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ABSTRACT 

A Galerkin finite element method for the spatial discretization of the 
nonlinear, nonselfadjoint, partial differential equations governing rotary
wing aeroelasticity is presented. This method reduces algebraic manipulative 
labor significantly when canpared to the global Galerkin method based on 
assumed modes. Furthermore, the Galerkin finite element method is ideally 
suited to treat rotor blades with discontinuous mass and stiffness distribu
tion and structurally redundant configurations as they appear in bearingless 
rotors. Implementation of the method is illustrated for the coupled flap-lag 
aeroelastic problem of hingeless rotor. blades in hover and forward flight. 
Numerical results for stability and response illustrate the numerical proper
ties and convergence behavior of the method. It is concluded that the 
Galerkin finite element method is a practical tool for solving rotary-wing 
aeroelastic stability and response problems. 

1. Introduction 

Increasing demands on helicopter performance and improved reliability 
and maintainability have led to the development of hingeless rotor systems and 
more recently to bearingless rotors. These systems are characterized by the 
elimination of flap and lag hinges and, for the bearingless rotor, the 
replacement of the pitch change bearing through an elastically twisted member 
which is commonly denoted as the flexbeam. Such rotor systems are designed by 
utilizing canposites for the blade and flexbeam construction. A considerable 
amount of research has been directed toward the aeroelastic analysis gf these 
rotors,l both for isolated blade2-7 and coupled rotor fuselage models. -11 

Depending on the complexity of the analysis, the elastic properties of 
the blade have been modeled with a varying degree of sophistication. Most 
isolated blade analyses in forward flight and coupled rotor fuse~e8~alyses rely on equivalent-hinge, spring-restrained, rigid blade models. • • • When 
elastic blade deformations are included, the dynamic equations of motion 
appear in partial differential form. Typically, Galerkin's method, based on 
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mode shapes of the rotating blade, which are generated from the exact modes 
of a nonrotating, uniform beam, is used to eliminate the spatial depend
encel,2,5,6 • 

To fully understand the restrictions associated with this approach, 
the following aspects of rotary-wing aeroelasticity have to be kept in mind. 
The blade equations should be based on moderate deflection theory which leads 
to geometric nonlinearities in the structural, inertia and aerodynamic opera
tors. Forward flight effects introduce periodic coefficients into the equa
tions. Thus, to obtain actual aeroelastic stability boundaries, the equations 
are linearized about an appropriate equilibrium position and stability informa
tion is extracted from the eigendata associated with the linearized system. 
In forward flight the equilibrium position is periodic in time and depends on 
the trim state. Stability information is obtained through Floquet theory. 

2 6 From the inspection of typical studies ' it is clear that methods of 
solution based upon the modal Galerkin method lead to extremely cumbersome 
algebraic manipulations which have to be carried out manually or by alterna
tive means such as algebraic manipulative systems. This complexity increases 
even further when more than one mode for each elastic degree of freedom is 
included in the analysis. Furthermore, the discontinuous mas' and stiffness 
distribution and redundant construction of bearingless rotors is not amen
able to modeling by the Galerkin modal method as described above. One either 
has to resort to matrix methods7,10 or use of mode shapes obtained through a 
finite element analysis.1l 

Recognizing the need for a discretization tool which overcomes the 
limitations of the modal Galerkin method, an extensive study was conductedl2 
to develop a local Galerkin method,l)-15 leading to a finite element formu
lation of the rotary-wing aeroelastic problem. This method enables one to 
discretize the partial differential equations of motion directly, and conse
quently, a significant reduction in the algebraic manipulative labor required 
for the solution of the problem is accomplished. Furthermore, this Galerkin 
finite element method allows a unified treatment of structural and inertia, 
as well as aerodynamic terms. A normal mode coordinate transformation 
reduces the number of finite element nodal degrees of freedom considerably, 
however, without placing any restrictions on the number of modal coordinates 
retained. Lastly, this method is ideally suited for the incorporation of 
flexbeam dynamics into the aeroelastic analysis and the treatment of point 
masses and springs. 

The general formulation of this Galerkin finite element method and 
its application to flap-lag dyn~ics of hingeless rotor blades in hover 
have been published previously.lb The present paper concentrates on the 
following objectives: 1) The finite element formulation of the rotary-wing 
aeroelastic problem is extended to the flap-lag-torsion case in forward 
flight; 2) A newly developed quasilinearization technique,l7 for calculat
ing the nonlinear periodic response, about which the equations are linear
ized, is shown to be compatible with the finite element formulation. Further
more, within the context of the flap-lag problem in forward flight, the 
convergence of the method is established by numerical experimentation; and 
3) The numerical properties and convergence behavior of the Galerkin finite 
element method are illustrated by applying it to the coupled flap~lag aero~ 
elastic stability and response problem of hingeless blades in forward flight. 
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2. Equations or Motion 

The blade equations of motion ror the rlap-lag torsion problem in 
fo!Ward rlight are coupled nonlinear, nonconservative, partial ~ifferential 
equations with periodic coefr~cients. The structural operator1 and the 
inertia and aerodynamic loads have been derived previously. Therefore, 
only some of the basic assumptions underlying the derivation and the final 
form of the equations of motion and corresponding boundary conditions will be 
presented here, in as much as they are needed to illustrate the implementation 
of the Galerkin rinite element method. Additional details can be found in 
Reference 12 • 

The geometry of the problem is described in Figures la and lb. The 
basic assumptions in the derivation pertaining to hover have been presented 
in Reference 16; additional assumptions introduced in the present derivation 
are: 

1) The helicopter is in straight, steady flight at constant speed 
(11 "' 0). Rotor shaft dynamics are not considered (n • 0). 

