3: 0 ≤ d < 1, the main rotor footprint center is out-
side the ground plane, as shown in Fig. 4a.
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• Case 4: −1 < d < 0, the main rotor footprint center is
inside the ground plane, as shown in Fig. 4b.

To impose the non-penetration flow boundary condition at the
ground using nine mass source distribution terms, the fol-
lowing procedure is used for these four partial ground effect
cases:

• Case 1: No adjustment to the mass source terms is re-
quired as it is the out-of-ground effect case, and the
strengths of the mass source distributions are zero in this
case.

• Case 2: Follow the detailed steps discussed in the full
ground effect methodology section .

• Case 3: Require the following steps to satisfy the non-
penetration flow boundary condition at the partial ground
rotor:

1. Estimate the mass source strengths for the ground
rotor using Eq. (8) and a ground rotor of the same
size as the main rotor.

2. Change the sign of all estimated mass source
strengths computed for the ground rotor to posi-
tive values, except for ω0

2 , which should remain un-
changed as computed (a negative value).

3. Use the ground rotor radius equivalent to the one
determined for this rotor height above the ground,
as established in the full ground effect case. Note
that the ground is partial as shown in Fig. 4a. The
green region in the figure, with a dashed contour,
corresponds to the ground area of the same size as
the main rotor, and its effect is considered on the
main rotor.

4. Adjust the value of ω0
2 until the lowest point of the

boundary condition curve (total flow velocity at the
ground) reaches zero flow velocity.

5. Adjust ω1
3 such that the boundary condition curve is

nearly flattened.

6. Modify ω1
5 to align the nearly flattened section of

the boundary condition curve to zero flow velocity
line. Hence, ω1

5 will be a negative value to move the
boundary condition curve to the zero flow velocity
line.

• Case 4: Use the first four steps from case 3; ad-
ditionally, it requires the following steps to meet the
non-penetration flow boundary condition at the partial
ground:

1. Adjust ω1
7 such that the boundary condition curve is

nearly flattened.

2. Modify ω1
5 to align the nearly flattened section of

the boundary condition curve to zero flow velocity.
Hence, the ω1

5 will be a negative value to move the
boundary condition curve to the zero flow velocity
line.

3. Change ω1
3 such that the aft section of the total main

rotor inflow is close to the out-of-ground effect case.

4. Revise ω0
2 to align the total rotor inflow curve close

to the full-ground effect result of this rotor height
above the ground.

5. Repeat steps 1 and 2 of adjusting ω1
7 , and ω1

5 until
the boundary condition is met at several collocation
points (zero flow velocity points) are achieved.

The steps outlined above for Cases 3 and 4 are developed to
ensure that the non-penetration flow boundary condition is
satisfied within the overlap region. The adjustments involve
modifying the strengths of ω0

2 , ω1
3 , ω1

5 , and ω1
7 . Notably, ω0

2
and ω1

3 influence both the total rotor inflow curve and the total
ground flow velocity (boundary condition) curve. In contrast,
ω1

5 and ω1
7 primarily affect the boundary condition curve with

minimal impact on the total rotor inflow curve.

RESULTS AND DISCUSSION

In the present study, two assumed load distributions (τ0
1 , τ0

3 )
are used to study an isolated rotor in full, inclined, and par-
tial ground effect. Figure 5 displays the assumed load distri-
butions for the R-50 unmanned helicopter rotor with a thrust
coefficient of 0.004; This rotor data is shown in Table 1.

Figure 5: Assumed rotor radial load distribution.

Moreover, the first load distribution ( τ0
1 ) is defined as follows:

τ
0
1 =

√
3CT

4
(14)
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Table 1: R-50 Helicopter Rotor Parameters.

Rotor diameter 3.07 m
Blade chord 0.106 m
Gross weight 522 N
Airfoil DAE 41
Built-in twist -3.5◦

Rotor solidity 0.044
Rotational speed 78.5 ± 1.3 rad/sec
Tip Mach No. 0.36
Re. at 75 % radius station 6.50 x 105

The second load distribution (τ0
3 ) is computed in terms of τ0

1
as shown in Eq. (15).

