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The validation of coupled flapping/inflow l'OIDr models has 
received much recent ammi<n The present paper concenrntes 
on the analysis of fligm conditions cJosc ID hover in order to 
resolve some of the difficulties m:oumered in the eanier lllUdies. 
New light is shed on the fundamental problems of idenrifllbiJ.ity 
by designing oplimal expenmem for the panmesas of a variety 
of coupled flapping.linfio models. The modell include the Pin 
and Pelels formwaoon of the indua:d now equacicnl and bod\ 
finz and second order flapping is Wiaidered. From the desip 
of Oplima1 experimem:s it is poaible to delermine tbeon:tially the 
minimum possible vanmce ot panmelel' ealimllCI for a SiVm set 
of expenmaal conditionL It ii lhus pollible ID delermine if 
the availlble inmw:Dem.1IDan can pnMde eaimaes of a specified 
quality. Using this appl'Olldl · can:fl1l 11Gm1ion is pwn bodl to 
the quesuon of wbedler tlllpping mmmmems alone are 
suffldem for tbe raiable idenliftcllDan of coupled ~ 
models and to me suiulbility of tea mpa cunendy employed. 
It is concluded th.ll for the modell CCIISidmd. in me ablmce of 
direct measuremenu of iDtlow. and despite the n:lllive:ly short 
time axmants of me models. it is impanam ID tmiD- low 
frequency informai:ion in the syaem idmlflcMim pnxess. 
F'mally. it is shown dial witbin the limitlldoDI of tbe fli&lll daa 
available. a simple flipping model wilb 11D induced now 
dynamics cam be betr.=d and liVa a pJOd flt to measwtd 
dm for all frequencies up ID dial of the raor. 
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Coupled flappinglin.tlow models are an imporwu component 
of any study of me flight dynamics of !OIDn:raft. ln the =enc 
paa a fairly simp6e ~ was adequale for piloted and 
otf-Une simwaoon and. typically. models were based on a 
cenae-spnmg rigid blade wiUl either l1'IOIDentUl'1l theory or a 
G1aJert formu.La ID provide the induced flow [I). Thi.I type of 
model wa adequae for the hmlllng qualities requiremcna of the 
day md in my C¥eM the limill:id computing power which was 
availlble for rat-a.me simulmonl lesaam the ~ for 
eamlillhing more ambitious models. Recendy, a tu:llber of 
rellled fllCUlCI have given ame for developing inrierest in more 
advmced models. An imporunt slimuln Im been the 
publicllion of DIOft! sumsem hmdlina qualitiel requiremcna [2 J. 
wbldl IDpdler wilb the nee11 for arearer qility 1111 ID.Ide high 
bmdwiddl COIIIJ'OI sysmm a pn,:tic:a1 necesity. At the same 
time. fully am>daalc blade models are being preplftd for 
rat-cime sunalmon (3.41, whic:b in tum recpitre an aerodynamic 
model of dynamic iDtlow of equivalelt lidel.ity. Witb the 
plOCelling power now available ID mm the inclusion of 
advmced rocor modell in pilmd simulation a realistic proposition. 
lbe simulldcmisc or fligm dynamicist. expeas ID call up models 
wbldl have been vll.idared OYer a wide range of flight test 
cxmdkiom The validadon experimerns should have shown a 
CODlisrm klrnttt'k:lrkcl of me model suuaure and have produced 
j,.Gametet cmmaaes which are aedibly cloee ro lhcoreucal values. 

An ei.ercile in the validmm of rotor models using flight 
dm hall been the subject of a wortshop study at the Royal 
Aaoapace Eab!IDMl!l (RAE), Bedford (.5). Different groups 
applied a variety of b'dmiqlies co me lli&lll dala resulting from a 
JonaUnttiMI cyclic COIIIJ'OI input 10 the RAE AelOIIJ)l(iale Puma 
trimmed at 100 lmoU. MeasumDcms of the ftap and pitch for 
ea of tne tour biadel. ~ with the fuselage kinemalics 
were uam ID validlll: simple. flap 111d in1low models. Sublequenl 
work carried out at 01aqow Univenity in defining a suaiqy for 
the valldadoft propamme and describing enhancemenls to the 
t1111ic: model Im been prese:na:d at European Rolon:raft Forum 
(6.7) 111d publisbed ~ (8). nu ~ cor..:aitrlled on 
n:lllive:ly fut fonrmd IUghl and. more n:cently. endeavours have 
been made IO Ulald the validalion ID mediwn and low ~ 
and havering flisbl, using daa from the same flight test 
propamne at RAE Bedford. Oll&I ~ for a vanety of inpulS. 
mamty doublea and frecplency sweeps have been avail.Ible for the 
cyclic and colledive controls. 

lbe inYalipdon of this wider range of flight conditions 
proved IDOftl difflcuJt than amicipaied. The use of pmmeter 
estlmalion softwme requires some expertise and an appn:aanoo of 
me ptlyacal sysrem io be moa effective. but the diffl<:ulties with 
non-convergence and inconsisii=nl values exi::eeded those nonnall Y 
expaim::ed. As the wortt pmsressed. accumu.laled evidence 
sugest.ed I.bat there were underlying facton at wort which 
needed a nmona1 explanation. ln additioo. pan of the onginal 
SU'ltCIY had been II) operae in the frequency domain in order to 
wzet validmon oo dial frequency r.uigi: lllOSl relevant to ro1Dr 
dynamics. "'be aim was to exclude the fuselage response from 
the validation in order ID exll"llCt the rotor parameters with more 
confidence but a puzzling feature of even the earli~ results [71 
was that low frequenaes always seemed to be needed for a 
successful identification. 
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Against this backgroWld of WlCenairuy. it was decided to 
concentrate on a sl.lllple situation in order to identify the fearures 
of the model. control input or identification method which were 
the source of the difficulty. 11-.e hover condiuon. with collecove 
input. is a dynamical s1tuanon which is simple enough to be 
analysed in some detail. Houston and Tantclin. for example. 
consider the validauon a coningtintlowibody represenWion [9]. 
The cour..e followed at Glasgow is descnbed in the sections 
below. It depends on examuung the criterion for opwnal 
esumates by minimising vanaoon in estimated par.uneter values. 
As a consequence of this approach it has been possible to predict 
the difficulues a.ssoc:1ated with the hovenng situation and to begin 
to understand the problems expen~ in the more general case. 
The pnnciples behind these explanaoons are ones which have 
general applicability and should be given considemion in any 
validation exercise. 