2) Root torsional deformation due to pitch link or control system 
flexibility occurs about the feathering axis. 

)) The aerodynamic center, center of gravity and elastic center are 
distinct points. The tension center coincides with the elastic 
center (xii • o). The undeformed elastic axis is assumed to be a 
straight line and coincident with the feathering axis. 

4) The blade is pretwisted, gB(~), about the undeformed elastic 
axis. 

5) The elastic torsional deformations occur about the deformed 
elastic axis. 

6) Cross-sectional stiffness and inertia properties, offsets, and 
airfoil chord vary along the blade. 

7) Structural or mechanical damping of viscous type is included. 

8) Reversed flow is modeled in an exact manner. 

9) Aerodynamic effects associated with forward flight introduce 
cyclic pitch variations; thus, the total geometric pitch angle 
is given by 

10) The inflow is represented by the following general functional 
form 

(1) 
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It should be pointed out that the influence of axial forces on the 
torsional rigidity of the rotor blade and the effect of cross-sectional 
warping due to torsion was neglected in Reference 18. The proper terms for 
this effect have recently become available.l9,20 Furthermore, the effects of 
stall and compressibility are not included in the aerodynamic loads of Refer
ence 6. Although the above effects may be important for certain b1.8.des and 
certain flight conditions, no attempt was made to include them in the present 
study, since its primary objective is the application of the Galerkin finite 
element method. 

Using the above assumptions, the coupled equations of motion for 
forward flight become12 

Axial equilibrium: 

T + p = o ,x xi 

Lag equilibrium: 

(3) 

-(M3 +(ij~ w -v T) -q3I,x+pyi+pyA+p =O (4) ,x ,x ,xx ,x ,x yD 

Flap equilibrium: 

(!L +(ij ~ v + w T) +a_ + Pzi+ pzA+ PzD = 0 (5) 
~'"C ,x ,x ,xx: ,x ,x ... c:.I,x 

Torsion equilibrium: 

= 0 (6) 

-The corresponding boundary conditions at the free end, XQ = 1, are 
natural boundary conditions, expressing the fact that the shears, moments and 
tension at the blade tip are zero. At the cantilevered blade root, x0 = o, 
the bending displacements and slopes (geometric quantities) are zero. The 
root torsional spring leads to a mixed boundary condition for torsion. Thus, 

at - - - - = 0 (7) xo = 0: v = w =v = w ' ,x ,x 

M - R~ = 0 (8) 
X 

- (ij ~ w + - T (9) at xo = 1: -M3 - v - q3I,x = 0 ' ,x ,x ,xx ,x 
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a;q ;; + - T 0 (10) ~,x + w - Clti,x "' , 
,x ,xx. ,x 

M3 = -~ = M = 0 , (ll) 
X 

T = 0 (12) 

Equations (3) - (12) are written in a general form which is most suit
able when using the Galerkin finite element method to discretize the spatial 
dependence. Detailed expressions for the elastic moments (bending - ~~~,M3 and torsion - M ) and the distributed loads (forces • p and moments - q, 

X 
where inertia, aerodynamic and structural damping contributions are denoted 
by subscripts I, A, and D, respectively) are given in Reference 12. The 
tension T will be eliminated by using the axial equation (3) and correspond
ing boundary condition (12). The axial displacement, ii., -will be replaced, 
using the commonly made assumption that the blade is inextensional in the 
axial direction. Thus, Equations (4) - (ll) completely define the aeroelastic 
stability and response problem. 

3. Application of the Galerkin Finite Element Method 

The first step in solving the equations of motion, presented in the 
previous section, is the discretization of the spatial dependence. This is 
accomplished using a local Galerkin method of weighted residuals, resulting 
in a finite element formulation of the problem. 

A detailed description of this Galerkin finite element method and its 
application to the flap-lag problem in hover have been presented in References 
12 and 16. Therefore, only the major steps will be outlined here. However, 
special emphasis is placed on the appropriate modeling of the torsional degree 
of freedom. 

First, an approximate global solution is substituted into the flap-lag
torsion equations of motion, Equations (4) - (6), and the corresponding bound
ary conditions. Recall, that in the extended Galerkin method the shape func
tions ~ need to satisfy only the geometric boundary conditions. Therefore, 
both themnatur~l boundary conditions at the blade tip, Equations (9) - (11), 
and the mixed boundary condition, due to the root torsional spring, Equation 
(8), contribute to the boundary residual. The weighted Galerkin residual, 
obtained through appropriate combination of the weighted differential equation 
and boundary condition residuals is integrated by parts. After cancelling 
boundary terms, the problem is posed in the following integral form: 

{ 

M3 f { -GJ ~ X w XX+ V x T - q3I ~g 
-M~ \ + [ ~ l T i}j ~' v' +. w' T + q2 I \ ·""2 m ,x ,x ,xx 1 x 

0 M 
X 
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Second, the global domain is divided into a number or subdomains or 
elements. In the interior or each element the displacements are assumed to 
be or the rorm 

(14) 

For bending, the same cubic Hermite interpolation polynomials as in 
the hover case are used, see Appendix B. The nodal parameters are the lag 
and rlap displacements and slopes at the element boundaries, see Figure lb. 
This element satisries the requirement or C1 continuity or the global 
solution, since it provides interelement continuity for bending displace
ments and slopes. Bending strains vary linearly within the element which 
goes beyond the minimum requirement of constant strain within the element. 

