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Abstract 

VALIDATION OF A METHOD FOR AIR RESONANCE TESTING 
OF HELICOPTERS AT MODEL SCALE USING ACTIVE 

CONTROL OF PYLON DYNAMIC CHARACTERISTICS* 
by 

Richard L. Bielawa 
Associate Professor 

Department of Mechanical Engineering, 
Aeronautical Engineering and Mechanics 

Rensselaer Polytechnic Institute 
Troy, New York 12180-3590, USA 

A basic problem inherent in the testing for helicopter air reso
nance at model scale is the design and fabrication of the pylon 
support structure to effect both a proper (Froude) scaling and 
adequate variability of the pylon parameters. Generally, provi
sion for sui table pylon parameter variability (especially the 
inertias) within a properly scaled configuration is often diffi
cult at best using passive properties. One method of overcom
ing this difficulty is to provide for active control of the 
pylon properties. This is potentially achievable using suitably 
controlled hydraulic feedback servo actuators acting in response 
to the measured motion of the pylon. The objective of the pres
ent study is to investigate the validity of such an approach 
using analytical means. The results presented compare the air 
resonance eigensolutions obtained for a full-scale free-flying 
helicopter to those obtained for various approximations inherent 
in such a method of model testing. Analytical formulations are 
presented describing the modifications required of a basic air 
resonance theory to account for the dynamics of the selected 
feedback control network. 

1. Introduction 

1.1 Background 

Despite the growing sophistication of analyses for helicopter 
air" resonance, stability tests are still undertaken in the 
development of new hingeless and bearingless rotor helicopter 
designs as the principal confirmation that such designs are 
indeed stable. Air resonance stability tests are typically 
performed at model scale for a variety of reasons: cost, safety 
of flight, parametric variability, timeliness of results to 
impact on the design, etc. Presently, model tests are usually 
performed with a model having rotor blades which are appropri
ately designed to have full-scale Lock (inertia) and Froude 
numbers, and a pylon (airframe) which preserves the rotor mass 
to pylon mass ratio. 
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The requiremen·t for both inertia and Froude scaling, the avail
able techniques for lightweight, low-damping model construction 
and the need to approximate free-flight with a constrained non
flying pylon in a wind tunnel environment all invariably drive 
the model design to the same simplified pylon configuration: The 
pylon system is typically designed for articulation only in 
pitch and roll about some effective total aircraft center-of
gravity point using a gimbal arangement, as shown below: 

! 

ROLL 
GIMBAL 

n 

·."------. ·----

Figure 1. Schema tic of a 1/5.86 
Air Resonance Model 

-·-·-.... 

PITCH 
GIMBAL 

Scale BMR/B0-105 
(Ref. 1) 

References 1 and 2 present results obtained with this basic type 
of model configuration. The design and construction of such a 
configuration, with a scaling of its dynamics as close to that 
of the full-scale vehicle as possible, represents a substantial 
accomplishment both in engineering and craftsmanship. 
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The intrinsic 
however, are 

deficiences 
that: 

and/or difficulties in this approach, 

(1) 

(2) 

(3) 

The modeling of the pylon mass 
mass articulated in pitch and 
center-of-gravity point is an 
inaccuracies (Ref. 3). 

as a gimbaled rigid body 
roll about some effective 
approximation subject to 

Some 
to 
by 

ranges 
construct 
the fact 

pylon parameters may be simply in 
at 

that 

impractical 
compounded 

to vary in 
a inverse manner 

model scale. This difficulty is 
relative internal damping tends 
with model scale. 

The need to approximate the gravity springs in 
roll, together with the need to approximate 
trim conditions, places constraints on both the 

pitch and 
free-flight 

elastic res-
traints and pre loads about the gimbal. For some combina-
tions of required spring rates and pre loads special gadge-
try may be either impractical or too expensive. 

1.2 Active Control of Pylon Characteristics 

One method of alleviating at least the second and third of the 
above identified deficiencies is to provide the pylon structure 
of the rotor test rig with an active control system such that 
arbitrary force-response ·relationships as seen by the rotor 
can be closely approximated. Such an approach inherently pro
vides the wherewi thai for achieving the required spring rates 
and preloads about the gimbal. The present work is a validation 
analysis of a design of such a model test configuration current
ly under development with the Sikorsky Aircraft Division of 
United Technologies. Because of the preliminary status of this 
development an optimal selection of dynamic parameters was not 
available and those included in the analysis were therefore 
taken as a given. 

The starting point for a proper mathematical simulation of this 
configuration is a description of the physical components of the 
model test rig. As seen in Figure 2., the pylon in this case is 
a gimbaled mass consisting of the rotor shaft and its bearing 
package (denoted as part A), the attached swash-plate assembly 
(not shown for clarity), the rotor hub and the outer gimbal ring 
(denoted as part B). In addition to the more or less conven
tional gimbaling in pitch and roll the pylon mass is addition
ally configured to have a heave degree-of-freedom. Thus, the 
pylon mass also includes the outer frame part (denoted as part 
C). 

The figure indicates a flexible coupling of the 
the drive shaft. Such a coupling is intended to 
degree of compliance not only in rotation about 

rotor shaft to 
provide a high 
the pitch and 

the gimbaled 
itself stat-

roll axes, but in axial extension as well. Thus, 
mass has a high degree of articulation and is in of 
ically unstable. The pylon mass is then supported 
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Scaled rotor assembly 

pitch motion, 
By 

flexible coupling 
& drive shaft 

heave motion, 
z 

..___ __ "pitch" actuator** 

"roll" actuators** _____ _, 

-,.-- Parts -@ i,, @::and © comprise the actual 
. non-=scaled- r(g py-lo_n_assemhly. 

** All three actuators are needed for modification of 
the heave and pitch dynamic characteristics. 

Figure 2. Schematic of Model Helicopter Test Rig with Active 
Control of Pylon Dynamic Characteristics 
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dynamically by the three attached hydraulic actuators which are 
linked to a structural ground point. the actuators are nonpolar 
symmetrically located around the rotor axis in a manner similar 
to a conventional swash-plate installation. Thus, the pylon 
mass is constained to have only three degrees-of-freedom: alter
natively, heave, pitch and roll, or the vertical displacements 
of the three actuator attachment points, 21, z2 and z3. 

Each of 
feedback 
are the 
erations) 

the actuators is in turn controlled by an appropriate 
network. The error signals which drive these networks 

measured responses (displacements, velocities and accel
together with other appropriate feedback quantities. 