2. Jckniftltilia and e,moow Praim fgr Caacd 
RPliRrtJnOow Moc1ds 

1n any identification. the pmme1et estimaies otxaineC1 11e 
random variables wilh a given mean and sundlnt deVialiocL The 
smaller the sund&rd devillioa. the more aa:unae the panmerer 
estimara will be. on averqe. &SSUminl that ttley lle ISlbiaed 
(the expected value of lhe estimas beiJ1a equal ID the 'tnJe' 
parameter value). 

For the case of an efl'ldcm esmua,r the Cramer-Rao bound 
[ 1 OJ re!all:s the variance of esdmalel to elcmelllS of the 
dispenion mautx lhn)uatx the ~ 

cov(8) • D • M·• (l) 

where e is the vector of paraaeter estiaates 

D Is the dispersion aatrix 
M is the inforaat ion aatrix 

The dispenioft IIIIUix dlct'e{m pmYides I blltl for 
experiment desip and by deslsninl opamal idmdftc:arion 
experiments. it is poaible ID delelmine the mmmum pcmible 
stlnda1'd devillions Of die J)ll1IDelel' estimMel for I P\11111 llCl ol 
experimental condidcns. 

This provides useful informanon ma die idmdftabi1lty of a 
model since. if the best poaible intormalion IIIIUlx bas been 
found. any indicaiian of ID-candiliaainl or linpllmy sugesca 
that unique panme=r eszimales are unotuiDab1C 111i111 die 
available measun:menlS. 

1n the case of coupled ~ models one of die 
most importlnl difficulties aQJUllleied la bem in die ffltmllioo 
of inflow dynamicS usiDI ftaR*II wwww..aa aklDe. ID on1er 
to pt I better undenUndinl of Ibis pOlliml - ditfmm models 
have been invalipred in ten111 of ldmdftlbfflty. AD 1be1e 
models are baed on aldlrd ftlllPiml eqllliOIII [ l] caapled wid1 
appropriare in1low ...... [11]. DmDI of all die models 
considemt may be lollDd iD Appmdis A. 

The lime cmm aaoeteeed wid1 fllRinl nt maow 
dynamics are small (typ6call7 lell dllll l axn:1) in COlll4MIOll 
with the period of tJPb!1 IDCalftd iapame dlla sea available 
< typically 120 secondl). · Since dlCIC time maories are relllively 
long. frequency domain melhadl of input desip. wilb their 
acknowledged simpucity, may be used widl conftdence. 

The experiment desip problem is well docllmenred (e.a. 
[!OJ, [12). [13). [14)). For the case of ouqMoffltlt idmriftc:arim 
methods and the desip of inpuls which are C11C1JY aJllllrlined 
the problem can be stared in the followinl form:· 

minimise 1D1 
u 

where D ., ~-, 

and \4 a J.: ~T R·• ~ dt (2) 

By Parseval's theorem 

\4 = I.: dY<w) T R ., dY<w) 
dw '"air or ( 3) 

= I.: F* (W) R·• F(w) Suu(Wldw ( 4) 

where R is the noise covariance -11rix, Suu<"') is the 
autospectrum of the input and the quam.ty F(w) is a matrix of 
sensitivity coefficients 

dG(w) 
F(co) • -

d8 

where G( CD) is the S)'Slem tnnsfer function matnx. 

(S) 

This shows that the only infonnation required to calculate 
1 D 1 • for the en: of an infinitely long record. is the 
•IIDlpeCU\lm of the input <Suu(CD)) and the fonn of F(CD). It 
slJouid be nored that for pnctic:al systelDS IF( CD) I becomes 
nqll8il)le above some frequency Cl\: and lhe limits of inlegnllon 
therefore become finite. 

Sun+, Un+t <•> • cz Suc,11o<•> + (1 • a)~uJ•> (6) 

Fram eqaaden (2) it can be shown lhll the in!onDllic.ll mllrix 
Mn+, of die lDplX "n+, can be rellled IO the mfonnaljon macrix 
Mo of die iDplX "o nl die infonnllion mllrix Mti of input Un 
by the .-n 
Mn+. • Cl Mo + ( l • Cl)lfn 

'lbe cone-.:oodinl dilpenion mllrix is given by 

Dn+. • Kn+ ••• 

11 ii known (13] Iha for any square macrix .1 the relation 

d 101141 [ d.41 
• Tr 4· 1 -

dx dx 

is tnae. Hmce.. from equman (7), we hive in this case 

d 10S1Dn+, I 
• -Tr(1fn·•Mc, - I) a -Tr(Mn"'Mo) -q 

(7) 

(8) 

(9) 

da (10) 

when, q is the number of pmme!CfS corwdered. Also. for a 
suffldem1y small value of a 

1011Dn+,1 • tos 1Dn1 • cz (Tr<Mn"'Mo) • q) (11) 

If die term a (Ti(Mn·• Mc,) • q) is positive it follows um 

1Dn+, I < 1Dn1 

nl 1Jn+1 is c:Jearly I beUer test input Wit 11n. This result 
pn,Yides I basis for Ill C)IIODliSNioo algorilhm um successively 
improves upon a 1at input ldil an optimum is reached. 

For Ill input ccnsislin8 of .a pure sine wave of freouencv 

a>o, a similar approactl may be employed. but one must use 

M • Reff°*(c»o) R·• F(llc))} or lm(F*(Wo) R·• F(Woll 

in place of equaion (4). The use of a discrete set of such 
i11JWS produces a significant simplification of the algoritlun · IS J. 
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In order to investiga1e the 1mponance of inflow data for 
identifying the parameters of ea.eh model. opumal expenmerus 
were designed in each case both with and wilhout inflow 
measurements. 1lle approach is best illustrated using the second 
order t1apptng/first order inflow model. 

d' ~o 

d t• 

d ~o 

d t 

dt 

= 

a, a, 

0 

a, 0 

. a, 

0 

a, 

d ~o 

dt 

+ [ :· 80 

a, 
(12) 

where details of lhe model siniaure and panmeu:rs may be 
found in Appendix A. Using lhe lbeloretica1 pmmeser values 
from Appendix A (wilh · the comaed value for 
M1 ,) we have 

a, .. · I. 171 a, • -0.648 
a. = -1.06 •• • 1.171 
a, = • 1.561 a, a 0.1666 
a, "' -0.1666 

CIK...l. inftow and axi.llg·n8e malllll'elDmtl available. and 
all mode.I paramelffl e:aimlled 

Toe c:onma. caning-me. and idow mmwemaa were 
assumed to have noiJle widl umty CIMlrialDl:e. for aJlffl:llienc:e 
giving a mlaix R-• having unit elemcm ill lbe ~ diagmal 
and zero elemem elsewhere.. Appliclrion ol lbe opdmaA inpal 
design ai,ori1hm gave an opcimal vibe of 1D1 of 3.24 x 10". 
Standan1 devililionl for pmmcm esidmaae:I for an expcrimelll 
involving lhis opama1 inpll are lbowa in Table lL 11111 l'elAdal 
showed ttw the esume of .-w a, will. on -.e. be 
much less accume dlan dime of olber paw 11111 ooama1 
teSl 1npn for this c:ae 1m a mav dillJibed III tilowl: 

frequency I 0.1$ 0.,0 0.60 

Percentage enera, 20.2 31.2 3.$ 

0.62 0.97 

10.2 34.9 

Ciz...2 in8Dw C WWW mi1able. but not caning-rare 
measuremenu: aD i*W e:aimwd 

In order ID ftllllOVe lbe c:milll-fae lllimliitlllalL its noile 
covariance W1111 set ID 1()1 • i.e. dreclively ID infinity. This 
gives R·• as. 