The torsion equation or motion is of second order with respect to 
the spatial variable. Thus, a linear interpolation will achieve the required 
c0 continuity and constant strain. However, in the coupled bending-torsion 
analysis, it is desirable to use a torsion element which provides the same 
accuracy as the bending element. This allows discretization or the torsion
al variable with the same number of elements as needed for the adequate 
modeling of bending. In the present analysis, an improved torsion element, 
providing linear variation or torsional strain, is obtained by using the 
torsion deformation at the element mid-point as additional nodal parameter. 
Thus, N = 3, and the ~n are quadratic interpolation polynanials,21 
given in Appendix B. 

Figure 2 shows the relative accuracy of the finite element solution, 
as ~ompared to-the exact solution, ror the rirst three bending and torsion 
frequencies of a nonrotating uniform beam. It is apparent that the cubic 
interpolation bending element and the quadratic interpolation torsion element 
provide approximately the same accuracy. The perrormance of the linear 
interpolation torsion element is considerably inrerior. All elements exhibit 
unirorm convergence, which had to be expected, since the rinite element model 
ror this conservative problem can be derived from a variational principle. 

In general, rerined rinite elements can be obtained using any number 
or internal nodes. An alternative approach is the use of higher-order 
derivatives (second ror bending and rirst for torsion, or higher) as nodal 
parameters. These higher-order elements, however, experience dirriculties 
in modeling concentrated loads. Furthermore, the boundary conditions 
involving the higher-order derivatives must be satisried. Thererore, such 
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elements were not considered. 

In conclusion, it can be stated that the elements selected in the 
present study are the most basic (or simple) elements which yield a con
sistent ~ormulation ~or coupled bending and torsion. This takes on an 
additional signi~icance in light o~ the large number o~ nonlinear terms 
which have to be modeled. The exact form o~ the element interpolation poly-
nomials 'Y, 1), and ~ is given in Appendix B. 

~ ~ ~ 

The element displacements, Equation (14), are now extended over the 
global domain, by de~ining them as zero outside the particular element with 
which they are associated. Substituting the element displacements into the 
integrated Galerkin residual, given by Equation (13), yields the nonlinear, 
periodic element equations. 

+ ( 
\ f 

i=e+l 

Detailed expressions for all element matrices in Equation (15), indi
cated by the superscript e, are de~ined in Reference~· The structural 
operator is associated with the matrices [B~] and [~]. The axial tension 
results in the contributions represented by [T~], [~] and [T~i]. The 
inertia loads a~e included in [I~], [~], [C~], [C~], [~], [~], (F~}, 
[CAe l and [CAe~], where the last two matrices are due to the axial shorten-

x x e e e 
~ e~fect. The aerodynamic loads are contained in the [D1], [D2 ], [D22 J, 
[D3]' [n;2 J, [A~], [~], [A;] and (F!} matricei. The structural damping 
ef~ect is represented by [D~]. Finally, the [Be] matrix accounts for the 
root torsional condition, where the Kronecker delta, ~el, indicates that 
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this term is only present in the first element, i.e., the element at the root 
of the blade. 

The functional dependence of the element matrices on the nodal dis
placements is as indicated in Equation (15). Note, that the matrices in 
Equation (15) have both single and double numerical subscripts. The first 
subscript is an identifier of nonlinear terms. A first subscript having a 
value of 2 or 3 is indicative of quadratic or cubic terms, respectively. 
A second subscript is attached to all velocity-dependent element matrices. 
All element matrices are evaluated using six-point Gaussian quadrature. The 
nonuniform element properties are included in the numerical integration. 

Next, the element matrices are assembled into the complete system 
matrices. The nodal parameters within the nonlinear element matrices are 
replaced by their modal representation, 

(a} = [A] (q} , (16) 

using !), lag, ~ flap, and M.r torsion free vibration mode shapes of 
the rotating blade which are computed using the finite element method. 
Subsequently, the modal reduction process is completed by pre- and post
multiplying the system matrices with the modal transformation matrix, [ A] , 
and its transpose. For more details regarding the treatment of nonlinear 
terms, see Reference 12. 

The final equations of motion, in terms of the reduced set of M 
modal degrees of freedom, can be written symbolically as: 

G = [m(q)l( q } + [d(q, q)l( q } + [k(q)]{ q } + ( f } = 0 - - (17) 

All matrices in Equation (17) are defined in Reference 12. Note, that the 
inertia, damping, and stiffness terms have both linear and nonlinear contri
butions. Also recall, that for forward flight, most matrices have periodic 
coefficients, _i.e., 

, 

with the common period being 27T, which corresponds to one blade revolution. 

4. Method of Solution 

In forward flight the aeroelastic stability and response of isolated 
rotor blades is strongly coupled with the overall equilibrium of the heli
copter.l,3,5 The trim state of the helicopter, obtained using either the 
propulsive or moment trim procedures developed in Reference 17, is used as 
input to the aeroelastic analysis of the blade. 
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A solution to Equation (17) must provide both stability and response 
information. Finite element solutions to nonlinear dynamic problems are 
mainly restricted to finding the transient response under impulse loading. 
Instead of relying on a direct numerical integration, with its known draw
backs for equations with periodic coefficients, in the present study the 
aeroelastic stability of the blade is obtained explicitly from eigendata 
extracted from the linearized system. The approximate nonlinear steady
state response of the blade is used as equilibrium position about which the 
perturb~tion equations are linearized. Th!s nonlinear, time dependent equi
librium position is evaluated by iterative application of a method developed 
to obtain the steady-state response of linear periodic systems.l7 A brief 
description of this procedure, emphasizing the finite element formulation 
of the problem follows. 