τ
0
1 =−τ

0
3 (15)

Furthermore, a preliminary result is shown in Fig. 6 for the
full ground effect case using 10 mass source distributions,
with Rground = Rmain, and the rotor is at a non-dimensional
height above the ground of h = 1.0.

Figure 6: Boundary condition for H = Rmain, and Rground =
Rmain case.

This plot shows the case of using the estimated strengths of
the mass source distributions (Eq. 8) without adjustment to the
strengths or the ground rotor size. The black solid curve in this
plot represents the total flow velocity at the ground (boundary
condition curve), and the red-dashed curve corresponds to the
main rotor wake velocity at the ground. This figure shows
that the boundary condition is not satisfied, as the total flow
velocity at the ground is positive, indicating flow through the
ground. The reason for not meeting the boundary condition at
the ground using the estimated strengths (Eq. 8) is due to the
exclusion of the n = m terms in computing the ground flow
velocities; Ref. (10) illustrated that using these terms would
introduce infinite kinetic energy in the flow field. Thus, to
satisfy the boundary condition at the ground, methods of ad-
justing the mass source distributions and ground rotor size are

developed for full, inclined, and partial ground effect cases in
the methodology section.

Isolated Rotor in Full Ground Effect

Five mass source distributions are used to impose the bound-
ary condition at the ground within the main rotor wake ra-
dius for an isolated rotor in full ground effect. As demon-
strated in Ref. (11), these distributions are sufficient to satisfy
the ground boundary condition. Figure 7 illustrates the case
where h = 1.0 and Rground = Rmain using the first three steps
outlined in the full ground effect methodology section . This
figure shows that the boundary condition is satisfied at the
center of the ground rotor; however, upward and downward
flows are observed in different areas of the ground. Conse-
quently, adjustments to the ground rotor size are needed and
can be determined using the method detailed in the full ground
effect methodology section .

Figure 7: Wake velocity at the ground rotor for H = Rmain,
Rground = Rmain, and applying the first two steps in the full
ground effect methodology.

Moreover, Figs. 8a and 8b show the variation of the stan-
dard relative error and error in percent within 40% of the
rotor wake radius at the ground with the ground rotor fac-
tor (r f actor), respectively. This factor is the multiplier applied
to the main rotor radius to determine the ground rotor radius.
This figure illustrates that the ground rotor radius providing
the lowest standard relative error differs from the one provid-
ing the lowest error in percent. Specifically, the ground rotor
factors yielding the lowest standard relative error and the low-
est error in percent are 2.37 and 2.3, respectively. The main
goal of these two conditions is to ensure that the boundary
condition at the ground is met and that the average rotor in-
flow in-ground effect is comparable to the Hayden formula.
Thus, these error conditions are not enforced but serve as a
guide for selecting the ground rotor radius that satisfies the
boundary condition at the ground and produces results com-
parable to the Hayden formula. The red circle in these figures
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indicates that a ground rotor factor (r f actor) of 2.268 is needed
to satisfy the boundary condition and achieve a result compa-
rable to the Hayden formula for the h = 1.0 case.

(a) Standard relative error variation with ground rotor factor

(b) Error in percent variation with ground rotor factor

Figure 8: Full ground effect errors variation with ground
rotor factor (r f actor) where Rground = r f actorRmain for the R-
50 rotor at H = R above the ground.

Additionally, Fig. 9a shows the wake velocity distribution ver-
sus the radial location at the rotor footprint on the ground sur-
face for the case where h = 1.0 and Rground = 2.268Rmain.
In this figure, the red-dashed curve represents the main ro-
tor wake velocity at the ground plane. The solid black curve
corresponds to the total flow velocity at the ground (bound-
ary condition curve) after accounting for the effect of mass
source distribution at the ground plane. This figure illustrates
that the non-penetration flow boundary condition is satisfied
across most of the wake footprint radius on the ground.