1

10:·· • 
R·• = 

0 

; I (13) 

The optimal I DI for lhil case is 1.879 x 1 ()I , giving the 
following pmmeier undatd devialiona shown in Table lb. 
These standard devi&lions are larger Ihm in Case 1. as exp::aed. 
since less infOffl!Blion is available as !here is no c:oning·ra.te._ 
measurement. The oplimal teSl ~ for this case his an energy 
disuibution whidt is the same as tha for Case I since the 
information provided by the caning-rate measumnenr.s is also 
present in the corung ~uremeru. 
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c.uc_J no 
measurements available: 

inflow measumnents. but 
all param~rs estunaied. 

corung,ra1e 

In order to remove the tnflow measurement for the 
experunent design. its noise covananc:e was set to 1 {)I , 
gives R·• as 

0 

: .. J I 14) 

0 

TIie optimal 101 in this case was 5.464 x !QJ • i.e. the opumal 
dispe!Slon mauix is effectively infinite. and so unique parameter 
estimares cannot be obWned. 

no inflow or coning rare measurements: all 
Parametffl esnmlled 

In order ID nmove lhe coning-rme m1 inflow measurements. 
their noae covanmcea were set to 1()1 •. giving 

0 

R·• • 
[ 

10:·· • 0 

0 ( 15) 

0 10" 1 I 

The opCimal ID I in dWI c:aae was found 10 be 4.09 x 1()1 • i.e. 
the dilpenion IJUIIJU was effectively inftniee. and so unique 
pmrwr estmlllllell amot be obcained. 

1bele rema for the tour ems praemd above c.va be 
memd furlber using lbe ll'llmfer funaioa 1JU11JU G(s) for this 
model. It can be shown Iba in tenns of the sw.e space 
dell::ripdoa of ecpmon (12) lbe tnnsfer flnlClian nwrix is 

G(s) • ------------------
s• + s•(-a, ·a,)+ s(a,a, • a1 + a,a,) + 1 1 1, 

(16) 

a, s• • a8 [ a, - :!• z ] s 

l •• s • •• r a, - ::· z 1 

a,s• + (a,a, · a1 a,)s · a,a, 
The symm responses Ullffl!fon: give information about .ne 

following quanlitles: 

A. ( ·•, . •1 ) 
B. (a1 a, ••• + •••• > 

c. a,a, 

D. a, 
E. a, [ a, -~1 a, 

F. a, 

G. a,a, . a, a, 

H. a1 a, 

Va.lues for a, and a, cm be found from (D) and (F): a, 
can then be found from (H) and a, from (C). From (A) ii 
can then be found. and finally a, and a, from (E) and ( G). or 
(8) and (E}, or (8) and (Ci). The model is therefore 1dennfiable 
when bodl c:oning m1 inflow me&1urements are available. as was 
found in Case I above. 



If corung-rate measwemerus _are no< available .. then this 
makes no difference to the identifiability of the model. smce the 
pole/zero 1nfonnation provided by the cooing-rate data are also 
provided by the coning data. As noied in Case 2. however. the 
standard deviauons of the parameter esnmatcS will be larger when 
there are no corung-rate measurements. 

If inflow measurements are not available. then values for 
quannnes (F). (G) and (H) above will llOl be available. A value 
for a, can be found from (D), but we then have four remairunii 
equations (A). CB). (C) and (E). and six unknowm. so canoot 
solve these uniquely i.e. the model is wuc:lentifiablc when inflow 
measurements are not avaibble and all of the parameters have ro 
be esumaied. nus can be overcome if some a pnori infonnauon 
about the parameters is known. In particular. if any one of the 
three parameters 11 • a1 or a, is known and so does not need to 
be esumated. then it is pamble to obcain eswnares of the 
rem11ning two from (A) and (C). Further. if one of a, . a, or 
a is then known. the OUlm can be found from (B) and (E). 
The model is then idenliftable. llne special cues also exist: 
if one of the pairs a, • a,. or a, . a,. or a,, a, is known. then 
the model is also identifiable. With a, and a, known. (A), 
(8), and (C) have three mmiowns (i.e. a,, a, and a,) and 90 
can be ,olved. Expres.,ion (E) can then be lmd to obcain an 
esunwe of a,. since a, can be found from (D). Wllh a, • a, 
known. (E) can be used to ollcain a, sm:e a. can be fOIRI 
fram (D), and we can then use (A) and (C) to otltaiD a, and 
a1 • A value for a, can then be l"Ol.lld frail (8). F"mally. wilt\. 
a,, a, known. there m br equlliom (A). CB> •. (C) and (E) 
with four unknowns wbicb can be sotved IO obcain a, , a, , a, 
and a, . with a, found from CD). 

In order IO verily dlea idemftlbility pcedidionl. opjmal 
experimCIIIS were deli,ned for all die poaible combinlliom of 
one and two model pll'IIDClm lmown beloreJlmd and so not 
esrirnmrd The raulll were found IO be in compiele qm:mem 
with die pm1icbona. On die bllil ol Ibis wart. it therefore 
appears lhat it is not paaible ID idemly all ol die um:nowD 
panmeters in this model simultnoully. wilmlt in1Jow 
measurements bein& avlillble. nu is an iJDpon:a rault. and 
goes I Jons way towards expl•iniDI die ctiffln•lties encoumred 
by researchers 11Si111 S)'Slelll idenliftcaDon recmiqiles IO iDvalipe 
flapping/inflow models. 

Lacking inftow meatllll!lllmll. idmliftcllicn. raaia an sdJl 
be obained if suiUbie pu1111e1e21 cm be flud • lmown values. 
Moreover. if the jumficllion Jiven above for lbelC ·ictrnrifletility 
problems is valid. lcnowledle of rellli--wlil• between die model 
parametffl may be used as an alrenlMive IO flxinl pll1IIIIClell. or 
in combuwion with iL For wmple. die faUDwinl rebliamhipl 
are present between die model pmmetm: 

a I ::Z • a1 ; 1 1 & '4 a
1 a, • -a. 