First, the finite element equations (17) are expanded in a Taylor 
series about a previous solution, keeping only linear terms. During the 
k-th iteration step, the previous solution is denoted by qk-l. This 
solution must be periodic in t and its derivatives ik-1,-\lk-l are 
known. The linearized equations now take the form: 

[~]( q_k } + [ckl( q_k } + [sk]( qk } 

_ [Ck]( q_k-l } _ [Skl( qk-l } + ( ~ } = O 
1 

(l8) 

where 

[~] ~ <l-l> (l9a) = 
dci 

[Ck] 
(X} 

( k-l .k-1) = dq 2. •9. , (19b) 

[Sk] 
.:x. 

( k-l .k-l •• k-l) - (l9c) = dq q ,q ,q , - - -
[Fk) = [d(qk-1, q_k-l)l(qk-1} + [k(qk-l)){qk-l} + [f) (l9d) 

Details on the evaluation of the derivatives of G can be found in Refer
ence 12. For convenient numerical treatment, Equation (18) is transformed 
into first-order state variable form. 

15-9 



= 

.k 
q 
~ 

(20) 

where 

= ' (21) 

. { (22) 

Both [Ak] and {bk} 
the previous solution 

are periodic in >I' (with period 27T) and depend on 
k-1 l . 

The solution of the linearized Equation (20), i.e., the k-th iter
ative periodic response yk(y), is calculated by determining the initial 
conditions lk(O) required for time-history integration, to yield a 
periodic response •22 Numerical integration of Equation (20) using yk(O) 
yields lk(~). The periodicity of the response is checked by integrating 
over several periods (i.e., blade revolutions) until the Fourier coeffi
cients of the response obtained in two subsequent periods agree within a 
desired accuracy. 

This ~riodic response, lk, is then used as a previous solution 
for the next iteration step. kThis process is continued until convergence 
is achieved, at which step l represents the periodic_steady-state 
response of the nonlinear system, which is denoted as ¥. • This solution 
is then used as the equilibrium position for the stability calculations. 

In the present study, two options for initiating the quasilineari
zation process were implemented. Stability information in forward flight 
is usually plotted as a function of the advance ratio j.J.. Therefore, at a 
given value of j.J., either the linear response of the system (with all 
nonlinear terms deleted), or the nonlinear response for a previous lower 
value of \.J. was used as initial solution. 

Stability was studied by deriving linearized perturbation equations 
about the known equilibrium position y(y). This leads to a linear, 
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homogeneous periodic system. 

• 
(6y} = [A(i 1 l 1 1jt )]{6y} , (23) 

( ) k-1 -where [A) is defined by Equation 21 with ;t; replaced by ;t;• Accord-
ing to Floquet theory, the characteristic exPonents, ~ = Sk + iwk, of the 
associated transition matrix at the end of one period, [~(2rr)], are indi
cative of stability.~'' The linearized system, Equation (23), is stable when 
~ < 0 for all k. 

At this point it should be pointed out that for each time step in the 
numerical integration of Equation (20) and in the calculation of the transi
tion matrix, the finite element discretization process, i.e., formulation of 
Equations (15), (17), (18) and (20) has to be repeated. Efficient progrgw
ming and use of efficient methods to calculate stability and responsel7, 2 .:> 
is, therefore, crucial for the effective treatment of this problem. 

5. Results and Discussion 

Results in the present paper illustrate the application of the Galerkin 
finite element method to rotary-wing aeroelastic problems in forward flight. 
The bending free vibration problem of a cantilever rotating beam and the 
coupled flap-lag aeroelastic stability of hingeless rotor blades in hover were 
considered in Reference 16. Figure 3 shows typical stability boundaries for 
flap-lag in hover. It also illustrates the excellent agreement obtained with 
the Galerkin finite element method and the modal Galerkin method. These and 
other resultsl6 showed the Galerkin finite element method to be a practical 
tool for formulating and solving rotary-wing aeroelastic problems. It was 
concluded that four or five elements are sufficient to model the bending 
dynamics in hover and that for certain configurations, stability is determined 
by the second lag mode. 

5.1 Assumptions and Data Used in Generating Results 

Results for forward flight deal with the coupled flap-lag aeroelastic 
problem of hingeless rotors. In view of the novel features of the present 
research, where·a finite element solution is given for the stability andre
sponse of nonlinear, nonconservative, periodic systems, torsional dynamics 
were excluded in the computer code. 