Furthermore, Fig. 9b displays three different curves. The
blue-dashed curve represents the rotor inflow for the case with
no ground effect. The red-dashed curve shows the upward
flow created by the source distribution at the ground plane,
located at h = 1.0 below the rotor. The black solid curve cor-
responds to the rotor inflow in-ground effect. This plot illus-
trates the reduction in the rotor inflow due to the presence of
the ground.

(a) Normalized Wake velocity distribution at the ground

(b) Normalized rotor inflow distribution along radius

Figure 9: Full ground effect case for the R-50 rotor at H =
R above the ground.

Full ground effect Correlations

Figure 10 compares the current approach with the Hayden
model at various rotor heights above the ground. Addition-
ally, Fig. 11 shows the standard relative error for these heights,
indicating that most cases exhibit an error of approximately
0.003. Both Figs. 10 and 11 demonstrate that the current
model correlates well with the Hayden model for all cases of
rotor heights above ground greater than 0.5Rmain. The cor-
responding ground rotor radii needed to achieve these results
are listed in Table 2, highlighting the importance of adjust-
ing the ground rotor radius to satisfy the non-penetration flow
boundary condition at the ground plane.

Moreover, Fig. 12 compares an isolated rotor inflow in ground
effect between the current model and PPBFSM (Ref. 1) at var-
ious rotor heights above the ground. This figure illustrates
that the current model exhibits a similar rotor inflow distri-
bution trend compared to PPBFSM (Ref. 1) at various rotor
heights above the ground. Additionally, the current model
shows a greater rotor inflow reduction due to the presence
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Figure 10: Comparison of the ground effect factor (KG) at
various non-dimensional rotor heights above the ground
between the current finite state model and Hayden’s
model.

Figure 11: Standard relative error = |k(G,FiniteState) −
K(G,Hayden)| at various non-dimensional rotor heights
above the ground.

of the ground at any given rotor height above the ground
compared to PPBFSM. The difference between the two ap-
proaches arises from the fact that the current model explicitly
imposes the non-penetration flow boundary condition at the
ground rotor, whereas PPBFSM does not consider this bound-
ary condition. Also, the current model is based on velocity
potential, whereas PPBFSM relies on pressure potential.

Table 2: Ground rotor size (Rground) for different non-
dimensional rotor heights above ground (h).

h Rground
0.25 2.000 Rmain
0.50 2.000 Rmain
0.75 2.273 Rmain
1.00 2.268 Rmain
1.25 2.268 Rmain
1.50 2.268 Rmain
1.75 2.268 Rmain
2.00 2.268 Rmain

(a) Current velocity potential based finite state model

(b) Pressure potential based finite State model, (Ref. 1)

Figure 12: Comparison of normalized rotor inflow dis-
tribution for an isolated rotor between current VPBFSM
and PPBFSM (Ref. 1) at various rotor heights above the
ground in full ground effect.

Isolated Rotor in Inclined Ground Effect

The process outlined in the inclined ground effect methodol-
ogy section is applied to study an isolated rotor above an in-
clined ground, using five zero-harmonics mass source distri-
butions. Figure 13a shows the wake velocity distribution ver-
sus the radial location at the rotor footprint on the ground sur-
face, in the ground frame of reference, for the case of h = 0.9,
Rground = 2.268Rmain, and δ = 20◦. In this figure, the red-
dashed curve corresponds to the main rotor wake velocity at
the ground plane, and the solid black curve corresponds to
the total flow velocity at the ground after including the effect
of mass source distribution at the ground plane. This figure
demonstrates that the non-penetration flow boundary condi-
tion is satisfied over most of the wake footprint radius at the
ground plane.

Furthermore, Fig. 13b shows three different curves. The blue-
dashed curve represents the rotor inflow with no ground effect.
The red-dashed curve represents the upward flow created by
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the source distribution at the ground plane, located at h = 0.9
below the rotor with a 20◦ inclination angle. The black solid
curve represents the rotor inflow in the presence of this in-
clined ground. This figure is shown in the main rotor frame of
reference. Additionally, it shows a greater rotor inflow reduc-
tion on the mountain side than on the valley side, due to the
inclined ground.