3 

If die relariooshlp .. • -a, le lncllded in die idrnriflcarion. 
then 11 can be found frail QUllllity (D) pm above. Veluee for 
a1 and a, can lben be bad fn:1111 (A) and (C). If a, • ~ 
a I is lben llled. a. cm be blad f.rma (8) and a, frail (E). 
Hence. by IIIUIIUJII die two n:larimdip1 pvm. die model should 
beoJme idc:nliflable. A1f1 lllilllble ~ of rellliaampa 
andJOr flxm, of .-w valla caald lllemllivdy be llled. 
Therefon:. despi• a !act ol ldow cllll. raalla can lben:fon: sdJl 
be obtained if cenain MPlffllDllll QXUiniD& die model can be 
made. While lirnilled by die aaumpaana lad. sudl results may 
well still provide valuable information. 

In this case. ne&lecting 11.z and labelling the pil'IIDCfa1 as 
a, . a1 .. a, leads to: 

= I al 

a, 
(17) 
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Using the theorencaJ parameter values given m Appenrux A· ( with the com!Cted value for M, 1 ) we have. 

a1 = -0.9052: a, = · l.333; a1 = 0.15086 

. .. = -0.42477. a, = l.000 

The values for the opwnal ID I which result from an 
application of the optimal expenmencal design approach out.lined 
above. indicated thaJ difficulties will be encowuered if an anempc 
is made to estimate all of the parameters of the model. On the 
other hand, if only parameters a, . a, and a, are esnmaced 
successful identificauon may be possible. even in the absence of 
inflow measurements. 

lbe lr.Utlfer funaion matrix for this model is 

G(s)a 1 [a,(s-a,) s• · (a 1 +a,)s+(11 a, · a,a,) 
a, a, 

(18) 
It is noced thll the poles and zeto1 of a syscem can be 

direaly reJlled 10 the charac!eristics of ib response, and that this 
can be ex!alded co die aiefflciems of the rmmeraror and 
denDmina,r u..fer fun::tion paiynomial.s. siB:e lbe,e m in tum 
direa1y n:I.Dd IO die poles and zeraa. Hence, for the above 
traafer function. infonnaion is available from the ~ as IO 
die vllua of die followina ~: 
A. (a1 + a.) 

B. (a, a. - a, a,) 

c. a, 

D. a, a. 

E. a, a, 

OiYen die value of a, from (C), a, and a. can be l"Ol.lld 
fn,m (D) and (E). Prom (A). ii can then be found. and ftnally 
fn,m (8). a, can be obtained. Hence. with both cminl and 
intlow infonDllion. die model is idemiftabie. 

If ldow in!onmdon Is noc available. then a value for 
quenlity (E) above is noc available. In this case. a, can . be 
foalllt from (C). a. frail (D), a, from (A): leavm, a, and a, 
IO be found frail (8). 1'1lln is only one e,q,rmion (B). but 
two IDJlOWl1I. 111d so die model is unidemfiable in this 
simmon. 

If valml for panmc1m a, and a, are known beforehand 
lben die aqumcat1 above sugest dial the model will always be 
idel'fifleble 

At pma1t. die tesl inpa used in . fligtx trials are largely 
,enenl.1)U1111* rmier than specially desipd for the cumnt 
WOik OD IOIDI' modela. By COIDPIMS lbe,e general test UlpUIS 

widl die optimal inpuu for idemifyins rocor models. some 
iactiadoa of lbeir lllilability rm be obCained. 

In Secdoa 2.3 COlllidffllion is liven IO the idellli1icllion of 
Model D of Append.Ix A when parameim a, • a, and a, are 
beinl esumlled. When inflow daa are available. the optimal 
q,ut hal ~ of ill mersy at fn!quency 0.38 unilS. and 1~ ll 
frequency 0.41 uni1s (a:inaporid.ina to 1.67 Hz and 1.80 . Hz 
rapec:tivdy for die Puma). Th:le m relalive.ly low frequencies. 
when c:ompmd wilb die rm,r fn!quency of 1.0 units (4.39 Hz 
for die Pllma). Table 2 gives the opwnal inpuu for Model V 
of Appendix A when varioul sets of the model pmmeters are to 
be ~ and inflow measumnms m available. le can be 
seen lhat these larJdY coeice111me on exciting three sets of 
frequencies: aroum 0.2 uniu. 0.5 urucs . and 0.9 uruts 
(c:orn:sponding IO 0.87 Hz. 2.19 Hz. and 3.95 Hz respectively for 
the Pmna). The opcimal inputs for Model V excite much higher 
fn:quencies than those for Model II because Model V is a more 
accurare represen.uion of the rotor. in theory. and includes high 
fn!quency dynamics. whereas Model II is a simpler represemauon 
that includes only lower frequency dyiwn1cs. 



A typical manually applied frequency sweep input has little 
energy above I Hz. and so 1s pemaps of doubtful use for rotor 
1denuficauon wort. The bandwidth of such manually applied 
inputs is severely limned by simple physical ctwtramts. in 
parucular. how fast the pilot can move the corurols. In order t0 
overcome this. some form of automatic corurol input device 1s 
necessary. and it is suggested that until such a devia: 1s 
available only limited rotor 1denofica1ion wort will be possible. 
Unfortunately. even with a conO'Ol input devia:. the dynamics of 
the rotor actuators may rcsmct the frequency contem of any 
inputs applied. For eitample. in the Puma helicopier. the 
actuators can be modelled as first-order lags with a nominal time 
constant of around 50 ms. This corresp,nds to a cut-off 
frequency of around 3.2 Hz. and so lies within the frequency 
range for rotor identification wort. Nevertheless. even being able 
to eitcite the l'Olor at this son of frequency would be a 
considerable improvement on the presem S1tuaticn 

Turning now to the case when inflow mcaswemesus an: not 
available. in Section 2.3 the opli.mal input for Model ll has 33% 
of its energy at d.c. and 67'Ji at ~ 0.62 unilS 
(co~g to 2.72 Hz) when esumaang parm1esm Ii. a, 
and a,. The opamal inpulS for Model V widloul infiow, 
con-esponding to those given in Table 2. wae all ll4'Pl'Oximaeiy 
the same. and had 19.2% of dw CIICllY u zero frequency, 
31.2'Ji at frequency 0.50 1miU. 16.2 ... at ~ 0.66 unils. 
and 33.4% at frequency 1.06 umcs co Hz. 2.19 Hz. 2.89 Hz 4.65 
Hz respectively for the Puma). 