1.3 Scope of Validation study 

This form of testing does not address the first of the above 
identified inherent deficiencies and necessarily introduces addi
tional dynamics associ a ted with the active controller. Further
more, an additional constraint, to be applied to initial tests 
using this test methodology is the use of a "mixed scaling" 
procedure wherein the velocity scaling, Xy, has a value 
other than that dictated by a strict Froude number scaling 

( = .J>:9., where XR is the length scale factor). 

In light of 
validation of 
warranted. 

these 
this 

possible 
form 9f 

sources of inaccuracy a systematic 
air resonance test methodology was 

The prime objective of the study was to explore the effects of 
(1) the gimbal constraint, (2) the feedback net work, and (3) the 
use of an inexact Froude scaling, as they all relate to the 
accuracy of modeling the scaled air resonance phenomenon. 

For the purpose of making an experimental validation, an exact 
modeling of the air resonance phenomenon is not critical in that 
we seek only to make comparisons between various approximations 
to the real world :full-scale configuration. For this reason a 
relatively simple linear eigenvalue analysis was used as a 
basis. The study essentially consists of eigenvalue formula
tions of ever increasing dynamic complexity, leading eventually 
to an analysis of the complete configuration including the 
active feedback control network. The key dynamic parameter 
selected as the criterion for evaluating the various approxima
tions is the real part o:f the air resonance eigenvalue, as non
dimensionalized with respect to a (reference) rotor frequency, 
cr/Qref' 

It should be stressed that the present study relates 
validation of the concept and correspondingly makes 
izations with respect to the various components. 
effects of the higher order dynamics residing in the 
and servos, 
beyond the 

the presence of nonlinear! ties etc., are 
scope of the study. 
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To this end, a basic full-scale helicopter configuration was 
first taken as a starting point and analyzed for air resonance 
stability using an extension of the theory of Reference Jt. The 
degree of model testing approximation was gradually increased by 
going next to a Froude scaled free-flying and then gimbal con
strained configuration. The effects of a mixed scaling configur
ation were assessed for the gimbal constraint condition, and 
then for the bare actual rotor test rig with completely non-
scaled properties. 

The dynamic equations of motion representing the control feed
back network were then coupled with the basic air resonance equa
tions to form an expanded eigenproblem. Finally, analyses of 
the rig together with various combinations of incremental pylon 
characteristics feedback as well as other parameter variations 
were made. This paper presents the results of this analytical 
study and includes first, a description of the modifications to 
the basic air resonance theory to account for the dynamics of 
the feedback control network, and second, results of the para
meter variations made with the resulting eigenanalysis. 

2. Theoretical Development 

2.1 Modification of Basic Air Resonance Equations 

The basic equations of motion for air resonance given in Refer
ence It were used as a starting point. To accommodate the need 
to assess the stability of a model in a wind tunnel environment 
vis-a-vis that in forward free-flight and because the test rig 
design is configured with a hub heave degree-of-freedom, ZF, 
this degree-of-freedom was added to the analysis. Additionally, 
provision was made for the direct application of external (gener
alized) forces and/or moments, as appropriate, to the five hub 
degrees-of-freedom. The principal features of the basic equa
tions of motion resulting from this addi tiona! degree-of-freedom 
are given in the appendix. 

The . need to constrain the configuration from a free-flying one 
to one which is gimbal constrained, and the need to translate 
the three actuator forces to appropriate generalized forces for 
the three hub degrees-of-freedom (resulting from the gimbaling 
constraint) requires the use of displacement and force transfor
mation matrices: 

displacement constraint matrix due to gimbaling The following 
matrix equation relates the unconstrained (hub) degrees-of-
freedom to the constrained ones for gimbaling about a point, 
located a distance, Zfoc• below the hub: 
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displacement and force resolution matrix for servo actuators 
The displacements of the points where the servo actuators 
attach to the bearing housing portion of the shaft support must 
be related to the degrees-of-freedom selected to define the hub 
motion. Likewise, the actuator loads at these attachment 
points must be resolved into generalized forces appropriate to 
these degrees-of-freedom. Using Figure 3 as a guide, the 
following relationships can be formed: 
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Figure 3. Kinematics of actuator attachment points 
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body axes vs. wind tunnel axes Differences arise in the 
expressions for both the body inertia loads and the blade 
aerodynamic loads depending on whether the fuselage is in a 
(forward) free-flight condition or a gimbal constrained wind 
tunneL The differences arise with respect to pitching motions 
in combination with forward flight velocity. In free-flight 
the vertical acceleration is measured in the body axis 
coordinate system and a substantial time derivative must be 
taken: 

-----
2 

Dt 

For the case of 
substantial time 
would thus be 

a gimbal 
derivative 

omitted. 

mounted fuselage 
does not apply 

in a 
and 

wind tunnel, the 
the second term 

On the other hand, for the 
blade airload distribution 
to the component of Up 
angle: 

gimbal mounted wind tunnel 
would have an addi tiona! 
arising from tunnel speed 

This term is not present for the free-flight case. 

2.2 Feedback Network 

case, the 
term due 
and pitch 

The basic idea of providing active control of the pylon dynamic 
characteristics is to drive the actuators as shown in Figure 2, 
with error signals which are proportional to the specified 
changes in the inertia, damping and/or stiffness forces experi-
enced by the pylon. Thus, the most important feedback quanti-
ties are the accelerations, velocities and displacements of the 
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gimballed 
age, the 
ring). 

pylon mass (typically 
attached swash-pia te 

comprised of 
assembly, and 

the bearing pacK
the outer gimbal 

In addition to the basic feedbacK signal (for modification of 
the pylon characteristics) a secondary feedbacK loop was estab
lished for purposes of centering the pylon mass on the three 
force actuators and taKing out the trim loads. Preliminary 
studies of the test rig using standard control theory (Ref. 5, 
e.g.) showed that the use of such a type of feedbacK could 
potentially lead to instabilities in the feedbacK loop itself. 
Consequently, addi tiona! transfer functions within this feed
bacK loop were established for stabilization and other opera
tional reasons to be addressed later. Figure 1! below presents 
the blocK diagram of the final feedbacK configuration with Key 
details defined for one (typical) feedbacK loop structure dri v
ing one of the servo actuators: 