(a) Normalized Wake velocity distribution at the ground in the
ground frame of reference

(b) Normalized rotor inflow distribution in the main rotor frame of
reference

Figure 13: Inclined ground effect case for the R-50 rotor
at H = 0.9 R above the ground with δ = 20◦.

Inclined ground effect Correlations

Figure 14 compares the rotor inflow distribution at a fixed
height of 0.9R above the ground for various inclined ground
angles between the current model and PPBFSM (Ref. 3). This
figure illustrates that the current model exhibits a similar ro-
tor inflow trend on the mountain side as PPBFSM, showing
a greater reduction in rotor inflow as the ground inclination
increases. However, on the valley side, the current model

demonstrates a different rotor inflow distribution trend com-
pared to PPBFSM. Specifically, as the ground inclination an-
gle increases, the current model shows less reduction in the ro-
tor inflow distribution on the valley side. In contrast, PPBFSM
shows that the rotor inflow distribution on the valley side con-
verges to the same result as without inclination, even at a high
inclined ground angle of δ = 40◦. The difference in rotor in-
flow distribution between the two models, especially on the
valley side, can be attributed to the current model imposing
the non-penetration flow boundary condition at the ground,
which is not considered in PPBFSM.

(a) Current velocity potential based finite state model

(b) Pressure potential based finite State model, (Ref. 3)

Figure 14: Comparison of normalized rotor inflow distri-
bution for an isolated rotor between the current VPBFSM
and PPBFSM (Ref. 3) at various ground inclination angles
and H = 0.9Rmain.

Theoretically, the valley side should experience less rotor in-
flow reduction as the ground inclination increases, a trend
demonstrated by the current model but not by PPBFSM. This
finding highlights the practical significance of incorporating
the non-penetration flow boundary condition for more accu-
rate predictions of rotor inflow in-ground effect.
Moreover, Fig. 15 compares the rotor inflow distribution at a
fixed inclination ground angle of 25◦ for various rotor heights
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above the ground between the current model and PPBFSM
(Ref. 3). This figure illustrates that the current model ex-
hibits a similar inflow distribution trend as PPBFSM on both
the mountain and valley sides. Additionally, the current
model shows a greater reduction in rotor inflow distribution
compared to PPBFSM, due to the imposition of the non-
penetration flow boundary condition, which is considered in
the current model but not in PPBFSM.

(a) Current velocity potential based finite state model

(b) Pressure potential based finite State model, (Ref. 3)

Figure 15: Comparison of normalized rotor inflow distri-
bution for an isolated rotor between the current VPBFSM
and PPBFSM (Ref. 3) at various rotor heights above the
ground and δ = 25◦.

Isolated Rotor in partial Ground Effect

The process outlined in the partial ground effect methodology
section is applied to study an isolated rotor above a partial
ground rotor. Figure 16a shows the wake velocity distribution
versus the radial location at the rotor footprint on the ground
surface for the case where h = 0.9, Rground = 2.268Rmain, and
d = 0. In this case, the center of the main rotor is above the
edge of the ground plane. In this figure, the red-dashed curve
represents the main rotor wake velocity at the ground plane,

and the solid black curve corresponds to the total flow veloc-
ity at the ground after accounting for the effect of mass source
distribution at the ground plane. The vertical green dashed
lines divide the plot into sections to illustrate the relative po-
sitions of the main rotor and the ground. The middle section
indicates where the main rotor is directly above the ground,
demonstrating that the boundary condition is met within the
overlap region at the ground. The left section denotes where
the main rotor is absent, while the right section shows where
the ground rotor is absent.

(a) Wake velocity distribution at the ground

(b) Normalized rotor inflow distribution along radius

Figure 16: Partial ground effect case for the R-50 rotor at
H = 0.9 R above the ground with d = 0.

Furthermore, Fig. 16b shows three different curves. The blue-
dashed curve represents the rotor inflow without ground ef-
fect. The red-dashed curve represents the upward flow cre-
ated by the source distribution at the ground plane, located
at h = 0.9 below the rotor with a partial distance of d = 0.
The solid black curve represents the total rotor inflow distri-
bution in partial ground effect. This figure indicates a greater
reduction in rotor inflow on the side where the ground is be-
low the rotor (ship deck side) compared to the side with no
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ground below the rotor (sea side). The rotor inflow distribu-
tion in the partial ground effect behaves similarly to that in the
inclined ground effect. For instance, the ship deck side in par-
tial ground effect behaves like the mountain side in inclined
ground effect.