Numerical results are presented in two groups. First, the numerical 
properties of the solution procedure for the discretized dynamic equations, 
outlined in Section 4, are investig~ted. These results, presented in Figures 
4 - 9, are based on propulsive trim with a weight coefficient of C = 0.01 
and the following data: W 

wLl = 1.417; wFl = 1.087; b = 0.0313; y = 5.0; 

(J = 0.05 E = 3 M = 2 

The second group of results, presented in Figures 10 - 18, deals with 
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the convergence properties of the Galerkin finite element method. Response 
plots show the converged nonlinear steady-state response which is subse
quently used in the linearized stability analysis. Trim values are calcu
lated using the improved propulsive trim procedure of Reference 17, with 
~ = 0.05 (0.01) and the fUselage pitching moment and the various trim off
sets set to zero. The configuration parameters, chosen so that the soft in
plane blade has properties somewhat similar to those of the Boelkow B0-105 
rotor,24 are: 

wLl = 0.73'2 (1.417); wFl = 1.125; ii "'o.o275; ~ = 4 ; 

Parameters which remained unchanged for all forward flight results 
are: 

oA = 1.23 kgjm3 (0.00238 slugs/ft3 ); a "'2JT; CdO = CDP = 0.01; 

XL = o.o; xu = 1.0; e1 = ~P = xA = rF = o.o; ~SL = ~sF = o.o • 

Furthermore, blade pretwist was set to zero and the blade properties were 
assumed to be uniform over the span. The inflow was modeled to be uniform, 
i.e., 

= 

5.2 Results 

The first group of results, presented in Figures 4 through 9, is 
intended to illustrate the effect of the numerical parameters associated with 
the quasilinearization technique17 outlined in Section 4. Figures 4 and 5 
show the effect of the number of harmonics, ~, used in the Fourier series 
representation of the periodic blade response. The blade tip displacements, 
normalized with respect to the length of the elastic portion of the blade, 
are plotted. While the lag response, Figure 4, changes only a little 
when using ten as compared to one harmonic, a noticeable change can be seen 
for thexflap response in Figure 5. This is also reflected in the stability 
results 1 in as much as the flap damping changes remarkably with the number 
of harmonics, whereas the lag damping remains basically unchanged. Inspec
tion of the Fourier coefficients of the response plotted in Figures 4 and 5 
showed that while it is essential to retain more than the first harmonics, 
it probably would be sufficient to use the first four harmonics. These 
results clearly illustrate that analyses using the harmonic balance 
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technique with only the first harmonics to calculate the time-dependent 
brium position5,6 can lead to inaccurate predictions of system damping. 
subsequent calculations, ten harmonics (Nh ~ 10) were used. 

equili
In all 

Figures 6 through 8 illustrate the effect of nonlinear terms on system 
steady-state response and stability. Response results are shown with the 
number of quasilinearization steps, k, as parameter. The lag response, 
Figure 6, and more so the flap response, Figure 7, chan~e noticeably when going 
from the linear solution (all nonlinear terms neglected), k = o, to the 
linearized solution, k = 1. When performing an additional iteration step, 
i.e., considering an approximation to the fUlly nonlinear solution, k = 2, 
the response remains practically unchanged. This implies that the linearized 
response is a sufficiently accurate representation of the converged nonlinear 
response. 

Figure 8 shows the convergence of the real part of the characteristic 
exponents, a measure of stability, with the number of quasilinearization steps. 
A decrease in percentage error value corresponds to a decrease in stability 
margin. Analysis of the linear system (k = 0, i.e., all nonlinear terms 
neglected) will generally lead to large errors in the predicted damping values. 
In particular, this holds for the lag degree of freedom which is affected 
considerably by nonlinear aeroelastic coupling terms. At intermediate advance 
ratios, ~ = 0.2, one iteration step (k = 1, i.e., linearization about the 
linear equilibrium position) is sufficient. At high advance ratios, ~ = 0.4, 
a second iteration step (k • 2, i.e., linearization about the linearized 
equilibrium position) might be required to predict system stability. The 
larger error, at k = 1, for the flap degree of freedom, as compared with 
lag, can be directly related to the effect of nonlinear terms on the flap 
response as shown in Figure 7. It should be pointed out, however, that the 
influence of nonlinearities in this particular case is somewhat exaggerated due 
to the high value of the weight coefficient (CW = 0.01). 

In Figure 9 the effect of the number of azimuthal steps on system 
stability is shown. In all cases the same number of steps (per revolution) 
was used to calculate the initial conditions and stability, N , and to 
determine the response by numerical integration, Nrki' The.r~iktive change 
of the real part of the characteristic exponents at ~ = 0.4 is plotted. 
The solution, with 120 steps, was used as reference. Note that the flap 
degree of freedom does not have complex conjugate exponents, i.e., two dis
tinct real part& are associated with it. Overall, results based on forty 
steps are in excellent agreement. (The same was concluded for response, 
although the results are not shown.) Even twenty steps give only one percent 
error. In all subsequent calculations, sixty steps (N i = Nrki = 60), were 
used. Another interesting aspect of Figure 9 is that tR~ flap results con
verge slower than the lag results. This confirms the previous conclusion that 
higher harmonic contributions are more significant for the flap degree of 
freedom. 

Additional results12 , not presented here, showed that the initial 
conditions in Equation (23) do indeed lead to excellent periodicity of the 
response. Plots of the blade tip deflections during the first (Nrev = 1) 
and second (Nrev = 2) blade revolution showed very little difference. The 
response during the second and third blade revolution could not be dis
tinguished on the plots. This indicates that the effect of approximations 
and numerical errors in the actual calculation of the initial conditions 
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(which theoretically insure a periodic response) is usually corrected with the 
integration over the second blade revolution. 