Model Rotor 

__.... ... Properties z3 
••• hub---+--~--- r-- • •• 

F3: ~··· .. - z2 ••• Actual Pylon Incremental F2 ••• Properties Properties 

F1i 
[M]p, [C]p. [K]p 

z1 
[6.M], [6.C], [6.K] 

jP:j Low Pass 

~ 
Filter 

Servo 
4- t Zt1 

Actuator / Phase 
Compensator 

E/ 
Zs1 EF 

Position 

~ Ec Controller· 

the Figure 1!. BlocK Diagram for 
Controlled Pylon Model Test 

a Typical FeedbacK Loop 
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The :following :features of this feedback loop network are to be 
noted: 

primary :feedback loop and interaction of the channels The 
actual pylon properties are typically expressed in the :form of 
inertia, damping and stiffness matrices. Consequently, as seen 
in above Equs. (2) and (3), one effect of the actuator kinemat
ics is to couple the three actuator :forces in producing all 
three generalized excitations appropriate to the pylon. Like
wise, the responses of the degrees-of-freedom characteristic of 
the pylon produce coupling in the actuator attachment point 
degrees-of-freedom. Each of the incremental pylon force feed
back signals is therefore linearly 'comprised of contributions 
from all of the measured attachment point degree-of-freedom .. . 
response quanti ties, z j z j and z j (j = 1, 2, 3). 
This feedback signal we denote the "primary" feedback signal. 
Thus, the three component primary feedback error, £EilaF, can 
be formed by the following expression: 

UJ-CICT
1
JT{zJ}] 

( 5) 

where the incremental matrices, [aMJ, [aCJ and [aKJ 
represent the differences between the pylon dynamic properties 
to be simulated, ( >s• and those of the actual test rig, 
( >r· Other than the coupling arising from these interac-
tions, however, the three channels are completely uncoupled 
from each other. 

low pass filtering and secondary feedback loops As described 
above, one of the difficulties in testing dynamic rotor models 
with gimbal supports is the requirement to trim out the steady 
hub loads. Stated another way, for all test conditions, the 
gimbal rotations and, in the present case, the vertical posi-
tion, all need to be centered. This is the primary function of 
the. second feedback loop. Since the centering function is 
essentially a low frequency operation, a low pass filter is 
appropriate as a preconditioner for the position controller. 

These two 
equations 
:functions 

functions are governed by the :following differential 
which respectively represent their :feedback transfer 

:for the ith servo feedback network: 

low pass :filter: 

Q~ zf.+ Q. zf. + Q~ zf 
- 1 i 1 c 1 
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position 

P [z 
s. 

1 

+ 

controller: 

a z 
s. 

1 

+ 

phase compensator: 

z dt] 
s. 

1 

+ " -c. = (7) 

1 

In the initial development of the controller design this second
ary :feedback loop consisted of only the above two transfer func
tions. Subsequently, it was found that the the loop could 
potentially become unstable for filter and position controller 
coefficients needed for adequate centering action. An addi
tional transfer function in the form of a phase compensator 
was therefore included in the feedback loop for stabilization. 
The differential equation defining the transfer function for 
this feedback element is given by: 

z 
s. 

l. 

+ u z 
1 s. 

l. 

+ u_z 
i::: s. 

1 

( 8) 

direct force feedback loop The third feedback loop included 
in the feedback network is a direct feedback of the actuator 
force (as measured using a conventional load cell). The pur
pose of this feedback element is to m1n1mize the uncertainties 
associated with the actual dynamics of the servo actuator. A 
direct result of this feedback element is that the "effective" 
gain of the servo actuator, as applied to only the primary and 
secondary feedback loops (EC + EAF. ), can approach but never 

i l exceed unity. 

Servo actuator The servo 
al and describable using a 
lag: 

actuator is assumed to 
simple gain, Gs, and 

p F. + o F. = G £. -
i~ 1 '1 1 s J. 

G ( E: + E:,..., + 
s /::F. Lt. 

1 1 

be convention
a first order 

"- ) 1- . 
1 

( 9) 

which can be rewritten in the following form by directly 
including the force feedback loop error signal, EF· ( = -p3Fi): 

l 

F. + 
1 

( p 
1 

+ G p..,) F. s -....) 1 
G <" .c- + s ,_,,- . 

1 

( 10) 

It can thus be seen that the effective gain for the primary and 
secondary feedback loops is given by [ Gsi<Pt+GsP3) ), 
which for positive constants and unit Pt is limited to values 
Jess than unity. 
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2.3 Scaling Considel"a tions 

scaling of the !"otol" Fol" a complete ae!"oelastic modeling of 
the l"otol" foul" basic scaling conside!"ations must be met !"elat
ing to the p!"ope!" inte!"actions of the ae!"odynamic, elastic, 
ine!"tial and g!"avity fo!"ces (Ref. 6). Assuming complete geomet
l"ic modeling, these intel"actions can be stated mathematically 
in tel"ms of the following nondimensional pa!"ametel"s, which 
should be maintained inval"iant: 

fl"equency scaling: E Lock numbe!": 

advance l"atio: v F!"oude numbe!": 

The fl"equency scaling pa!"ameter insures that the blade has 
the COI"!"ect nat Ul"al frequencies in bending in relationship to 
rotor fl"eqency. The LocK number insures that the rotor has 
the correct aerodynamic damping and aerodynamic coupling 
cha!"actel"istics, and the advance ratio insures that the 
scaling of forward flight speed is correct in !"elationship to 
rotor rotational speed. The Froude number insures that the 
gl"avity effects, in te!"ms of gravity springs and the rotor 
thrust are p!"operly scaled in relation to the other three basic 
forces. 

The Froude number is typically in the order of 500 to 700 and 
becomes increasingly important with rotor size. Because the 
Froude number is !"elatively large compa!"ed with the other 
nondimensional parameters stl"ict scaling of the gravitational 
terms can sometimes be relaxed if their effects (as they relate 
to the phenomenon at hand) can be approximated. 