Additionally, Fig. 17 shows the rotor inflow distribution in
partial ground effect at a fixed partial distance of d = 0 for
various rotor heights above the ground. This figure illustrates
that as the rotor approaches the ground, there is a greater re-
duction in the inflow distribution on the ship deck side com-
pared to the sea side. It also shows that on the sea side, the
results are similar to the out-of-ground effect case, which is
expected to occur theoretically in a real-life situation since
there is no ground below the rotor.

Figure 17: Partial ground effect case for the R-50 rotor at
various rotor heights above the ground with d = 0.

Partial ground effect Correlations

Figure 18 compares an isolated rotor at a fixed height of 0.9R
above the ground for various partial ground distances between
the current model and PPBFSM (Ref. 3). In this figure, the
current model shows a noticeable difference in rotor inflow
distribution trend compared to PPBFSM. On the ship deck
side, the current model shows that the rotor inflow distribu-
tion closely resembles the full-ground effect case for this ro-
tor height above the ground, as expected to occur theoretically
in a real-life situation. In contrast, PPBFSM displays results
that significantly deviate from the full-ground effect case for
this side of the main rotor. On the sea side, the rotor inflow
distribution in the current model aligns closely with the out-
of-ground effect result, which is also expected in a real-life
situation. However, PPBFSM shows a reduction in the rotor
inflow distribution on the sea side. These differences in ro-
tor inflow between the current model and PPBFSM arise from
the imposition of the flow boundary condition in the current
model, which is not considered in PPBFSM.

(a) Current velocity potential based finite state model

(b) Pressure potential based finite State model, (Ref. 3)

Figure 18: Comparison of normalized rotor inflow distri-
bution for an isolated rotor between the current VPBFSM
and PPBFSM (Ref. 3) at H = 0.9Rmain and various partial
distances of ground.

CONCLUSIONS

A new approach has been developed using the Velocity Poten-
tial Based Finite State Model (VPBFSM) to enforce the non-
penetration flow boundary condition at the ground. It studies
an isolated rotor in normal, inclined, and partial ground effect
cases. The main and ground rotors are represented as load
and mass source distributions in the flow field, respectively.
Additionally, an equation has been formulated to determine
the mass source distributions of the ground rotor in terms of
the main rotor loading for imposing the non-penetration flow
boundary condition. However, the boundary condition is not
enforced due to the exclusion of the n=m terms in computing
the ground flow velocities, which according to the literature
including these terms, would introduce infinite kinetic energy
into the flow field. Therefore, adjustments to the estimated
strengths of the mass source distributions and the size of the
ground rotor are necessary to impose the boundary condition
at the ground. Methods have been developed to adjust these
estimated strengths and ground rotor size for full, inclined,
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and partial ground effect cases. The study focuses on the R-
50 unmanned helicopter rotor, analyzing its behavior in these
different ground effect cases. The full ground effect results
are compared with the Hayden model and the Pressure Poten-
tial Finite State Model (PPBFSM). The inclined and partial
ground effect results are correlated with PPBFSM. The fol-
lowing conclusions are drawn from this study:

1. The average rotor inflow velocity of the current model
has been compared with the Hayden model across var-
ious rotor heights above the ground. This compari-
son demonstrates that the current model correlates well
with the Hayden model for all rotor heights greater than
0.5Rmain, with an error of 0.003 for most cases.

2. The rotor inflow distribution in normal ground effect
shows a trend similar to the Pressure Potential-Based Fi-
nite State Model (PPBFSM) for an isolated rotor at var-
ious heights above the ground. Additionally, the cur-
rent model demonstrates a greater reduction in rotor in-
flow distribution due to ground presence than PPBFSM.
This difference stems from the enforcement of the non-
penetration flow boundary condition at the ground in the
current approach, which is not considered in PPBFSM.