From the numerical experience gained in this study, represented by 
Figures 4- 91 it was co3cluded that a maximum change of each Fourier coeffi
cient of less than 10- is sufficient to indicate periodicity and converg
ence of the nonlinear response. Recall, that in the derivation of the equa
tions of motion, the displacements were assumed to be of order ED ~ 0.2 and 
terms of O(E~) were neglected, as compared to terms of 0(1). Therefore, 
this error control quantity is also logically consistent with the ordering 
scheme. All results were obtained by using the linear equilibrium position as 
the initial guess in the quasilinearization procedure. A test case showed no 
gains in accuracy or computing times when using the converged nonlinear re
sponse from a previous lower value of ~ as the initial guess. 

Lastly, it should be pointed out that the results presented so far 
were for a relatively high loading (CW = 0.01). The choice of parameters 
made above should thus be considered conservative when cases with a more 
realistic blade loading are considered and, therefore, should also be adequate 
when more elements and mode shapes are used in the analysis • 

The convergence properties of the Galerkin finite element method are 
considered next by changing the number of elements used or the number of mode 
shapes retained in the normal mode transformation. Aeroelastic stability is 
studied by plotting the real part of the characteristic exponent, ~~ 
versus the advance ratio ~. The system is stable if all ~ < o. All these 
results are based on the second set of configuration parameters. The relative 
change in the real part of the characteristic exponent versus the number of 
elements is shown in Figure 10 for the soft in-plane blade, wiJ. = 0. 732, and 
elastic coupling R = 0.6. The number of modes was kept constant at two. As c 
reference, the five-element solution was used. It is apparent that excellent 
convergence is achieved, in particular, when considering that the results in 
Figure 10 are for a high advance ratio, ~ = 0.4. Interestingly, the accuracy 
for the flap degree of freedom is much higher than that for lag. This can 
be attributed to the lower stability margin for lag; see Figures ll and 12. 
Overall, the three-element solution can be considered sufficiently accurate. 
It should be kept in mind, however, that the configuration in Figure 10 is 
stable. For a more critical case, more elements might be required to model 
the system accurately. Finally, it is interesting to compare Figure 10 with 
the accuracy for the first bending frequency of a nonrotating beam in Figure 
2. As expected, the solution of the aeroelastic problem does require a 
larger number of elements than the free vibration problem. In addition, it 
can be seen that convergence is uniform in this case but not one sided, as 
indicated by ( - 'fo) for the lag degree of freedom. 

Figures 11 and 12 show system stability when changing the number of 
modes from two to four, while keeping the number of elements constant at 
E = 4. The aeroelastic damping for the fundamental modes, SlL and SlF, 
remains unchanged when using four modes as compared to two modes. The 
damping, i.e., real part of the characteristic exponents, for both predom
inant flap modes is practically constant for all advance ratios. The 
absolute value of' ~F is somewhat lower than that for the first flap mode, 
~lF 1 however, both modes are strongly damped. The first lag mode has its 
lowest damping values at moderate advance ratios, ~ = 0.1- 0.2. When the 
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advance ratio is increased, the results indicate that the forward flight aero
dynamics have a stabilizing effect. Overall, the smallest stability margin 
occurs at hover, iJ. = 0.0, for the second predcminant lag mode. However, with 
increasing advance ratios, more aerodynamic damping is fed into the second lag 
mode. For advance ratios, 1.J. > Oo2 , the real parts of the characteristic 
exponents for both lag modes, l;lL and ~L, are rough}¥ the same. 

The effect of the number of modes retained in the modal reduction pro
cess on the blade response at iJ. = o.4 is illustrated in Figures 13 and 14. 
The response of the second lag mode, ~~ is very small. Onl¥ in the re
versed flow region can it be distinguished frcm zero. The second flap mode 
response, ~ , is more significant. The behavior of the response associated 
with the first lag and flap mode, respective~ varies according}¥. For lag, 
the response of the first mode does not change significant}¥ when going from 
two to four modes in the anaJ.¥sis. For flap, on the other hand, there is a 
sizeable change. When the res~onse of the first and second flap mode (from 
the four-mode ana}¥sis, M = 4) are added together, its maximum value is 
roughly eight percent larger than that of the response based on the two-mode 
analysis (M = 2 ) • 

The effect of the number of modes used in the ana}¥sis is further 
investigated by considering the stability of a stiff in-plane blade, wLl = 
1.417, with elastic coupling Rc = 0.8, in propulsive trim (S, = v.Ol). 
Results for the real part of the characteristic exponents are obtained by 
using two and four modes. In both cases, the blade is represented by four 
elements. The stability curves in Figures 15 and 16 exhibit the same 
general behavior as encountered for the soft in-plane blade (Figures ll and 
12 ) • There are, however, two important differences • The second lag mode 
is unstable at I.J. = 0.0, i.e., ~L is positive. Thereafter, the forward 
flight aerodynamics introduce a considerable amount of damping, so that at 
I.J. = 0.1 the second lag mode is more stable than the first lag mode by a 
factor of five. A further increase in the advance ratio changes the value 
of l;lL such that it approaches the value of ~L 1 and at 1.J. = 0.4, 
they are practically the same. The other interesting point is that at 1.J. = 
0.4 on}¥ the four-mode solution exhibits splitting of the characteristic 
exponents (real part) associated with the first flap mode. The two-mode 
solution does not capture this effecto 

Results presented in Figures ll - 16 indicate that for both response 
and stability it is important to retain four modes in the anaJ.¥sis. Recall, 
that in the hover case the second predominant lag mode itself was the cause 
for system instability at certain values of the lag frequency wLl ; see 
Figure 3. In the forward flight case such an instability was not observed; 
however, the presence of the second lag and flap mode lowered the stability 
margin and affected the response of the flap degree of freedom. Although 
these changes did not result in a critical condition, they might have an 
effect on blade bending moments and shears. 