:.S :::.C::a.:cll:.;. n::.g..___::O:..:f:.__...,t=hc.::e:.__,.,Po:cY'-"1 o=n For the mode 1 p y 1 on to be proper 1 y 
scaled relative to the !"otor it must present to the !"otor a 
properly scaled impedance. This can be achieved by matching: 
(1) the mass ratios between the rotol" mass and that of the 
pylon, (2) any couplings existing between the hub degrees-of
freedom, and (3) the pylon natural frequencies (as nondimen
sionalized by the rotor :frequency), 

mass ratios: 

Inspection o:f the air resonance 
ratios of impo!"tance to the air 
on are those involving: (1) rotor 
and inplane pylon effective mass, 

equations shows that the mass 
resonance instability phenomen

inplane mode generalized mass 
A

3
, and (2) !"otor flapping 

mode gene!"alized mass to pylon inertia (l"otational, about some 
1'ocal point, zfoc ), A4 : 

( 11 ) 
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where 
ti vely 

= generalized ground resonance coupling parameter, 
(see Ref. 7) 

AL~ ::::: 

2 
b 81.-. c. 

the integrals, 
given by: 

and Sq,g are respec-

( 12) 

( 13a--·d) 

couplings: 

Couplings of the pylon degrees-of-freedom can occur because of 
longitudinal center-of-gravity toea tions off the rotor rotation 
axis and because of the focusing of the roll and pitch rota
tions about some position below the rotor plane. A reasonable 
approximation to the free-flight condition is to take the focal 
point to be that point on the rotor rotation axis which inter
sects the horizontal plane containing the total aircraft cen
ter-of-gravity. Indeed, it can be seen that only for a scaling 
of the focal point at the aircraft center-of-gravity, do the 
above mass ratios, A3 and A4, scale commensurately. The choice 
of the aircraft e.g. as the focusing point is convenient 
because it eliminates the gravity forces as contributors to the 
roll and pitch spring rates and thereby minimizes the effects 
of a non-Froude scaling. 

pylon natural frequencies: 

The requirement to match the pylon impedance also requires that 
the natural frequencies (with respect to rotor rota tiona! freq
uency) of the pylon (with the constraint of it being focused at 
a point, Zfoc• below the hub), must be maintained. In the 
present context, this scaling principle becomes important when 
we wish to alter the unsealed properties of the bare rotor rig 
to appropriate ones which are suitably scaled. 

Thus, with Eqs. (11) and (12) given above, the appropriate 
inertias can be determined for calculating the matrices needed 
for the incremental force primary feedback loops, Eq. (5). The 
appropriate stiffnesses for this loop can be then calculated 
using the constancy of nondimensional pylon frequency criter
ion. Thus, for two model configurations which have the same 
effective masses (and/or) inertias the frequency criterion then 
becomes that of maintaining the same effective stiffnesses. 
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The pylon 
mated as a 
point), Kp, 
bilty, Kr. 

sdffnesses in pitch and roll can each be approxi
sum of an explicit spring rate (around the focal 

and an implicit one due to rotor flapping flexi
Furthermore, the rotor flapping spring rate can 

be conveniently expressed 
rotor speed squared. This 
proportional to the number 

as a factor, Kr, multiplying the 
factor is frequency dependent and 
of blades and the above defined 

blade integration constant, S12· 
principally on Lock number, y 

The Kr factor depends 
the nondimensional fre-

quency of vibration, w, and the blade flapping natural 

frequency, ww 

.-. 
K 

r 
= R.c. K t•J ( l.'t) 

t' 

Then, the invariancy of pylon frequency criterion can be 
written as: 

( 15) 

But, Ieff equals Meff z!oc and Meff is also invariant. There-

:fore, for 
the same 

r 

l 

two different configurations 
impedance to the rotor: 

;c2 l r K vi + K 

L l 
K 

p ,, 
= 2 

zfoc 

which must both present 

·::> 

l /~a;;.. + K 
p ,, 

( 16) .-. c. 
zfoc j ~. 

c. 

Noting that K is the same for both configurations, we can then 
rewrite the rexpression to separate out the explicit stiff
ness rate for the second pylon: 

i- 2_12 K 
2 

l 
-1 

·=· rz fc:•C p1 r rz foe 2 ~} 

~ K = S(c: + K I l_z fo:•c 1J 
- 1 

J 
( l. 7) 

02 c '~zfoc d 2 r 
"1 L ' '- -' 

It is readily apparent that, for Q
1 

= Q and z -2 f oc 1 -
two explicit stiffnesses are equal. 

the 
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2.14, Eisenanalysis 

All the above formulations can be combined into a matrix eigen
value analysis of varying size depending on the extent of the 
dynamics which is being considered. The initial form of this 
matrix equation is quadratic in the system eigenvalue, h: 

[ [!VI] 
.2 r.. + CCJ A. + CKJ ] { i } <18) 

A 

where the eigenvector, 
tors depending on the 

{ z J. 
extent 

is comprised of up to five subvec
of the complement of dynamic sub-

systems utilized: 

= ir :::: 1 
( 3) I 

'- F _l 

-l ( 1) 1 
"s J (2) 
zs 

( 3) 
z J s -

1
- (1) l 

- j :~2) ~ 
(3) I 

- "1 _I 

(19a-e) 

where: 
( i ) 

E: == 1 

t . ) 
( z ( l dt 

_I s 
i = actuator number (20) 

C< 

Because some of the subsystem dynamics 
differentiated terms it can be appreciated 

lack second 
that the 

order 
"mass" 

matrix, [M], as depicted above is singular. Consequently, in 
order to remove this singularity and to reduce the eigenproblem 
to a more tractable form an augmented state vector is formed. 
The . resulting matrix eigenproblem is then given by: 

[ " CBJ - CAJ J f y } l 
u:: l) 

where: 

L y J = L z 1' Z.:;., 
~ 

z3, z l' Z_=.., 
~ 

z3, z4, z~ ..., J (22) 

of the 
together 

used to 

The semi-canonical form 
ed by Eq. (21), taken 
tiona! routines, were 

matrix eigenalysis, as represent
with standard eigenvalue computa

extract the required eigenvalues. 
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3. Numerical· Results 

3.1 Selection of Test Case configurations 

The objectives of the study were met by considering configura
tions of increasing complexity beginning with a realistic full 
scale free-flying helicopter (see Table 1, below). Subsequent 
cases represent various model configurations scaled with a geom
etric scale factor of 1/5.727. For a strict Froude scaling 
(Cases 2a and 2b) the velocity scale factor must be and is 
1/2.393. For all the remaining cases a mixed scaling scheme 
was used wherein the velocity scale factor was 1/1.72&. These 
subsequent cases were analyzed with the inclusion of ever 
increasing constraints and/or dynamic subsystems. The follow
ing table identifies and describes the cases analyzed in the 
study: 

Table I. Schedule of Scaled Con-figurations Analyzed 

Case Mo?el Sea 1ng 
Pylon Type CAcpvy on ro Flight Type A3 

' 
A~ • 

1 FS actual AC N free flight 

2a Froude .. N .. 
2b .. • .. N constrained 0.0312 0.3780 

3a mixed .. .. N free flight 
3b .. " • N constrained 0.0312 0.3780 
3c mixed • " N " 0.0312 0.3780 

(iOOX CTi"l 

~ " actual rig N " 0. 0210 0.1787 

5a " mod1£1ed rig y ( 1 ) ' " 0.0312 0.3780 
5b " " " Y!1, 3J, " 0.0312 0.3780 

P3 > ) 
5c " actual rig Y( 1) " 0.0312 0.265~ 

5d " .. " y! 1 ), " 0.0312 0.265~ 
P2 >0) 

5e .. .. " Y!1, 2J, " 0.0312 0.265~ 
P2' ) 

' ( ind !cates which feedback loops are activated) 

For· all cases the 
the air resonance 
mode. 

