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ABSTRUCT 

A simple feedback system to alleviate the gust response of the 
helicopter rotor is analyzed. The system is comprised of sensors each 
of which can detect the flapping motion of the respective blade and of 
actuators which can control the pitch angle of the blade following to 
the signal shaped adequately to the gust alleviation. The validity of 
this system is demonstrated by applying the theoretical calculation based 
on the local momentum theory to the gust responses of the complete 
dynamic system of a helicopter penetrating into a sinusoidal gust and 
a step gust. 

1. INTRODUCTION 

The helicopter has the potential to fly close to the ground over 
which the motion of atmosphere may be thought of turbulent flow. In order 
to avoid unfavorable dynamic characteristics in flying and riding qualities 
and structural vibrations caused by such gusty wind, it is required to 
analyze the gust response of the rotary wing and to study how to alleviate 
them, · 

The unsteady characteristics of the gust response of helicopter 
rotor Jere made clear in Ref, l by applying the local momentum theory 
(LMT)2 . The theory may also be applicable to the study of maneuver 
response of the helicopter without essential change of the computer program, 

There have been proposed several ways to reduce the vibration of 
the helicopter by introducing the active pitch control corresponding to 
the change of load at the hub and blades3-7J, Modern technology in the 
aircraft control engineering enables us to utilize advanced actuators '"!Thich 
can operate the pitch control link of individual rotor blade in response 
to the control or command signal with high frequency. 

Thus more free consideration on the design of feedback control 
system is possible for the gust allevtation of the helicopter rotor. 
By referring to the past resultsl,B,9J the present paper is to present a 
simple proposal for the control guidance of the gust alleviation at the 
initial stage in this field. 

2, BLADE FLAPPING MOTION 

The irregular flapping motion of the rotor blade must be a good 
indication for the existence of the gust along the flight course. Let 
us consider first the most simple blade-flapping motion of the rotor 
under the following assumptions: (i) a set of blades is made rigid and 
uniform, (ii) the gust is, by referring to Fig. l,sinusoidal or 

wG(X,t) = wG
0
sin{K(X

0
-X+VGt)} 

= w sin{K(X -X)+wGt}, 
Go o 

(1) 
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in which liii) the angular frequency WG is smaller than that of the rotor 
speed or wG/Q << 1, (iv} the blade pitch is given by the first harmonics 
such as 

6 = 8o+8t(x-3/4)+8 cos~+8 sin~ (2) 
tC tS ' 

and (v} the induced velocity is a kind of funnel shape given by 

v = v{l-(2/3)Ko+x(Ko+K cos~+K sin~)} (3) 
!C !S 

where the meaning of all symbols have been listed in the NOMENCLATURE, 

Then the equation of flapping motion of the blade is given by 

S/il2 +A(~)S/il+B(~)S 

= c(~)+f~S~pacR 3il2 (x+~sin~)(wG/Ril)R(x-xS)dx (4) 

where coefficients A(~), B(~), and C(~) are explained in APPENDIX A and 
where the final forced term in the right hand side of the above equation 
is given in APPENDIX Bl). 

By expanding the flapping angle S and the feathering angle 9 in 
the series of first harmonics of the azimuth angle and by dividing them 
into non-perturbed and gust-perturbed terms, 

S(t) = S (t)+6S(t) 
n 

=S (t)+6So(t)+{S (t)+Ml (t)}cos~+{S (t)+6S (t)}sin~ 
on n,tc tC n,ts tS 

9(t) = e (t)+69(t) 
n 

(5) 

=9 (t)+69 0 (t)+{9 (t)+6S (t)}cos~+{S (t)+6S (t)}sin~ 
on n,tc tC n,ts tS 

equation (4} yields the following two sets of equations of perturbed 
quantities which are mutually independent: 

and 

6iio/il2+Ks6So/il+(l+KS)6So 

=(K1+~3~2 )69 0 +(wG0 /Ril)(Kz-~2K,)sin(wGt) (6) 

6 jj/>J2 +(K(3-2i )6j /il+(KS-iKS )6/1 

= (Kl+~a~2 )6 6 +(wG/Ril) {i(~ 3Ks-kK1 )cos(wGt) 

(7) 
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where 

f3 = -S +iS 
1s lC (8) 

B= -e +iS 
)S )C. 