Oearly. when in11ow daa is not available the opdmal illpua 
have ralher differalt ~ to when it ii availlble. For 
boctl Models n and ,., • the i~ canam a zero mqum:y 
component that was nac pream previously. and excite mper 
frequencies. In order to imeaipie ttae diffenD:a in mora 
del.aiJ. for Model V the oplimal ~ were rc«siped SUbjeet 
to n:striaions on their fn:quency anem. The resull sbowed Iba 
when low frcqumcia are el!duded. sufflc:iml inCormllion cm Rill 
be otxai.ned about the model for idallitlcldon to be succeaflll. 
albeit with much lesa aa:unae pll'IIDCe eaimllcs thlD if the full 
frequency ran,e was available. U was aim found !Im low 
frequency infomulllioo alcne is insufflciem ID idml:ify die model 
panmews. 

These results SUuest Iba hip frecp::ncy inbmadoo is 
more imponant man low fn:quency udormmm. • ~ since 
we are dealing with the nm-. ftoweower, die piamce ol a zao 
frequency component in the OJDIIII inpa whm intlow elm ii 
noc available is surprising. panicuiarly since it ii not pieam 
when inflow meamremaa an: ffllilllble. No cm:luli'le 
explanation as ID the reaaon for dlil zao l'llqamcy compaotfa 
can yet be offffld. but dally it ii rdad ID die IVlillbillty of 
infiow daa in same manner. It ii pllllllible tbalL in m 
idcmificalioo. VCf"J low l'nlqumcy infom#inn lien in SIJl)GllllnjJ 
intlow from ~ effecu wbm cmly c:aailll masuranem are 
available. Tbia ....... ,wam impDdmce ol low fnquency 
infonnatioo is dilclllalled fllrlber in Secllon 1 

It WIii ..,.,..nw:1 mowe m die ma aC1WD1 may 
typically impol!ft m uppa' llmil ol ammd 3.2 Hz (0. 72 units for 
the Puma. in mrm•Ueed fn:quency ll:nDI) cm die m,quencies that 
an input cm elCCi& Tbla is lipiflc:aldy lell lhan the 4.65 Hz 
upper frequency pieant ill die apaimli inpull for Model V 
witboul intlow elm. aldlDUp it ii cmly aigbdy lea thlD the 
3.95 Hz upper frequm:y when i11ftow elm is available. and so 
could signifiamly · n:mict die effec:liwnes ol any idcmiflclltion 
when inflow ~ are lllllMli1lble. 

This line of qumem is in IIP™ widl die re:swrs 
obrained. and is imumvely reasonable. Moreio¥er. in Sec:uon 3.4 
below it is found to hold abo for the result obaYned usm, 
Model V. It therefore appears to be quite a useful IOOl for 
gaining greater insi&bl i.nlo the soun:e of the idemiflability 
pn>t»ems encouneered in !his wor1t. 
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3.1 lnrzmJl'llOD 

Flight data used in the current wort. were obt.amed from 
teru ,n a Puma helicopter and were provided by the Roval 
Aero~paa: Est.abhshment (Bedford). Blade pitch and flap data 
were available but no form of inflow measurement was provided 
The test signal used was a frequency sweep applied by the pllo; 
to the collecuve input. Test condiuons involved hovenng fug/'IL 
out of ground effect. 

Parameter identification methods used have involved a 
frcquency:®"1ain ouq:,ut-error approach forming part of an 
1dentificaaon pacuge developed for l'O(orcraft app!Jcaaons [ 161. 
'The frequency range used for identification was selected uuually 
from examination of the coherence between the control mput and 
the coiling response. It was f<>Wld t.hal the coherence between 
l3o and 80 was hiib (above 0.8) from O Hz t0 about 3.2 Hz 
and dropped sharply at hiiber frequencies. The maxunum 
~ used w11 therefore -3.2 Hz. The lowcst frequency 
included was 0.011 Hz. the zero frequency component being 
excluded delibermely so Iha any buns in measurmenis of R • A_ 
and 1,.1.z cou.ld be ip!Oft)d initially. ~ ~ 

'The coherence between t!it, and I.Lz WIS found to be very 
small_ eiteqll Ill VCf"/ lOW frequencies. This suggested ttlll 
velocity 1,.1.z is relaaveiy unimpon;w over the freq,........, ,,,.._ 
beins c:omidend. --, ·--

Anally. aaallion is drawn to the use of a dciay. t. to 
rcpraem the bias ill die azimulb tnealUl'elllett The multiblade 
vwes Po aad 8o are e&lodMed II follows for the Puma: 

4 
fSo(i). - I PJ(i) 

4 j•l 
whm 

4 
8o(i) • - I 8j(i) 

4 j•l 

~ ii die l!IPfJlnl masumnent for blade j. 
~ Is die pi8dl IDellWmlelll for blade j. 
I refen to die idl du point. 

( I J) 

Oearty, the IZimulb measurement is l10( •n:d in these 
equadom. Hclwwer. azimudl is eaenoally a measure of the lime 
It wt1icb die maaatemelU wen: taken and is therefore needed in 
order to syacbloaia "" aad t\, with the . rip1-body 
measuremenis. Airy bias in the azimuth will produce a time 
sbift belween die romr meaun:menis and the rigid-body 
IDtllWmlelU. wtlicb cm be CDDpamted for by est:imaung a 
de1ly on Po aad ~ • pan ol lbe iderliJlalion. It is imponam 
to DOie 1bll use ol a simple de!ay is only possible for t!it, and 
9o, 1be muldblade tl'IDlionDllion for cycJ.ic mcas:umnentS 
iDYolve the lzimultb meaauetnel1L and so any bias on the 
azilnu1b will have a more amplex effect !ban with t!it, and 9o. 

Modela L VU. and V1D In Appendiit A have the following 
genen1 sanietme when the zero frequency componcnl IS excluded 
from me ldemiftcllk,n: 

d Po 
(20) 

d t 

The pinmer:en 11 • ,a1 and a, an: to be estimated. The 
tbeofts:lcal values and the estima&es from ident:ificauon arc shown 
in Tabk 3a. 

A nn1t 3 sohaion WIii used since this was indicated by 
euminalion of the eigenvalues of the infonnaaon matrix and was 
found to give the best fiL This was one less liwl full .rank. 
since a delay ,: was aJso estimated. 



The identification results appear 10 favour the use of Model 
VIII. especially for the value of panme1er a, . i.e.. lllfinitely fast 
inflow dynamics. with the corung inflow effect included. 

For companson. the identification was repeated . neglecting iii 
(i.e. fi1ling parameter a, at zero>. A rank 2 soluuon. was used. 
(i.e. full-rank. as mdicated by the eigenvalues of the informaaon 
mau,,t) and ii was not necessary ro esumate the delay. t. slllce 
both i\, and 80 are subject to the same az!muth bias. 11. was 
found that removing iii from the idenUficauon had a negb~1ble 
effect and the estimatcS for a, and a, were virtually the same 
as those found with iii included. 