Lock number was 
instability mode 

the 
was 

same 
the 

value (= 7.239lJ,) and 
predominantly roll 

Note that in Case lJ, the actual test rig pylon parameters (with 
the active controller disengaged) are quite different than the 
appropriately mass-scaled parameters of the actual aircraft. 
This is evident from the dissimilarity of the A3 and A4 <P e 
values compared with those for all the other cases. Although 
these parameters, (as defined in the roll direction) are the 
most pertinent to the air resonance phenomenon, the similarly 
defined pitch direction parameters show even greater dissimil
arity. The Case 4 configuration is one with practically iso
tropic properties as contrasted with all the other configura-
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tions, which have significant anisotropy (either actual or simu
lated). 

In cases 5a thru 5d the network parameters for the active con
troller were selected to give approximately scaled pylon param
eters. Case 5a represents the case wherein the focus point was 
artificially set at the properly scaled value to represent the 
actual aircraft e.g. point (cases 1 and 2). All other group 5 
cases used the actual test rig focal point which was somewhat 
lower than the accurately scaled one and thereby introduced 
some coupling error. 

The 
ered 
test 

aeromechanical properties of 
(both full scale airframe 

rig) are given in Table 2: 

the 
and 

rotor and 
the actual 

pylons consid
air resonance 

Table 2. Aeromechanical Properties of Rotor and 
Pylons used in Numerical Examples 

1. Rotor (full scale) properties 
(Nominal) tip speed, QR 
Froude number @ nom QR 
Radius, R , 
(Average) mass distribution, m 
Total rotor mass, mR 
Flatwise bending -frequency, ww, @ nom QR 
Edgewise bending frequency, 'Wv, @ nom QR 
Modal damping for bending modes, Cv, Cw 
Number of blades 

2:. Full scale pylon (fuselage) properties 
Mass, mF 
Roll moment of inertia, I• 
Pitch moment of inertia, r 9 
vertical e.g. position, ht 
longitudinal e.g. position, xcG 

3. model scale pylon (actual rig) properties 
Mass, mF 
Roll moment of inertia, r, 
Pitch moment of inertia, 1 9 
vertical e.g. position, h 1 
longitudinal e.g. position, xc~ 

~. Supplementary rotor properties 
Lock number, y 
(Froude scaled) CT/cr 
(Average, full scale) chord, c 
Pre cone ang 1 e, j3B 
(Average) lift curve slope, a 
cao 

220.98 
&08. 34 

a. 179 
&.994 

558.8 
1.1 
0.75 
0.01 
4 

&949.0 
&92&. 0 

53,554.8 
1.8593 

-0.0914 

10.88 
3. &0 &5 
3. 0777 
0.3048 
0.0 

7.2394 
0.0&09 
0.&282 
3.0 
0. 1 
0.01 

For those cases wherein the active control feedback 

m;s 

m 
kg/m 
kg 
;rev 
;rev 

kg 
kg m2 
kg m2 
m 
m 

kg 
kg m2 
kg m2 
m 
m 

m 
aeg 
/deg 

activated (Cases 5a thru 5e), appropriate values 
loops 

of 
were 
the 

[AM], [AC] and [AK) matrices were generated accord-
ing to the following scheme: 
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(1) Values of the inplane mass coup! ing parameters, A3 and 

A
3 

in pitch and roll, as determined from the ca~e 2b 

pa!ameters, were first calculated. 

(2) Using these values of the mass coupling parameters the 
required (simulated) effective masses in pitch and roll 
were calculated for the case considered. The inertias 
about the gimbal could then be found using the actual 
focal distance, zfoc' 

(3) Using the calculation for rotor stiffness, Kr and the 
different values of focal distances :for Case 2b and the 
case considered, the equivalent explicit pylon spring 
rates in pitch and ro 11' Kpe and Kpq> ' respectively, 

were calculated using Eq. (17). 

(JJ,) The A matrices were then calculated subtracting the 
actual rig parameters from the simulation required ones 
as calculated using the above steps (1) thru (3). 

3.2 Trim Cases 

In order to more completely compare the effects of mixed scal
ing, especially in forward :flight, the various configurations 
defined in Table 1 were ·used to calculate trim configurations. 
For this purpose a simple trim calculation program, based on 
the simplified aerodynamic strip theory of Ref. 8, was used. 
These trim calculations were nominally made subject to the con
ditions of a required thrust equal to the configuration gross 
weight, a required forward flight speed based on a given 
advance ratio and the appropriate rotor speed, and a required 
propulsive force. This propulsive :force was based on the scal
ing of the assumed value of (full scale) fuselage equivalent 
flat plate area, f, of 1.9g m2. 

Because of the difference of speed scaling bet ween Cases 1 and 
2 (a&b) and all the remainder cases, the matching of total con
figuration gross weight led to different values of CT/<1 for 
the same scaled values of thrust. Consequently, as shown in 
Table 1, for Cases 3c and beyond the same collective angles and 
inflow ratios as :for Cases 1 and 2 (a&b) were used so as to 
achieve a scaling on CT/<1. Note that for these conditions 
the rotor is "overthrusting" relative to the scaled required 
gross weight. For a gimbaled configuration with the capablil
ity to null out the steady load, this situation can be readily 
accommodated. 

3.3 Results for Cases with only Passive Pylon Characteristics 

Using Table 1 as a guide, one can interpret the eigenvalue 
results presented in Figures 5 and 6 for the passive pylon char
acteristics cases. Figure 5 presents the hovering case results 
for Cases 1, 2(a&b), 3(a-c) and JJ,, for ±20X variations in the 
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(nondimensional) 
speed. Figure 6 
in advance ratio 

appropriately 
presents the 

for the same 

scaled nominal values of rotor 
eigenvalue results for variations 

cases as shown in Fig. 5: 

13 
()) 

.4 

::J .3 
co 
> 
()) 
(.) 
c 
co 
c 
0 
Cl) 
()) 
"
"-
co .2 

'+-
0 
..... 
'-co 
Q. 