It is, then, obvious that the first and the second equations, (6) and 
(7), are related to the coning angle and the complex tilt angle of a 
rigid cone which is assum)d to be configured by the first harmonic 
motion of the one bladelO . 

3. FEEDBACK SYSTEM 

Now let us consider the following simple feedback system: 

~eo = {b6~So+bs~Sa/~+bs~Bo/~ 2 }/(K 1+~3~2 ) 
(9) 

1!.8 = {Osl!./3 -+Df,l!.~ /~-+DSI!./3 /~2}/(KI+~g~2). 

where any kind of time lag of the actuator has been out of consideration •. 
Then, the characteristic equations for equations (6) and (7) are 
respectively given by 

(l-bsl<sl~l 2+(Ks-bsl<sl~l+<l+K6-b6 l=o c1ol 

(l-OS)(S/~) 2+(KS-2i-OS)(S/~)+(KS-iKS-OS)=O (11) 

Fig, 2 a, b, and c show the root loci of equation (10) for 
systems in which individual gain is feedback independently. The stable 
region of this feedback systems are respectively given by 

{a) 

(b) 

(c) 

for bs 

for bs 

forb" s 

bs< K6+1 
b•< K• s s 
bf3~ 1 . 

(12) 

The undamped natural frequency and the damping ratio of equation 
(10) can be given by 

(13) 
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Similarly, Fig, 3 a, b, and c show the root loci of individual 
feedback system represented by equation(ll), It is interesting to say 
that the root loci are not symmetrical about the real axis because the 
coefficients in equation (11) are complex number. The stable regions 
of such second-order dynamic system ¥ith complex variable were, as 
precisely discussed in Ref, 10 and 11, given respectively by 

(a) for OS = aS R +iaS I 
2. ' 2.' 2. 

l+Ks-a·s,I IKB > aS,R 
(14) 

(b) for Of, = ap,,R+iaB,I 

kp, > ap, ,R 
(15a) 

and 

(15b) 

(c) for 0" = a" +ia" S S,R S,I 
K• (1-a" )+2a" > 0 

S S,R S,I (16a) 

and 

K2a2 +2K•{K (a" -l)-(Ki3+2)}a;; I s S,R s s S,R ~. 
+K 2(a·· -l)(a" +K +1) < 0, S S,R S,R i3 

(l6b) 

From either Fig, 3 or equations (14-16) the stable regions of 
individual gain of the feedback system are those shown in Fig, 4 a, b, 
and c, Actually, for the selection of a set of gain combination the 
following items must be considered: gain margin, natural frequency, 
response time, allowable overshoot, terminal amplitude, and so on. 

The actual pitch link motion must be related to the above feedback 
gains. This is performed by combining the direct feedback relation, 

(17) 

with the perturbed relations given by equations (5) and the feedback 
relations given by equations (9) as follows: 
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c·· 
8 = b" 8 = a .. 

8 
c• = b• = a·+2ia .. (18) 
8 8 8 8 

c8 = b 
8 = a -a"+ia" 8 s s 

By referring to Fig, 3 and Fig, 4 the above e~uatioqs suggest 
that the following combination may be a solution for this feedback system: 

a.. = 0 s 
a· = s 
as = 

cs = bs 
cr3 = b[3 

c8 = bs 

= 0 

= a8 = K13-2~ 
= a6+iaS = aB,R 

( 19) 

( 20) 

where the real part of the as • aS ,R = bf'
1
may be selected to satisfy the 

restriction Cal in the stability condihons (12) and (14) and to get 
the ~uick response of the system, 

4. GUST RESPONSE OF A ROTOR AND A HELICOPTER 

Numerical examples of the present calculation have been performed 
for a rotor fixed in space and a helicopter flying in cruising condition, 
the detailed dimensions of which are respectively given in Table 1 and 2. 