3. In the inclined ground effect case, the rotor inflow dis-
tribution is studied for a fixed height of 0.9R above the
ground across various ground inclination angles. The
current model demonstrates a distinct and plausible trend
compared to PPBFSM. Specifically, on the valley side,
the current approach shows less reduction in rotor inflow
as the ground inclination angle increases, which aligns
with theoretical expectations for real-life situations. In
contrast, PPBFSM does not exhibit this behavior. This
difference can be attributed to the current model im-
posing the boundary condition at the ground, whereas
PPBFSM does not consider this boundary condition.

4. At different rotor heights above a 25◦ inclined ground an-
gle, the current approach shows a similar rotor inflow di-
stirbution trend as PPBFSM. Also, the current approach
exhibits more rotor inflow reduction on both sides of the
rotor compared to PPBFSM. This is because the current
approaches experience more ground effect as the rotor
approaches the ground compared to the PPBFSM

5. In the partial ground effect case, the current approach
demonstrates a more reasonable rotor inflow distribution
trend compared to PPBFSM for various partial ground
distances (d) and a fixed rotor height above the ground
(h = 0.9). On the ship deck side, the current approach
shows a reduction in rotor inflow comparable to full
ground effect conditions, as expected in a real-life situa-
tion. In contrast, PPBFSM does not exhibit this behavior.
On the sea side, where there is no ground presence, the
current approach shows results comparable to the out-
of-ground effect case, which is also expected to be in
a real-life situation. However, PPBFSM does not reflect
this behavior. These differences arise because the current

model imposes the boundary condition at the ground,
whereas PPBFSM does not account for this boundary
condition.

Finally, the current model shows a good representation of
an isolated rotor inflow distribution reduction in normal, in-
clined, and partial ground effect cases, as would be expected
in real-life situations in these cases. In this approach, the
equation developed to compute the strengths of the mass
source distribution in terms of rotor loading revealed that the
boundary condition at the ground is not adequately enforced,
primarily due to the exclusion of n=m terms in computing the
ground flow velocities. Consequently, adjustments were made
to the ground rotor size and the estimated strengths of the
mass source distribution. Future studies are needed to inves-
tigate the inclusion of n = m terms in computing the ground
flow velocities, aiming to eliminate the need for adjustments
to the ground rotor size when enforcing the boundary condi-
tion.
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APPENDIX A

ELLIPSOIDAL COORDINATE SYSTEM

The ellipsoidal coordinate system (ν ,η ,ψ) is defined as:

x̄ =−
√

1−ν2
√

1+ν2cos(ψ) (16)

ȳ =
√

1−ν2
√

1+ν2sin(ψ) (17)

z̄ =−νη (18)

where x̄, ȳ, z̄ are the Cartesian coordinates normalized by the
rotor radius. The values of ν ,η ,ψ cover entire 3-dimensional
space if they are restricted to the following ranges:

−1 ≤ ν ≤ 1 (19)

0 ≤ η ≤ ∞ (20)

0 ≤ ψ ≤ 2π (21)

Figure 19 shows the ellipsoidal coordinate system viewed in
the x̄ − z̄ plane. While ν defines constant hyperboloid sur-
faces, ν defines constant ellipsoid surfaces. Both families of
surfaces are azimuthally symmetric about the z̄−axis. When
η = 0, surfaces represent two faces of the disk, and ν changes
sign across the disk. The inverse of Eqs.(16) through (18) is
given as:

ν =− sign(z̄)√
2

√
(1− S̄)+

√
(1− S̄)+4z̄2 (22)
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η =
1√
2

√
(S̄−1)+

√
(S̄−1)+4z̄2 (23)

ψ = tan−1(
−ȳ
x̄
) (24)

where
S̄ = x̄2 + ȳ2 + z̄2 (25)

Figure 19: Ellipsoidal coordinate system.

APPENDIX B

NORMALIZED ASSOCIATED LEGENDRE
FUNCTIONS

P̄m
n (ν) and Q̄m

n (iη) are normalized associated Legendre func-
tions of the first and second kind, respectively (Refs. 17, 18).