>. 
'-co 
c 

~ .1 
E 

cases 1 & 2a 
--- cases 2a & 3c 
-·-case 3a 
---- case 3b 
------ case 4 

0 = .8 

0 = .8 0 = 1.2 

I 
I 
I 

-I 
I 
I 
I 
I 
I 

\ II 
~ = ·9 II 
\ '(f 

Yl1.0 //\···· 
/// I 

/. ., I 

/f f=1.1 
I 

I 

>( = 1.2 

1.1 

oL------L------~----~------~----~ 
-.010 -.005 0 .005 .001 

real part of air resonance eigenvalue, u 

Figure 5. Root 
Eigenvalues 

Hovering 

Locus Diagrams of the Air Resonance 
for Variations in Rotor Speed, 

Conditions, Passive Pylon Cases 
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I lb 
Q) cases 1 & 2a •I 
:::l 

cases 2a & 3c l ro ---
> -·- case 3a .f c .010 
Q) 

case 3b 1/ Ol ----
Q) ------ case 4 f Q) 
(.) j c 
ro 1 c .005 .I 0 
en 

~ / Q) ..... 
..... ~-~ . ., 
ro ~ ":::::::::.::..~-./ 

..... ~::,... 
0 0 .... ..... 
ro 
0.. stable 
ro 
Q) ..... 

-.005 
.1 .2 .3 .4 .5 0 

advance ratio, f1 

Figure 6. Variation 
Characteristics 

Passive 

of Air Resonance Stability 
with Advance Ratio, 
Pylon Cases 

The following interpretations can be drawn from these figures: 

(1) Comparison of the Case 2a and 2b results shows that a 
penalty in accuracy is paid for applying the gimbal con
straint. In this case the constraint has reduced the 
accuracy of the real part of the eigenvalue by approx
imately 13%. This penalty cannot be easily overcome by 
the potential use of the active control capability because 
this constraint impacts on the generation of rotor blade 
airloads as well as pylon inertial loads, as discussed 
above. 

(2) The use of a non-Froude scaling together with a matching 
of the rotor thrust to the configuration scaled gross 
weight leads to further inaccuracies. However, the use of 
a scaled blade loading (Case 3c) leads to a retrieval of 
the Froude scaled (but still constrained) results. Thus, 
the gimbal-constrained, Froude scaled characteristics are 
achievable with this form of scaling. 
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(3) The air resonance stability characteristics of the actual 
test rig pylon appear to be completely dissimilar to those 
of the pylon which are to be modeled despite the relative 
closeness of results at the nominal rotor speed. Indeed, 
as inspection of the eigenvectors (coupled mode shapes) 
showed, the instabilities obtained for Cases 1, 2(a&b) and 
3(a-c) were all predominantly roll modes whereas 
obtained for Case q, were predominantly circular 
modes. 

3A Results for Cases with Active Pylon Characteristics 

The results obtained for 
feedback loops are presented 

various combinations of 
in Figures 7 and 8: 

.010 

cases 2a & 3c 
--- case 5a 

lb 
-·- case 5c QJ .005 ::l case 5e ----

(lj 
> c unstable QJ 
Ol 
QJ 
,_ 0 

----(lj 
.,_ 

stable 0 
...... ,_ 
(lj .& 
0. 

(lj 
-.005 

QJ ,_ 

active 

--

-.010 '-----'----'-----'----'------' 
0.8 0.9 1.0 1.1 1.2 

nondimensional rotor speed, 0 

Figure 7. Variation of Air 
Characteristics with 

Active Pylon 
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From the results of Figure 7 the following interpretations can 
be made: 

(1) Comparison of the results of Cases 2a (and 3c) with those 
of Case 5a shows that with the use of active control Of 
the pylon characteristics the air resonance dynamics can 
be well duplicated despite the use of a non-Froude seal-
ing, provided the focal distance is accurately scaled. 

(2) With the use of a primary feedback scheme wherein the 
A

3 
and A

3 
mass ratio parameters are maintained 

a '~' 
equal, reasonably similar results can be obtained despite 
the fact that the A~ mass ratio parameters are not 
equal. Note that the Case 5c and 5e results correlate 
poorly with those of Case 5a for conditions removed from 
the nominal rotor speed despite the good correlation at 
the nominal rotor speed. This poor performance is most 
likely due to the fact that the same value of Kr was 
used throughout despite the fact that this characteristic 
is frequency dependent. Refinement of the use of the 
rotor stiffness would be expected to improve the 
correlation significantly. 

(3) The incorporation of both the primary and secondary feed
back loops (Case 5e) shows the stability characteristics 
to be somewhat deviated from the target characteristics 
defined by Case 5a and 5c at the nominal rotor speed, and 
again poorly correlated for conditions off the nominal 
rotor speed. The same interpretation as given above 
applies to this case as well. The Case 5e results must 
furthermore be deemed preliminary at this point since a 
great deal of parameter variation is yet to be made in 
obtaining a completely optimal SlZlng of the various 
coefficients in the position controller feedback loop. 

The remaining parameter variations made in the present study 
relate to the force feedback loop and to the servo actuator. 
The effect o:f this :feedback loop was assessed by varying the 
P3 parameter over three orders o:f magnitude. The results of 
this variation are presented in Figure 8. The :figure shows 
that the effects of this feedback loop are generally benign. 
Except for wide excursions in the stability parameter for large 
values of the P3 parameter, the air resonance characteristics 
are not significantly. It would appear that . a reasonable value 
of gain for this :feedback would be approximately 0.65. 
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Since all servo actuators have a roll-off of performance at 
some high frequency, the assumption of a first order lag ideal
ization of the servo actuators is a reasonable one. Moreover, 
it is reasonable to expect that a parametric variation of this 
first order lag time constant, P2• would be appropriate and 
instructive. Unfortunately, the reduction of the P2 parame
ters to very small values constitutes a singular perturbation 
problem. The matrix eigenvalue solution technique used proved 
to be incapable of extracting accurate roots for matrices with 
arbitrarily small diagonal terms. It is reasonable to expect 
that, in practice, the value of this parameter should be kept 
low enough to ensure a relatively high corner frequency 
(1/p 2) so that there would be minimum phase lag at all the 
system frequencies, especially that of the air resonance mode. 
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~.0 Concluding Remarks 

of active 
"tailoring 

control 
" the 

of pylon 
effective 

dynamic 
impedance 

properties 
the pylon 

as a 
pre-

The 
means 
sents 

use 
for 

to the rotor in a potential air resonance prone 
ment represents an improvement over traditional methods 

environ
for the 

coupled testing of this type of helicopter rotor-fuselage 
instability. Specific advantages of this method are: 

(1) 

(2) 

(3) 

(~) 

It offers considerably 
pylon parameters which 
pylon configuration. 