Fig, 5 a,b ,c, and d show the time responses of the thrust coefficient, 
the tilt angles of tip-path plane, and the pitch input for the exemplified 
rotor penetrating into a sinusoidal vertical gust, The feedback gains 
were selected as follows: 

cS = 0 , cr3 = -1.1, and c
6 

= -2,0 • 

It can be seen from these figures that the deviations of (a) the thrust 
coefficient and (d) the tilt angles represented by the first harmonic 
flapping angles from the mean value are appreciably reduced by adopting 
the above feedback gain if the re~uired pitch angle shown in Fig, 5 c is 
perfectly followed, 

Fig, 6 a, b, c, and d 
penetrating into a step gust. 
adequate feedback system. 

are step responses for the same rotor 
The gust alleviation is obvious for such 
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Fig, 7 a and b, and Fig. 8 a and b show the gust responses of 
the helicopter penetrated into a sinusoidal gust and a step gust respectively. 
The alleviation effects due to the feedback system are obvious for all 
quantities related not only to the lo::gitudinal motion but also to the 
lateral motion. 

5. CONCLUSION 

A simple analytic method has been proposed to construct a combination 
·of feedback gains in active control system which was designed to alleviate 
the gust response of the helicopter rotor by sensing the respective blade 
motion and by making feedback it to the pitch control link of individual 
blade. The validity of the method was demonstrated in the theoretical 
calculation based on the local momentum theory for the gust responses of 
a rotor which is fixed in space and of a helicopter which is flying in 
cruising condition while they are penetrating into a sinusoidal gust and 
a step gust. 

The deviation of every q_uantity from a trimmed value is appreciably 
reduced by adopting such active control system. 
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APPENDIX A Coefficients of Equation (4) 

= Ki3•+K IJSinljJ 
2 ,a 

A(ljJ) 

B(ljJ) 

C(ljJ) 

= K
13

+l+KzllcosljJ+K3ll 2sinljJcosljJ 

= K49t+K,(9o+9 cosljJ+9 sinljJ-~9t+21J9tsinljJ)+Kz{(9o+9 cosljJ 3 ,c ,s 4 ,c 
+9 sinl)J-r9t)2!lsinljJ+1J29tsin2ljJ}+K 3(9 0 +9 cosljJ+9 sinljJ 

1s ~ 1c 1s 

- ~9t)ll2sin 2ljJ-1Jtanis(Kz+K,llsinljJ)-~~2Kg+~~o 
-(vR~){(K,+KzllsinljJ)(K0 +K cosljJ+K sinljJ)+(l-§

3
K0 )(K2+K 3!1sinljJ)}, 

H 1 C 15 

where, 

APPENDIX B Expression of a Sinusoidal Gust in the Rotor Coordinate System 

By referring to Ref.l, the expression of a sinusoidal gust 
in the rotor coordinate system is given by 

wG ( r,t)/ wGo = sin(wGt+KX0 ){J0 (kx)+2 ~ (-l)nJ (k~)cos2na} 
n=1 zn T 

-cos(wGt+KX0 ){2J,(kx)cosaT 

+2 ~ (-l)nJ 
1

(kx)cos(2n+l)a } , (B-1) 
n=l zn+ T 

where, 

k = KR = wG/llSl 

wG= K(Vcos'I'+VG) 

a = ljJ-'P 
T 

r = Rx. 

(B-2) 

By assuming that the wave length of the sinusoidal gust is extremely 
larger than the rotor radius, the following approximation will be established: 

k2x2 k4x4 - k2x2 
Jo(kx) = 1--4- + 611- 1- 4 

2. 2 '+ '+ 2 2 

Jdkx) = ~x(l-\x + \~ - •.. ): ~x(l-k8x) 

Jz(kx) 

J (kx) 
n 

kzxz 1 k2x2 - k2x2 
= -4-(2 - -24 + .•. ) -8-
::o (n2:,3). 