P̄m
n = (−1)m Pm

n (ν)

ρm
n (ν)

(26)

Q̄m
n = (−1)m Qm

n (iη)

Qm
n (i0)

(27)

(ρm
n )

2 =
∫ 1

0
[Pm

n (ν)]2dν =
1

2n+1
(n+m)!
(n−m)!

(28)

Qm
n (i0) =

{
−π

2 (i)
n+1 (n+m−1)!!

(n−m)!! n+m = even

(i)n+1 (n+m−1)!!
(n−m)!! n+m = odd

(29)

APPENDIX C

AXIAL INDUCED VELOCITY
COMPONENT

A review of deriving an equation to compute the velocity on
and above the rotor disk is presented in this section and a de-
tailed derivation is discussed in Ref.(6). In general, the veloc-
ity can be represented as a gradient of the velocity potential:

v⃗ = ∇⃗Ψ (30)

where v⃗ is the velocity vector, Ψ is the velocity potential.

The velocity potential consists of time and spatial-dependent
parts, i.e., velocity potential states (am

n ) for time dependency
and shaping function (Ψ̃m

n ) for spatial dependency. Thus, Eq.
(30) can be rewritten for cosine term as follows:

v⃗ =
∞

∑
m=0

∞

∑
n=m+1

(am
n ∇⃗Ψ̃

mc
n ) (31)

where
Ψ̃

mc
n = σ

m
n Φ

mc
n+1 +ζ

m
n Φ

mc
n−1 (32)

σ , and ζ are constants and defined in Ref.(6). Φ is the pres-
sure potential (shaping function) and is defined as follows:

Φ
mc
n = P̄m

n (ν)Q̄m
n (iη)cos(mψ̄) (33)

After conducting the gradient of the Eq.(32) in the axial direc-
tion:

∂ Ψ̃mc
n

∂ z
=

∂ (σm
n Φmc

n+1 +ζ m
n Φmc

n−1)

∂ z
= Φ

mc
n , where n > m

(34)

The velocity on and above the rotor disk can be calculated us-
ing the velocity potential state and the shaping function which
can be defined as follows:

v⃗z =
∞

∑
m=0

∞

∑
n=m+1

am
n

∂ Ψ̃mc
n

∂ z
=

∞

∑
m=0

∞

∑
n=m+1

am
n Φ

mc
n (35)

APPENDIX D

CORRELATION MATRIX FOR GROUND
EFFECT

Each rotor has two types of velocity, one is the self-flow ve-
locity of the rotor and the other is the effect of one rotor on
the other rotor.

The self-flow velocity of the main rotor and ground can be
computed using the following equation:

v⃗Sel f Rotor =
∞

∑
m=0

∞

∑
n

am
n Φ

mc
n (36)

The difference between the self-flow velocity of the ground
and the main rotors is the radial distribution (n). For the self-
flow velocity of the main rotor, n = m+ 1,m+ 3 while the
self-flow velocity of the ground rotor n = m+2,m+4. Also,
to differentiate between the velocity states of the main rotor
and ground rotor, let am

n be cr
j for the ground rotor.

Moreover, Fig. 1 shows the coordinate system that can be used
to compute any points below the rotor within the wake radius,
Ref. (15), and also described as follows:

v⃗A = v⃗B + v⃗∗C − v⃗∗D (37)
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where induced velocity at point A (⃗vA) is the wake velocity
at ground (⃗vMainOnGround), point B (⃗vB) is induced velocity on
the disk, points C (⃗v∗C) is adjoint induced velocity on the disk
and D (⃗v∗D) is adjoint induced velocity above the disk.