3.3 Wmcinra«ioo of Samd:-On1cr BRiDr HmcJs JridJ a:nPOI 
or iDOPttctx-tw ipflqw 

Models IV. IX and X have the following general suuaure 
when the zero frequency component is excluded from the 
identification: 

< 21) 
d r 2 d r 

'The parameteB a, • a1 • a, and a. are to be CS!irnl!ed and 
have values shown in Table 3b. 

A ~ 3 solution was used. From the estimalel of 
panmeterS a1 and a. . it appean dial Models IX and X are 
preferred to Model IV. and from the CSlirnale of &i it appears 
lhlt Modd X is a beuer IDlliCh. 'Howe¥er. p'lal die WJe 
standard deviatioo a!Odl!ed widl the CSliw of .. • lilde 
confidence can be aucbed to Ibis pefermce ol Model X over 
Model IX. Also. none of the dWlllffliCal values for a, ~ 
die idenlified value. On the wtae. however. • wt1b the . 
fim-uoer fllppins rnodd. the models incoipoaaans inftnllely,,fast 
inflow dynamics appear to be prdefflld to Iha wilb comam 
inflow. This is a panjculady in1msUJ11 raull since many of the 
existing Level I rupa rnecblnics rnodds aaume COlmlll inllow. 
Funber idcrlitialion resulla for the ea when: l't ii nepcted 
showed that 11,z is apin relalively unimponlnL 

J.• Jdn11"er111 o( em:Anta: emnr ...,, • 
Bm::9nkr lpftpp 

Mode.ls D and m In Appendix A have die followilll ,eneral 
stNCIUre: 

(22) 

where a,, a1 ·- a, are die plAIDelel1 to be esnrnNed 1be 
theoretical and CSlimalcd values of dae pmmesen are mown in 
Table 3c. 

A ~ 3 solution wa used. since die me of hip nms 
was found to lead to mncrpnce difflcukiel in the idendflcation 
aiBOrithm. and so to mur:b poorer 1111 It an be seen tbll mese 
resullS are in good ap:emem widl the d1eoretical values pven 
above. mi balled on the value obClined for a. . Model D appears 
to be favoured. From the values of a. , the CDffllCll!d value of 
M, 1 also appears IO be preferred. and in fact 11 is in excellent 
agreement with the lheoreucal corrected M1 1 value. However,. 
an extremely low ~ of solution was necessary. and this can be 
attributed partly to identifiability problems. and oartlv rn rtw! poor 
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frequency content of the mpuL which has urue power ·.::io,e , 
Hz. If the effect of these factors 1s as stated. then the ti.tU-ra" 
1dentificaoon problem will not produce uruque par.1.!lle't.. 
esomarcs. and so 1s urudenufiable. Unfortunately. from l1le data 
II 1s not possible to venfy the results found m Secuon 2.2. since 
11 1s not possible ro disentangle the fundamental 1denufiabilH~ 
problems caused by havmg too many parameters and coo ie..;. 
measurements. from the 1denufiabi!11y problems ansmg from me 
poor input used. Only if an improved mpu1 was applied which 
excited the htgher fn:quenc1es much more thoroughly could any 
useful conclusions be ct.rawn. 

3.5 wmtacacm of Scsnt:-Ornct flamios McYk:13 m 
Rqr.Qgd;r Inflgw 

Mode.ls V and VI have rhe following general structure: 

dt• 

d~ 

dt 

dt 

• 

•• 

a, d fio 

0 0 

0 a, 

(23) 
1be tbeOn!lic:al and atimaa:d values of lhe panmelffl a.re 

sbown in Table 3d. 

Once &pin. a rmt 3 solution was foum best. and azimuth 
bill WII Cllimllld usiq a delay. t. 

It CID be ,em dial a. is wxieteslimlled. and the vatues of 
~J' 11 and a, SUgell lhe USC of the CDffllCll!d M, I Value. 
ttOMNer, it WII found Iha a. and a, did l1lll chlnF from their 
inui&I v--. •aesnn• that thele pu1Dlefffl were relllively 
lSlimponallt in tams of the fit oblained in the idalli1lcalion. 
1bia ii 1,11e1p,c.,ol if die n:subs given in Sealml 2.2 are coma. 
since lbrllC ._ dla l)ll1IDCler a. is an impoltalll puameter 
wbidl CID be esimad iD:lepcndendy ol the OCher panmetffl, 
'Iba lpiD ...... dial die tat input is inadequare since it does 
nac pn,dace lapclllCI wlKb are sen.wve to the modelr. 
parw. Hm:e die low rmt solulion used is llkdy to have 
been needed beclwle of lhe idenliftability probkmS mocilled 
wilb die model combined widl lhe idenit\ability problems caused 
by the poor input. 

1' 11B PIIO t( b fn:r!m;v:B,,. ua:d m Lta1iflqri,yp .... 
Bwd Oil die cotlermce between A, and 8<, lhe frequency 

rm,e uaed in rhe idenlificldClfl des:nbed above w• 0.011-3.2 
ff&. In addilion idediftcaoons wen: camed out keeping the 
lower fmquePcy • 0.011 Hz and increasin& the upper ~y. 
1be model SU'IICIWe given in Section 3.2 for Model$ I. VII Uld 
VID W11 1111111. since this W11 easier to idemify, gave good fits 
• freqnrncies up to 3.2 ff&. and would highlips the presence of 
any inrelalinl dynamics at hilb frecp:ncies since it is a sunple 
model and does l'IOl COllllin hip ~Y effeas. 11 was found 
lhlt the ftts did l'IOl deteriol'lle suddenly at l)lgher frequencies. as 
wowd be expected if then: wen: unmodelled dynmnics. and the 
panmeter esnnwe:s n:ma.ined relaovely consWIL until a frequency 



of 4.39 Hz is reached. . Al lh.is frequency.· rotor noise swamps 
the respo~. and so distons the idenuficauon results. 

These resulu appear to suggest that a rotor model assuming 
constant or instantaneous inflow dynamics is valid out to the 
rotor frequency. This is an unexpected result, since theoretical 
models such as Models V and V1 predict that significant flapping 
and inflow dynamics are present at these high frequencies. 

The most plausible explanauon of these results is that the 
1est input used does not exc11e high frequencies sufficiently. as 
has been suggested by the findings throughout this repon. The 
tugh frequencies would then consist largely of noise. which could 
be fitted equally weU by any of the models studied. 