By using the above approximation, equation (B-1) yields 

wG(r,t)/wGo = sin(wGt+KXo){Jo(kx)-2J2(kx)cos2a,} 

-2J 1 (kx)cos(wGt+KXo)cosa, . 
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i 
s 

i 

K ,,a 
K 

1 

K 
2 

K 
3 

K 

' 

NOMENCLATURE 

lift curve slope 

feedback gain of 6./1, = 

feedback gain of 11iJ, = 

feedback gain of 6 jj, 

tip loss factor 

feedback gain of 68o 

feedback gain of IJ.Bo 

feedback gain of b.Bo 

aB,R + iaB,I 

aa,R + iaS,I 

a•• + ia·· 
B,R B,I 

thrust coefficient = T/p(~R2 ){RQ) 2 

feedback gain of 6 a, eq. (18) 

feedback gain of 6 8, eq. (18) 

feedback gain of l!.B, eq. {18) 

gravity acceleration 

inclination of rotor shaft 

imaginary = vCl 

K ,K ,K 
0 lC IS 

coefficients in eq. (3) 

Ks equivalent spring stiffness 

Ka equivalent damping coefficent 

k = w0 /u!l 

ks mechanical spring stiffness 

kri mechanical damping coefficient 

n load factor 

r radius 

r8 radius at flapping hinge 

s Laplace operator 

T thrust 

t time 
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v 

v 
g 

v 

"G 

X 

X 
0 

X 

"r 

/3 
y 

' 
e 

e 

K 

p 

forward velocity 

gust fcrvard velocity 

induced velocity 

mean induced velocity 

gust velocity, positive upward 

point o~ X coordinate 
in stationary space 

initial point of gust 
in stationary space 

r/R 

rS/R 

lr8tmsR' 
l(x

2
- xsi>s 

flapping angle 
= a, + 8 cos$ + B sin$ + • • • 

0 lC IS 

= -S + iS 
1 S lC 

Lock number = pacR 4 /I8 
= damping ratio 

blade pitch angle 
= a + a cos$ + a sin$ + ••• 

0 tC 1S 

= -a + iS 
1S lC 

blade twist 

wave number 

air density 

azimuth angle 

u.~damped natural frequencY 

w
0 

gust angular frequency 

~ deviation from equilibrium point 

Subscripts 

R real part 

I imaginary part 

n non-perturbed part 

0 constant or initial value 

Superscript 

() = d( )/dt 



Table 1. Dimensions for a. Rotor 

R Rotor radiua 8.53 m reG c. G. ponition or blade 

b Number or blades 4 •a Blade maaa 

' Blade chord 0.1117 Q I Mament or inertill of' bll&d.e 

" Rotor rotational. apeed 23.67 rad./aee. "a Mllllo IIIOltlent or bla.de 

at Blade tvist a.ngle -8 deg, 

a, Collective pitch angle 8 deg, 

•• Longitudinal cyclic pitch ongle 0 deg, 

" 0 deg, • Lateral cyclic pitch a.ngle ,, 
ra Position of napping hinge 0.3 Ill 

rc Blade cut orr 0.594 Ill 

Table 2. Dimensions tor a Exemplified Helicopter 

W Gross veight 

I M=ent or inertia or bocy 
"il 

of inertia. or body 

or inertia or bocy 

For Main Rotor 

R Rotor radius 

b Number or blade:~ 

' Blll.de chord 

•, Blade tvist 

" Rotor rotational speed 

2994 kg 

339.96 kg'l:I'S
2 

1170.1 kg'l:l's1 

989.0 kg'l:l'9
2 

6.706 c. 

2 

0.533 c 

-10 deg, 

33,9 rad./:;ec. 

1118 Blade mus 8.837 kg·s2 ·~~~- 1 

I
8 

Mo::~ent or inertia or blade, 118.4 kg•m•s1 

is Inclination or rotor shaft, 3 deg. 

y Lock number 

a Solidity 

For Tail Rotor 

.., Rotor radius 

bT Number o! bliLdes 

'T Blade chord 

atT Blade tviGt 

c. Rotor rotational. Gpeed 

maT Blade mass 

IST MOlllent of inertia. o! blade, 

~ ,T O, - a.cgle 

Yr Lock nUIIIber 

"r Solidity 

6.526 

0.0506 

l.3m 

2 

0.214 Ill 

0 deg. 