It inherently provides 
centering of the gimbal 

more variability in 
can be modeled in a 

the range of 
gimbal mounted 

a practical 
to take out 

means for effecting 
the trim loads. 

a 

It offers 
that the 
included. 

a relaxation of the usual gimbal 
vertical degree-of-freedom is now 

constraint in 
automatically 

It provides a means 
stiffness inherently 
tions. 

for removing 
present in 

the parasitic damping and 
gimbal mounted configura-

On the basis of the results presented the following specific 
conclusions have been drawn: 

(1) The inaccuracies posed 
large for the actual 
not addressed by this 

by the gimbal constraint 
configuration examined, but 
type of testing. 

are 
are 

not 
still 

(2) The use of a non-Froude scaling is practical :for air reson
ance testing provided that: (a) the nondimensional blade 
loading (CT/<T) and advance ratio (IJ.) are maintained 
unchanged, (b) the inplane mass ratio parameter is 
maintained unchanged (using the incremental force :feedback 
capablili ty) and (c) the explicit gimbal spring rates are 
sized to produce the correct (nondimensional} roll and 
pitch frequencies. 

(3} The use o:f an accurate geometric scaling o:f the vertical 
gimbal location would enhance the accuracy o:f this type of 
testing. This accuracy enhancement would occur in part by 
virtue of the elimination of the need for calcula tinS the 
implicit rotor pitch and roll spring rates provided by the 
rotor blades in bending, and in part by the assurance of 
having the correct mix of inplane and out-of-plane bending 
in the air resonance responses. 
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( lj,) The correct tailoring of the roll and pitch spring rates 
is heavily dependent on the use of analysis for detemining 
the effective rotor pitch and roll spring rates. This 
analytic task introduces a dependence of the experiment on 
analysis which must result in the dilution of the experi-
mental accuracy. 

(5) The use of the force feedback loop, while not producing 
any overt inaccuracy contributes lit tie to the accuracy of 
this method of testing and elimination of this feedback 
should be considered. 
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6.0 Notation 

a 
b 
CT/" 
c 

cdo 
Cf 
EI 
FX-f' 
Gs 

Fyf 

g 
hi 
Ib 
leff 

I 6t' I 
~f 

Ka 
Kp 
Kr 

[M], [C), [K] 

Meff 
MXf' Myf 
mf 
mR 
m' 
m• 
p~ pa, pb 

Pi' Pz' P3 
Qi' G2, 0 3 
R 
r 
S10' ... S.qg 
T 

T1, · · · Tzs 
[Til• [T2J 

Airfoil section lift curve slope, 1/deg 
Number of b 1 ades 
Rotor thrust coefficient per blade solidity 
Blade chord, em 
Airfoil section minimum drag coeffic{ent 
Pylon effective translational damping at hub, N-s;m 
Blade bending stiffness, N-m2 
Hub force excitations, x- andy-directions, respectively, N 
Servo actuator gain 
Gravitational acceleration, m;sec2 
Distance airframe e.g. is below rotor hub, m 
Blade f 1 app ing inertia, kgm2 
Effective pylon + rotor inertia about focal point, kgm2 
Airframe pitch and roll inertias, respectively, about 
airframe e.g., kgm2 
Aerodynamic effectivity, kg-m 
Spring rate for explicit spring about focal point, N-m 
Equivalent spring rate for pylon stiffening in pitch 
and/or roll due to rotor fleXibility, N-m 
Inertia, damping and stiffness matrices, respectively 
Effective (total) mass at hub in inplane directions, kg 
Hub moment excitations in roll and pitch, respectively, N-m 
Airframe (pylon) mass, kg 
Rotor mass, kg 
Blade mass distribution, kg/m 
Reference blade mass distribution, kg;m 
Constants defining position controller dynamics, N 
Constants defining servo actuator force dynamics 
Constants defining low pass filter dynamics 
Rotor radius, m 
Blade spanwise variable, m 
Blade mass modal integration constants 
Rotor thrust, N 
Blade aerodynamic modal integration constants 
Force and deflection resolution matrices for hub 
to actuator attachment degrees-of-freedom 
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Ul, 
v 

u2, u3 

x •• Ya 

XF' YF' 'F 

Zf OC 

zi, zr z3 
zsi' fi 

~B 
y 

Yv' Yw 

Ex' E 
y 

E I' E 2' E3 

tv' tw 

'TJ 
9 9 

XF YF 
9 

XR' 
9 

YR 

A3' A'! 

A 

'R 
•v 
1-' 
p 

" 
0 

Ore£ 
w 

Superscripts 

( ) (a) 
( ) (h) 
( ) (1) 

(- ) 

Subscripts 

).l.F 

>c 
·( ) 9 

)~ 

Constants defining phase compensator dynamics 
Forward flight speed, m;sec 
longitudinal and lateral actuator attachment point 
locations from rotor axis, respectively, m 
Longitudinal, lateral and vertical hub displacements, 
respectively, m 
pivot or focal point of pylon below hub, m 
vertical deflections of actuator attachment points, m 
output signals from i'th phase compensator and low-pass 
filters, respectively 
Blade precone angle, deg 
Blade Lock number 
Blade 1st edgewise and flatwise mode shapes, 
respectively 
cyclic rotor mode descriptions of blade edgewise bending in 
longitudinal and lateral directions, respectively 
Error inputs to servo actuators, N 

Blade structural equivalent critical damping 
ratios for edgewise and flatwise bending, respectively 
Factor to account for flight configuration 
Hub roll and pitch motion, respectively, deg 

cyclic rotor mode descriptions of blade flatwise bending in 
roll and pitch directions, respectively 
Inplane and rotational coupling parameters, 
respectively 
system eigenvalue ( :: a ± iw ), 1/sec 
Geometric scale factor 
Velocity scale factor 
Rotor advance ratio 
Air density, kg;m3 
Real part of system eigenvalue, giving stability 
information, 1/sec 
Rotor speed, rad/sec 
(Reference) or nominal rotor speed, radjsec 
Imaginary part of eigenvalue, giving coupled frequency 
information, rad/ sec 
Inplane and flapwise (first) natural frequencies, 
respectively, of rotating elastic blade, rad/sec 