Turning now to lower frequencies. the frequency range used 
in the identificanons described so far tw started at frequency 
0.011 Hz. conesponding to the first data pollU when O Hz is 
excluded. Using the same simple model as above. the upper 
frequency was held at 3.2 Hz and the lower frequency increased. 
It was found that the parameter eswnar.es rcmained effectively the 
same. but the correwion coefficient falls quite rapidly. indicanng 
a reducnon in the qualiiy of the fit being obWned. This is also 
shown by the average relalive error between the measwed data 
and the model response. The error nses as lower frequencies are 
excluded from the identiftamon. and this is in agreement widl 
the resulrs obtained when the upper frequency was varied. That 
is. at hign f1equencies. there is lime excimion by the tell input 
and so the respome consim largely of noise. Hence. when low 
frequencies are ranoved from the idcntificaion. the fit will 
deteriOBte. 

A second faaor 'may also be affeaing these low frequency 
results. In Section 2.3 it is noced tl1ll widlout inflow 
measun:ments. the optimal inpuu excire z.em frequency, whelal 
they do not when inflow dau is available. Low frequency 
informalion may ~ be impoltlnl for sepmling the effects 
of inftow from flapping in an idenliftcation. However. since the 
model being identified in this wort does not COIUiD inflow 
dynamics. it is wilill:dy dm this seamd fm is of impoltance. 
It showd be bome in mind. l'lowever. if more complex models. 
incorpol'Zling inflow dynamics. are used. 

As a final c:hedc on these ~ obCained for the simple 
model widl no inflow dynamics the model suue111n: pw:11 in 
Section 3.5 for Modds V and VI W11 also idenlifted lt.eqiJlg the 
lower frequency ftx.cd md va,ying !he upper frequency of the 
frequency rmge \&led. It WIii found dlfflcult to obtain pn:,pa
convergence of the idallitlcalioa atpilbm. However. • hip 
frequencies were included it was IIDlld 11m the icfmdficadm 
appeared IO bocmne more SISllliliYe IO the model p11f11DC11m. 
This is OOYiousiy IO be ~ pwm 11m the model dynamic:a 
are main.ly c:ocu:enaared It hip fl'orqW"n « md In lbe llpt of 
the resulls. obalined in the ... e.q.almem ilMllllipDODI 
described in Section 2. Ne.a1bi:k:a. it lmdll fwlber suppon to 
the COlllemioa 1ml Dqllllille identiflcarkm raul1I will not be 
obCai.ned unlea lbe - illplll .. excila mud! hip 
frequencies Ihm • pnma. 

4. o,,~,.,.. 
There an: sew:r11 typa of .,.. hms whicb can be drawn 

from the WOik deecribed mo¥e. Al reprds the seiecUon of the 
most suiw,l,e l'OlOr model. d1e identiftarion resu.bs indialae 11m 
the more complex modda give no beaer piediai(n tblm the 
simpte ftis onxr ftapping widl no inftow dynamics. A1ltlou8Sl 
the results may be intetpn:ted to ~ how etfediYe a simple 
model can be wlder suillble c:om1mons. a mon: liltely ~ 
is lhlll Ibey are due to d1e comerzmce d.ifflculties wbidl were 
encowuen:d with the man: comp6ex models as a rem.II of 
identiftability problems. The 1aller explanation again higbugba 
the inadeqllacy of the da for dynamic inftow ida'llific2tioa 

Tuming next to the general validalion problem for hover. it 
has been shown by a consideralion of the opum&I COl1lrol input 
that inflow measuremems are extremely imponmt for def.ennininl 
the pan.meters of such models. However. in the absence of such 
data.. identificauon resulu can still be obtained if a suitable 
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knowledge of the model strucrure ,s assumed. SIJ!J)nsinim. ·" 
the laner case. the opumal input has a sigruficam low frec~erx \ 
component wtuch suggests that txlth low and tultll freaueric-. 
information 1s impolWlt for the 1denuficauon when ~flow d·au ,s 
unavailable. These findings are supported by the resullS otxained 
using flight data. within the Ltmuauons of that data. If these 
conclusions can be e,nended to forward flight 11 1s clear ncv. 
why 11 has been necessary to U1Clude low frequencies 111 the 
identification. !n the absence of direct measurements or mflov.. 
the low frequency informauon 1s essenual. 

It has llso been shown for hover that .:ertain model 
suucrures can reduce the determmam of the 1nformauon mau,x to 
zero and one can predict that identificauon 1s impossible. The 
results obtained from applying system 1denuficaoon procedures co 
flight data for such cases suppons these predlcoons. It 1s co be 
expected that the general pri11C1ples of the findings for hover 
extend to other cases. and the observed failure of the 
identificalion procedure in cerwn cases for forward flight could 
occur for similar reasons. 

Flnally. there is every reason to expect that the findlllg:s 
described above should be given considerauon in any system 
idenlific:ation exercise.. The finding that the measurement base of 
a validalion exercise may be as s1gnificaru as the asswned model 
StnldUl'e when determining the type of test input to use. needs 
panicularly IO be emphasised. 

The research described in this paper was caJTied OUl with 
the support in pan of the Proc:urement Executive. of !he Ministry 
of Defeme throup Extra Munl Apeemem 2048/461XRJSTR. 
The aulbon would like to aci:nowledge the comiblllion of Dr. 
G.D. Pldfteld of the Royal Aerospace Establishment.. Bedford. to 
1h11 wodt. 
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Table la: Standard deviations for panmeter estimates for 
experiment using optimal input for a second order flapping/tint 
order inflow model with inflow and conmg-nie measurementS 
available. 

Pa carnc ic c 

a, 

a, 

a, 

a, 

a, 
a, 

a, 

Standard 
Deviation 

5.302 

2.107 

18.447 

2.671 

7.966 

4.203 

1.815 

Table 1 b: Standard deviations for parameier estimates for 
experiment using optimal input for a second order flapping/first 
order inflow model with inflow measurements available but no 
coning-raie measurementS. 

Pa came re c 

a, 

a, 
a, 

a, 
a, 

a, 

a, 

Standard 
Pcxi u ion 

8.001 

2.689 

23.860 

3.003 

9.216 

6.289 

1.986 

Table 2: Componenu of optimal inp,.na for Model V for some typical combinations of 
known panmeters. 

Paraaetera •1 •3 •1 •4 •1 •1 •2 •3 
known 

Optiaal frequency " frequency " frequency " frequency " Input eners, eners, enerc, enercy 

0.28 23.4 O.Ot us.o 0.13 21.3 0.26 32.4 

0.50 31.4 0.50 41.5 0.50 46.7 0.50 32.0 

0.13 10.3 O.IO 30.5 0.81 32.0 0.85 35.6 

0.81 34.9 0.11 12.0 

Paruetera •1 •3 •1 
known 

•4 •1 •1 •2 •3 

Opt1aal frequency ' frequency ,. frequency " frequency I ' Input energy enero enercy enercy 

0.15 32.4 0.50 47.3 0.50 40.2 
i 

0.50 47.3 

0.50 32.0 0.91 52.7 0.96 59.8 0.9 52.7 

0.89 35.6 I 
.. 
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Table 3a: Theoretical values and estimates of parameters obtained from identificauon for 
case of first-order flapping models 1111th constant or infinitely-fast inflow. 