Also, Equation (37) can be simplified as v⃗∗c and v⃗∗D are inde-
pendent of time changes due to the steady state assumption
and this leads to the following equation:

v⃗A = 2⃗vB − v⃗D (38)

For steady state, the strengths of the mass source distributions
at the ground rotor can be estimated by equating the flow ve-
locity exerted by main rotor on the ground to the exit flow
velocity of the mass source distributions at the ground:

v⃗MainOnGround = v⃗Sel f Ground (39)

where v⃗MainOnGround and v⃗Sel f Ground can be expressed as fol-
lows:

v⃗MainOnGround =
∞

∑
m=0

∞

∑
n=m+1

am
n (2Φ

mc
n |Sel f Rotor−Φ

mc
n |AboveRotor)

(40)

v⃗Sel f Ground =
∞

∑
r=0

∞

∑
j=r+2

cr
jΦ

rc
j |Sel f Ground (41)

After substituting Eq. (40) and Eq. (41) in Eq. (39) and apply-
ing the orthogonality properties of the normalized associated
Legendre function, a general relation between velocity states
of the ground and the main rotor can be found and expressed
as follows:

cr
j = [Grm

jn ]a
m
n (42)

r = 0,1 j = r+2,r+4 m = 0,1 n = m+1,m+3

where G is the correlation matrix and it is defined as follows:

Grm
jn = 2

∫ 1

0
P̄r

j (ν2)P̄m
n (ν1)dν2

−
∫ 1

0
P̄r

j (ν2)P̄m
n (ν1)Q̄m

n (η1)dν2 (43)

where P̄ and Q̄ are the normalized associated Legendre func-
tion first and second kind, respectively; the subscripts 1 and 2
correspond to the data of the main rotor and the ground rotor,
respectively. It is recommended to use the trapezoidal rule to
solve the integration of this equation as the variable ν may not
be equidistant.

Finally, for steady state, the strengths of the mass source dis-
tributions at the ground can be related to the load distribution
at the main rotor using the relation between velocity potential
states and pressure terms, and it is as follows:

τm
n = [VL]rotor am

n

ωr
j = [VL]ground cr

j

 (44)

where τ and ω are pressure coefficients corresponding to load
distribution (main rotor) and mass source distribution (ground
rotor), respectively. [VL]rotor, [VL]ground are the mass flow pa-
rameters for the main rotor and ground rotor, respectively. The
mass flow parameter for the ground is defined as diagonal
matrix with twice the average of main rotor velocity out-of-
ground at the diagonal. The mass flow parameter for the main
rotor is defined the same as the ground rotor except the first
element in the matrix is only the average of the main rotor
velocity out-of-ground effect which corresponds to a0

1.

A direct relationship between the strengths of the mass source
distributions at the ground rotor and the load distributions at
the main rotor can be obtained by substituting Eq. (44) in Eq.
(42), and it is as follows:

ωr
j = [Srm

jn ]τ
m
n

r = 0,1 j = r+2,r+4 m = 0,1 n = m+1,m+3
(45)

where [Sm
jn] is a correlation matrix and it is defined as follows:

[Srm
jn ] = [Ve][Grm

jn ]

r = 0,1 j = r+2,r+4 m = 0,1 n = m+1,m+3
(46)

Ve =


2 0

1
. . .

0 1

 (47)

Since in this paper, even pressure coefficients and velocity po-
tential states are used for the ground rotor finite state equation
so the first element in the mass flow matrix is twice the aver-
age velocity of the main rotor out-of-ground effect. However,
if odd velocity potential states are used including c0

1 then Ve
will be an identity matrix.

The general form of expressing the strengths of the mass
source distributions in terms of rotor loading is as follows:

ω
0c
j =

1
2π

∞

∑
m=0

∞

∑
n=m+1

∫ 2π

0
Srm

jn (τ
mc
n cosmψ̄1 + τ

ms
n sinmψ̄1)cosrψ̄2dψ̄2

ω
rc
j =

1
π

∞

∑
m=0

∞

∑
n=m+1

∫ 2π

0
Srm

jn (τ
mc
n cosmψ̄1 + τ

ms
n sinmψ̄1)cosrψ̄2dψ̄2

ω
rs
j =

1
π

∞

∑
m=0

∞

∑
n=m+1

∫ 2π

0
Srm

jn (τ
mc
n cosmψ̄1 + τ

ms
n sinmψ̄1)sinrψ̄2dψ̄2

(48)
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