The effect of the elastic coupling parameter, R , on the stabil
ity of the first and second predominant lag mode is showft in Figures 17 and 
18, respectively, for the soft in-plane blade. The stability margin of the 
first lag mode (Figure 17) increases proportionally with the value of R c 
throughout the entire range of advance ratios. The least stable configura-
tion is obtained for zero elastic coupling, at low advance ratios (I.J. = 
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0.1- 0.2). The behavior of the second lag mode, (Figure 18), is quite differ
ent. The variation of damping versus the advance ratio depends strongly on the 
value of R • At l.ow advance ratios, el.sstic coupling is destabilizing; above 
~ = 0.3 itcis stabilizing. Lastly, it should be mentioned that the predomi
nant fl.ap modes are very stable and the damping associated with them remained 
almost constant when the elastic coupl.ing was changed. The same observation 
was made for the hover case. 

Additional 
not presented here 

12 resul.ts obtained in the course of the present study 
due to the l.sck of space. 

are 

Al.l fl.ap-l.ag forward fl.ight resul.ts were generated on an IBM 3033 
computer. To find the converged, nonl.inear, periodic response and l.inear-
ized stabil.ity for one val.ue of advance ratio, approximately 30 CPU seconds 
were needed in the three-el.ement two-mode case. When using four el.ements, 
40 CPU seconds were required. In the case of four el.ements and four modes, 
this val.ue increased to approximatel.y 1.00 CPU seconds. The computation of 
the aerodynamic el.ement matrices takes up roughly 50 percent of these CPU 
times. In com~rison, for the modal. Galer kin method, sol.ution of the fl.sp-lag
torsion probl.eml7 (sixmodes) 1.00 CPU seconds were required. 

6. Concl.usions 

This paper presents the extension of a previousl.y formul.ated Gal.erkin
type finite el.~ment method for nonselfadjoint, nonl.inear aeroel.sstic rotary
wing probl.ems16 to the forward flight case. From the numerical. resul.ts pre
sented for the flap-l.ag aeroelastic stabil.ity and response of hingel.ess heli
copter rotor blades in hover16 and in forward flight, the foll.owing concl.u
sions are drawn. 

1. The Galerkin finite element method is a practical tool. for formu
lating and solving rotary-wing aeroel.astic probl.ems. Since 
spatial discretization is appl.ied directly to the partial. differ
ential. equations, al.gebraic manipul.ative labor is reduced signi
ficantly when compared to the application of the gl.obal. Galerkin 
method to similar problems. However, more computer time is spent 
in calcul.ations, in particul.ar, when deal.ing with forward flight. 

2 • Four or five el.ements are sufficient to capture the bending dynam
ics of the bl.ade in hover with the same accuracy as the gl.obal. 
Galerkin method. For practical. forward flight cases, three or 
four el.ements suffice. 

3. Normal mode transformation, combined with the Galerkin f'inHe 
element formul.ation, reduces the number of nodal. degrees of free
dom significantly and enabl.es one to deal efficiently with 
complex problems. Complete freedom regarding the number of modes 
to be used is retained. 

4 • For the flap-lag problem in hover it is essential to use two 
modes for each elastic degree of freedom, since the second lag 
mode determines system stability for certain val.ues of elastic 
coupling. 

5. The flap-lag problem in forward flight is basically stable. The 
lowest stability margins are associated with the lag degree of 
freedom at moderate advance ratios. Incl.usion of two modes for each 
elastic degree of freedom lowers the stability margin; it also 
affects the response. 
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6. For the flap-lag case, nonlinearities affect system stability only at 
high ad~ce ratios. Comparison with coupled flap-lag-torsion 
resultsl'f shows that presence of torsion increases system sensitivity 
to nonlinear terms and changes predicted damping levels signifi
cantly. System response, based on the linearized and, in some cases, 
even linear equations seems to be sufficiently accurate. 

7. Higher harmonic contributions to the periodic blade motion are 
significant, especially for flap stability and response. 

8. Future applications of the Galerkin finite element method should 
include the torsional degree of freedom and concentrate on the 
modeling of bearingless flexbeam-type rotors. 
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APPENDIX A: LIST OF SYMBOLS 

= tw~dimensional lift curve slope 

= element nodal displacement vector 

= system nodal displacement vector 

= coefficient matrix of dynamic equations in first~order 
state variable form, Eqs. (21), (23) 

= aerodynamic sti~fness matrices 

= air~oil semichord 

= ~orcing vector in the linearized dynamic equations in 
~irst~order state variable form, Eq. (22) 

= element stiffness matrices 

= boundary condition term, due to root-torsional stiffness 

= blade profile drag coefficient 

= helicopter parasite drag coefficient 

2 2 2 
=rotor thrust coefficient, T/oA rrR n R 

2 =helicopter weight coefficient, W/pA rrR 

= damping matrix in linearized dynamic equations, Eq. (18) 

= matrices due to axial shortening effect 

= element matrices, velocity dependent inertia loads 

= damping matrix in dynamic equations, Eq. (17) 

= aerodynamic damping matrices 

= structural damping element matrix 

= blade root offset from axis of rotation, Fig. 1 

=unit vector triad in x0, y0, and z0 directions, 
respectively, before deformation, Fig. la 