173 rad./sec. 

0.23 kg•s2·=-l 

0.128 kg•m•G 1 

45 deg. 

3.35 

0.105 

y Lock number 

Wing oection 

u Advance ratio 

w Gross veight 

•o Gust o.ngula.r velocity 

VG Gust forvlLI'd velocity 

•c, Gust amplitude 

For Horizontal Wing 

•• Wing uoa 

b. .. , 
'• Chord 

"n Aspect ratio 

n, Efficiency 

For Vertical Wiog 

'v Wing o.rea. 

"v .. , 
'v Chord 

...., Aspect ratio 

"v Efficiency 

Inputs 

' Collective pitch angle • 
' Loogi tudinal cyclic pi tcb a.ngle, ,, 
' Lateral cyclic pitch IUlgle , . 
• Roll angle or bocy 

a Pi tcb angle or body 

• Yav angle or body 

y Flight p&tb angle 

~ Advance ratio 

"c Guot frequency 

•c, Guot amplitude 

'a P'eedba.ck gain or •a 

'i Feedback gain or tJ 

ca Feedback gain of tr.B 
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2.111 ll1 

10.86 kg.aec~ • . -. 
162.6 kg.m.aee2• 

169,3 kg•m•aee 2 • 

8.811 

NACA 0012 

0.18 

6,353 kg 

3.14 ra.d./aec, 

0 c/oee. 

1,80 m/aec. 

1.586 m2 

2.81!4 m 

0.558 m 

5.1 

"-7 

0.883 m2 

1.036 m 

0.884 m 

1.22 

0-9 

6.4 deg, 

..{).2 deg. 

-1.45 deg, 

o deg. 

-3.5 deg. 

0 deg, 

0 deg. 

0.2 

3.14 rad./see. 

1.8 m/aec. 

-1.0 

-1.1 

0 



<al STATIOHARY COORDINATE SYSTEM, (X,Y.Zl 

<bl HUB COORDIAATE SYSTEM, <xH,YwZHl 

<cl ROTOR COORDIHATE SYSTEM. <XR,YR.ZR) 

~GUST ZR ltf 

X 
STEP GUST 

( 

HEADI/lG y R 

--
z 

fl911n:! I Gust shapes ancl the n:!htecl c:Gonilnate systeos. 

,, 

0 

(b) biJ 
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bp =-co •• 

1 

·~ 0 1 ,, 
Kp z ' b,e ·-

b,e•K,e+l·q 
K,s+ I 

-1 

-~ 

(Ol bfl 

Fl<;111rt z RGot Joel for the 1114h1cl~al fetclbac:k $ystmll of the coning ~ngJe. 

bp "-..,_ Z(l+Kpl 
•1-0 --K.

p 

•• 

bp·1-0 

•• 



- 7T/2 

K•1 {-- rrtq 

-1 

(al as"' Ke\9 

I• 

2 

37T/4 

K•1 

- 7T/4 -3rr;q 

(b) 

71"/2 

K•1 
-'TT'/2 

1 . 

K•1 -3717!! 

_
1 

K•1 •• 
-7Tf2 

- 7T/4 

OjJ•Kel9 

Flgu~ l Root loci for the Individual felldback system of the co:l',plex tilt angle. 

Jo 
Jo 

- 71"/4 
K•1 -7T/2 

l1T/; 5 e.,. 2 

" 

1 

K•1 
-5 

Tr/q 
K•l 

-"Tr/2 71"/2 -1TI4 K•l 
-1 " 

(O) 0 f3 

FiiJUre ~ SUblt rel,jions of tht ll'ldtvtdual feedback 11ain for tht c~ln tilt in<Jll. 

-311"/q e-o 0 

311"1; 

(c) op. Kel9 

I• ' I• 

5 ~ 
STABlE ~ 

:--

~ 
-2 0 ~ 2 " 

~~ 
"i'Ji 

F K,a +2 

-5 

(b) 0~ 

UNSTABLE 

-5 

<c> ap 
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(Cl PITCH INPUT, 
I 

0 0.5 1.0 1.5 1.0 1.5 3.0 3,5 

nne. t .sec. 
Figure 5 Tla! response$ for 1 slnuso1clal <JU$t. 