Parameter ~ "4odel VI l Model VI l l Est jmaa 

a, -0.9052 -1.3776 -2.3567 -2.677 (0. 0110) 
a2 I. 0 I. 0 I. 7107 1.224 (0.0234) 
al 1. 333 0.6231 I :0660 0.920 (0.0789) 

-2.522 (0. 154) 

Table 3b: Theoretical values and estimaies of parameten for the case of second-order 
flapping models with infinitely-fast inflow. 

Pacarn,s ,c Model IV Model pc ~ Est jgu 

a, 1.171 0.769 0.449 0.433 (0.228) 
a, -1.06 -1.06 -1.06 -1.423 (0.0598) 
a, 1.171 0.769 0.769 0.817 (0.0361) 
a. 1.561 0.479 0.479 0.249 (0.0479) 
T -0.003 (0.366 X 10-•) 

Table 3c: Theoretical valua alld estimata ol panmeten for the CUI of flm-order 
flapping models with first-order inflow. 

PICPNt!C HQd•J II HQdgJ JII Est IPIU@ 

a, -0.9052 -0.9052 -1.024 (0.0268) 

a, -1.333 -1.333 -1.367 (0.0021) 

a, 1.0 1.0 0.997 (0.0302) 

a. 1.3 1.333 1.299 (0.0074) 

a, 0.16666 0.2993 0.197 (0.0305) 

a, (M11 - 1.0) 1.0 1.0 1.0005 (0.0123) 

a, (M,, - 1.56) 1.5 1.56 

a, -0.648 --0.648 --0.582 (0.0219) 

a, 0.1666 0.1666 0.230 (0.0105) 

a, 0.449 0.449 0.518 (0.0169) 

T -2.916 (0.00916) 

Tabla 3d: ~ Ylll1111111 alld eaimate11 ol puamews for the CUI ol second-order 
flapping madals witb flm-otder inflow. 

Pacawsac ~ HQdsJ vr £at1Ntft 

a, -1. 171 -1. 171 -1.258 (0.0202) 
a, -1.06 -1.06 -1.192 (0.0249) 
a, -1. 561 -1.561 -1.588 (0.00536) 
a 4 (M 11 • 1.0) -0 .1666 --0.299 0.0306 (0.0456) 
a 4 (M 11 • l. 56) -0 .1068 --0.191 
a 5 (M 11 • 1.0) -0.648 -0.648 -0.623 (0.0234) 
a 5 (M,, • 1. 56) -0.415 -0.415 
a, 1.171 l.171 l.171 (0.0396) 
a, 1.561 1.561 1.561 (0.00712) 
a 1 (M, 1 - 1.0) 0.1666 0.1666 0.253 (0.0125) 
a 1 (M 11 • 1.56) 0.1068 0. 1068 
a,(M, 1 • 1.0) 0.449 -0. 449 0.574 (0.0175) 
a,(M 1 1 - 1. 56) 0.287 0.287 
T 0.0187 (0.0135) 
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Appendj,; A 

Theoredca\ Models consjdel'$d 

Model J; fim::otdet napping model ..,;th constant inflow 

4 4 

na 
dr 3 

'8 2 Bo+ - nsµz + "B 80 where T - nt 
3 

Model TI: fint:m4et flappinc modeJ. !lisb om order jnnow, 
Effect of motjon of the Us pub plane 0o inQow perles;ted 

[ 
0 ~o - '82 4 

tt't. - 'J "8 

M,, ~ 
dr 0 • L 

4v 
where, L • - + 

4 •o • 

MQC!el m· M tar MQdeJ n, tzus i1sbMSl11 111w A1 cpnm• JD9tl9D RP tnoe,, 

"B 

L + 1 
J rr 

0 

M,, 
0 

4 

- ! "" 

• L 

MQC!el IV· Secgpd-o[dec flapping model, Jdth SAPIJIDS IJd'lpw 

d 80 4 4 
-- + 

d T 2 
n5- • 

d r 
- - "8 Ao· A8 2 Bo+ - "8 l'z + "8 'o 

3 3 

Model V: Secgpd:,,rder Olpptp•. '!bll ffr#:smkr lpfJpy, Moes of 
cqpjpg JPPSkm 91 tpflpp PCckA4 

- "fJ •AtJJ - 4 \8~ 
! "" 

0 0 flo 

0 L 
Ao - M, I 

1 
!.!.cl • nr;- I 

d T 

+ 

Modcl YI; AR tw Hndef Y, bat tpdpdln• cffees qt cppjn• mpdqp RP tpftqy 

d 2 8 -na - Afjl - 4 
~ ! no dl~ 
~ 

dr 0 0 llo 

~ I [ L 1 J L Ao 
dr ;;r;-;- ! • rr 0 - ;;r;-;-

Model :aI· Elm::otdet tl&PRIDI model, Mib IDflDl~lx t111 1Dfllm 
dm,mig, Effecu of c12nlo1 motion an inflow negtccJCd 

"fl 

0 

1 
o'ii;, 

+ 

"B [ 
I - 2 d 80 -,0 2 Bo+ "8 [; -

~L J 

µz + [ 
I 

- 9:J 
"8 6 0 

9L dr 
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1 
! 

4 

4 
! "B 

L I 
! + '8' 
][ 

4 
J "8 

L I 
! + ! J 

! "8 60 

µz 
0 

M;-7 [ i + i ] 

"ll - 4 
J "8 

0 0 

1 ( i + i J bM,", M,°";" 

[ 9o ] 
µz 



Model YIU; 63 for Model YU but effect of coning motion on inflow inclugeg 

na [ I -

9 
[ 4 + ~ ]]dd:o • 

2 

ModeJ rx; As tor Model YU but .,;lb scond~rder nappjng 

ModeJ x· As tgr Model YID but !'itb scond:imlet napaios 

The follo'lllin& theoreaca! paramat11r YIUUGI wer111 UIOd (corrapondins to the Puma 
tielic:opter uaecl in flight uwa (I]). 

·ai - t.06 

na - 1.171 

n - 27.6 radll/sec 

L - 0.6411 

M,, - 1211/(75Ta0 s) - 1.00 (corrected Pitt value (11)) 

or M,, - 8/(3n0 s) • 1.56 (uncorrected Pitt value lll}) 
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