= unit vector triad e , e , 
after deformation, Ftg. lb 

= number of finite elements 

and 
A 

e , z respectively, 
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[I] 
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[k] 
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.t 

Mx,~•bta•M:; 

[m] 

[Mk] 

N 

=element torsion nodal displacements, Eq. (14) 

= forcing vector in dynamic equations, Eq. (17) 

= inertia and aerodynamic loads, respectively, independent 
of displacements 

= operator, Eq. (18) 

=element flap displacements, Eq. (14) 

= generalized coordinate, m-th flap mode 

-- /( 2 4) = blade torsional rigidity, GJ = GJ Ina n .t 

= operator, Eq. (17) 

= element lag displacements, Eq. (14) 

= generalized coordinate, m-th lag mode 

= blade mass moment of inertia in flap 

=unit matrix 

= element matrices, acceleration dependent inertia loads 

= index, identifYing the q\l&llilinearization steps 

= inflow fUnctions, Eq. (2 ) 

= root torsional spring stiffness, K~ = K~(m0 n2 t3) 

= stiffness matrix in dynamic equations, Eq. (17) 

= element matrices, displacement dependent inertia loads 

= length of elastic portion of blade, Fig. la 

= reference value for mass per unit length of blade 

= total nuniber of modes used in acalysis 

= number of lsg, flap, and torsion modes, respectively, 
used in analysis 

= elastic moments, nondimensional 

=mass matrix, Eq. (17) 

=mass matrix in linearized dynamic equations, Eq. (18) 

= number of blades in rotor 

= number of element shape fUnctions for each elastic 
degree of freedom 

= number of harmonics used in the Fourier analysis of the 
periodic response 
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N psi 

N rev 

R c 

-u = u/t 

v = v/t 
-11. -e v-,v 

v 

w = w/t 
-11. -e w-,w 

x,y,z 

~I 

= number of steps per revolution when computing the transition 
matrices and initial conditions 

= number of steps per revolution used in the Runge-Kutta 
integration 

= index, identifying consecutive rotor revolutions 

= distributed external force vector per unit length of blade, 
nondimensional; subscripts I, A, and D represent inertia, 
aerodynwnic and structural damping contributions, 
respectively 

= vector of unknown lag, flap, and torsion displacements 

= element, (local) approximation to {q} 

= vector of generalized modal coordinates, Eq. (16) 

= distributed externAl moment vector per unit length of 
blade, nondimensional 

= blade elastic coupling parameter 

= blade radius, Fig. la 

= stiffness matrix in linearized dynamic equations, Eq. (18) 

=tensile force in blade, nondimensionalized by (m
0 

n2 
t
2

) 

= tension matrices 

= axial displacement of blade, inextensional 

= elastic lag displacement, Fig. lb 

= global and local approximation to v 

= helicopter forward speed 

= elastic flap displacement, Fig. lb 

-= global and local approximation to w 

= rotating coordinate system, Figs. 1, x = x/R 

= spanwise coordinate for elastic portion of the blade, 
Figs. 1 

= blade cross-section offset between aerodynamic and elastic 
centers; positive for A.c. before E.C. 

= blade cross-section offset between center of gravity and 
elastic center 

= blade cross-section offset between tension center and 
elastic center 
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"u 
(y} 

G1 
(6y} 

= element coordinate 

= hub loss factor 

= tip loss factor 

= first-order state variable vector of generalized modal 
coordinates, Eq. (20) 

= converged nonlinear steady-state response 

= perturbation of state vector about (y} 

A.l Greek Symbols 

g 
c 

"o'" , " s c 

[A) 

= rotor angle of attack 

= blade preconing, inclination of the feathering axis with 
respect to the hub plane, Figs. 1 

4 
= Lock number, (2a oA bR )/\ 

= flight path angle, measured from horizontal 

= vector of element lag interpolation polynomials 

= symbolic order of magnitude quantity, equal to elastic 
blade slopes in bending 

= real part of ~ 

= real part of ~ associated with predominant 1-th lag, 
flap, or torsion mode, respectively 

= vector of element flap interpolation polynomials 

= viscous structural damping coefficients in percent of 
critical damping for fundamental lag and flap modes, 
respectively 

= collective pitch setting in hover 

= critical value of g at which linearized system is 
neutrally stable 

= blade pretwist, built-in about elastic axis 

= total geometric pitch angle, Eq. (1) 

= collective and cyclic pitch components 

= inflow ratio 

= components of 1\ , Eq. (2 ) 

= k-th eigenvalue, hover; k-th characteristic exponent, 
forward flight 

= modal transformation matrix, Eq. (16) 
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II> 
m 

['¥ l 

A.2 

( ) 

= advance ratio, (V cos ~)/(OR) 

= mass density of air 

= solidity ratio 

= elastic torsion deformation 

= global and local approximation to ~ 

= vector of element torsion interpolation polynomials 

= global shape fUnction 

= matrix of global shape fUnctions, Eq. (13) 

= transition matrix 

= azimuthal angle, measured from straight aft position, 
dimensionless time (t = nt) 

= matrix of element shape fUnctions, Eq. (14) 

= imaginary part of \ 

= first rotating uncoupled lag, flap, and torsion frequen
cies, respectively, nondimensiona.lized with respect to n 

= constant rotor speed of rotation, Figs. l 

Special Symbols 

l 
= a 0 

dt = 

= 
0 

ox 
0 

APPENDIX B: ELEMENT INTERPOLATION 
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