Relates to aerodynamic forces 
Relates to (hydraulic) actuator forces 
Pertaining to i'th servo actuator or feedback network 
Nondimensionalization with respect to appropriate 
combinations of R, m~ and/or Qref 

Relating to the primary (incremental force) feedback 
loop 
Relating to the secondary (position controller) feedback 
lOOp 
Pertaining to quantities measured about focal point in 
pitch (ey rotational sense) 
Pertaining to quantities measured about focal point in 
roll (9x rotational sense) 
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Appendix A - Inclusion of Heave Degree-of-Freedom in Air 
Resonance Dynamic Equations 

The simplified equations of motion used as the basis for this 
study are those presented in Ref. 4. This equation set is 
intended as an approximate, but reasonably representative 
analysis of the air resonance phenomenon and is not intended 
for general analysis applications in support of actual helicop
ter design efforts. The modifications required for the dynamic 
equations relate to the inclusion of the fuselage (hub) heave 
degree-of-freedom, zF, the addition of rudimentary quasi
static (forward flight) aerodynamics, and the inclusion of the 
explicit servo actuator forces, Fi, .(i= 1, 2, 3), As in 
Ref. 4, the required modifications are presented without formal 
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mathematical development. A 
of the modified quasi-static 
of this paper; only the bases 

full presentation of 
aerodynamics is beyond 
of the formulation are 

the details 
the scope 
presented. 

Elasto-mechan1cs 

The pylon substructure is now defined in terms of the five 
rigid body degrees-of-freedom of the hul>: longitudinal, lateral 
and vertical translations and pitch and roll rotations. The 
nine resulting differential equations respectively model the 
responses in hub x-, y- and z- translations, hub roll and pitch 
rotations, blade cyclic inplane (edgewise) bending rotor modes 
in the x- and y- directions, and blade cyclic flapwise (flat
wise) bending rotor modes in the roll and pitch directions: 

r:::X' 

The addi tiona! elasto-mechanical portions of the 
to the heave degree-of-freedom and the explicit 
only are presented in the equations to follow. 
the basic presentation of Ref. 4 is ommitted for 

Hub Longitudinal Force (Fxl 

(only detailed changes in perturb. airloads ), 

Hub Lateral Force (Fy) 

(only detailed changes in perturb. airloads ), 

Hub Vertical Force (Fz) 

(A. l) 

equations due 
actuator forces 

Repetition of 
brevity. 

.:\F(a) 
X 

)~l <r~1;-.., + mR) 
~ 

ve ~ 
YF 

(A. 2) 

Hub Roll Moment (MxFl 

= .... " -1- (A. 3 > 
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Hub Pitch Moment (MyFl 

nve ) = . YF 

Rotor Longitudinal Edgewise Excitation (Zex> 

(only detailed changes in perturb. airloads ), .6.Ze~a) 

Rotor Lateral Edgewise Excitation (Ze ) 

(only detailed changes in perturb. airloads), .6.Ze~a) 

Rotor Rollwise Flatwise Excitation (Ze ) 
XR 

(only detailed changes in perturb. airloads ), 

Rotor Pitchwise Flatwise Excitation (Ze ) 
YR 

(only detailed changes in perturb. airloads ), 

(A. 4) 

where: ., = 1, 
(fuselage) is, 
configuration. 

(or) 0., depending 
respectively, in a 

upon whether the pylon 
free-flight (or) gimbaled 

Quasi-static Aerodynamics 

The additional aerodynamic terms in the dynamic equations (to 
account for the heave degree-of-freedom and for forward flight 
conditions) were formed using typical quasi-static aerodynamic 
theory. The details of the addi tiona! terms follow from the 
following expressions for the components of airfoil sectional 
velocity: 

Tangential component, UT: 

+ <y cos~- x sin~)/R 

<A. 5) 

+ y [(E - Q€ )cos~- (€ ~ ~€ )sin~ J1 
V y X X y J 
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Perpendicular component, Up: 

¥ [ (6 
w YR 

<A. 6) 

Appendix B- Approximation to Implicit Angular Pylon Spring due 
to Rotor Elastic Flapping 

An approximation to the implicit angular pylon stiffness 
afforded by the flexible rotor can be obtained from the set of 
dynamic equations described above in Appendix A. This spring 
rate is taken to be the rotor moment 180° out-of-phase with 
pylon motion which results when the pylon is undergoing sinu
soidal motion at some frequency, w. If the dynamic system 
is assumed to consist of only pylon rotation in one of the 
pylon variables, say 9xF' and the two rotor flapping degrees
of-freedom, 9xR and 9y , then the moment exerted by the rotor 
on the pylon can be wri~ten using the equation for pylon roll
ing moment, as follows: 

= 

where: 

+ K. ~lR 
a 

K = k·paR
4 

a c. 

+ 2~~ J 
YR 

+ T <6 + 
11 XR 

<B. 1) 

~Cd ) ] -} 
YR -

The rotor response variables, 9xR and eYR' are expressible as 
implicit functions of the pylon rotation variable, 9xF, using 
the dynamic equations for rollwise and pitchwise flapp1ng, res
pectively: 

+ ...... 

+ .... -T.-<6 
1 ~ YR 

Then, the assumption of sinusoidal motion is invoked: 
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<B. 2. a) 

<B. 3) 



This assumption then renders Eqs. (B.1) and (B.2.a&b) a soluble 
set of algebraic equations wherein the rotor response variables 
(9xR and eyR) can be removed to yield a single equation for the 
sinusoidal rotor moment, which is then linear in 9xF' The 
details of the substitution and subsequent removal of 9xR and 
eyR from the expression are straightforward but tedious and, 
hence, are omitted herein for clarity. The resulting equation 
can then be written in the following form: 

.-, 

l'fJ,;,F = ~~c. ( b/2) S 
1

.-,{ F < to, l•l w' K ' . . . c. a 

·::· it•ifr 
= -;;{.a..;. [ K + i (.,.) c ] e e ,, ,, 

"F 

required rotor spring rate is 

) } e e 
XF 

seen to 
Note 

i t•J\tf 

be 
that 

Thus, the 
real part 
ive pylon 
divided by 

of the resulting rotor moment. 
damping is equal to the negative imaginary 

the frequency. 
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