7.5 

Ccl PITtH INPUT, 
1~--.--,---.---,---r---r---r~ 

0 0.5 1.0 1.5 1.0 1.5 3.0 >.5 

nrre. t .sec. 
Flgu'"' 6 TfN rup<msu for • step gust. 

{ Ilea• 1 .s ln/n.r:..,c/3 ·~z.o.cp •-l.l,r:.p • o,p.• o.Ja ) 
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M3~ deo. 

-0.3 

(d) TIP PATH PLANE 

0.3 

-0.3 0 ,. __ _ 
0.3 

~ 
-&13~ 

deg. 

-0,3 If! TIIOUT FEEDBACK" 

(d) TIP PATll Pt.AME 



mlsec. 
2 SINUSOIDAL GUST , WG 

1 

0 

-1 

-2 
4 

X 10-J 

J 

mtsec. 

2 

0 
VERTICAL VELOCilY IBODY AXISJ , w STEADY VALUE 

-2 

2 

deg, 0 
STEADY VALUE 

-2 

-4 

0 
deg, PITCH ANGLE OF BODY , 8 

-5 

0 
STEADY VALUE 

-5 

"''· 
YAW· ANGLE OF BODY , Of 

-10 

0 0.5 1.0 1.5 2.0 2.5 

Ttroo, t ,sec. 

(ol WITHOUT FEEDBACK CONTROL SYSTEM. 

f1gure 1 E~lts or the reduction dut! to ft'l!dbatk control syste111. 

( WGO" 1.8 D/ltc., WG" 3.14 r1d/sec. ,c.a•-1.0,73 hl,l,Ji • 0 ) 

9 PITCH ANGLE OF A BLADE , 9 

8 

"''· 7 
6 

5 

mlsec. 

2 

0 

2 

deg. 0 

"''· 

-2 

0 

-5 

0 

-5 

"''· 
-10 

0 

VERTICAL VELOCITY IBODY AXIS) , w STEADY VALUE 

ROLL ANGLE OF BODY , ! 

PITCH AHGLE OF BODY , 8 STEADY VALLIE 

STEADY VALUE 

YAW ANGLE OF BODY , if 

0.5 1.0 1.5 2.0 2.5 

Time. t .sec. 

(bl WITH FEEDBACK CONTROL SYSTEM. 



IU!sec. ~------------------~ 

2 

1 STEP GUST , WG 

o~L----------------------l 

3 
mtsec. 

2 
VERTICAL VELOCITY <BODY AXIS) • 1'1 STEADY VALUE 

-~F~===~:j 
2 

ROll ANGLE OF BODY • ! STEADY VALUE 
o+-~~~~----------~~~ 

deg. 
-2 

-q 

0 

-10 

deg. 

-lll 

0 

YAII AJIGLE OF BOOY , '! 

0,5 1.0 1.5 2.0 

Tl~re. t ,sec. 

<al WITHOUT FEEDBACK CONTROL SYSTEM. 

flgllr. 8 Euaplu of thl ~uc:tlcn. du• to fet!db&ct control syste.. 

( "GO• l.B .,..,«., cp•~l.O,cp•·l.l,cp• 0 l 

2.5 

deg. 

9 PITCil AllGLE OF A BLAOE , 9 
B 

7 

6 

5 

3 
nvsec. 

2 

0 

-2 

deg. 
2 

0 

-2 

0 

deg, 

-5 

-10 

deg. 

-20 

0 

THRUST COEFFICIENT , '7 

VERTICAL VELOCITY !BODY AXISl , w 
STEADY VALUE 

ROLL AllGLE OF BODY , £ 
STEADY VALUE 

PITCH ANGLE OF BODY • 6 STEADY VALUE 

YAW AHGLE OF BODY , ~ 

0.5 1,0 1.5 2.0 2.5 
·nn:e. t ,sec. 

(bl WITH FEEOBACX CONTROL SYSTEM. 
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